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A theory of Stark broadening of hydrogenic radiators which adds ion dynamic corrections to the unified
theory of Smith, Cooper, and Vidal is presented. The dynamic parts of the ion collisions are treated in an
impactlike approximation, which is justified for certain plasma conditions by the static-ion field cutoff in the
ion interaction integrals. Approximate results are presented for the Lyman-a, Lyman-8, and H-a lines of
hydrogen, and comparison is made to experiment and to other theories.

I. INTRODUCTION

As is well known, the experiment of Grilitzmacher
and Wende! on the Stark-broadened Lyman-a line
of hydrogen has demonstrated a large discrepancy
in the width of that line between experiment and
the theoretical calculations of Smith et @l.? and
Kepple and Griem.®> The results of several cal-
culations*® of the Lyman-a line, which include
dynamic corrections to the ion broadening, sug-
gest that most of the discrepancy may be re-
moved by including the motion of the perturbing
ions in the calculation of the line-shape function.
However, there are several disadvantages to the
theoretical formulations of Refs. 4—6. The adia-
batic method used by Voslamber® for the Lyman-«
line cannot be easily generalized to other hydrogen
lines and relies on an ad koc estimation of an im-
portant angular average. The second-order cal-
culations of Lee! suffer from a lack of a clear
theoretical justification for the binary treatment
of ion dynamic corrections. Furthermore, the
results are very sensitive to the choice of the
strong-collision cutoff on the impact parameter
of the ion collisions. The model microfield
method has been used by Seidel® for a number of
different hydrogen lines. However, the physical
approximations of the theory are not clear, so it
is difficult to see how it might be improved by
the removal of approximations.

In view of the above comments it is clear that
a truly satisfactory theory including ion dynamics
has not been found. In this paper I will present
an alternative treatment of ion dynamics. The
theory is such that for frequency separations
from line center greater than the ion plasma
frequency the ion broadening goes over to the
familiar quasistatic theory using the microfields
of Hooper.” The dynamic aspects of ion colli-
sions, which are important inside the ion plasma
frequency, are treated with an impactlike approxi-
mation. The approximation and its validity are
discussed in Sec. II. It will be seen that although
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the theory removes some of the shortcomings of
previous approaches, it introduces some of its
own and thus should be viewed as a different,
rather than improved, theory. It is expected,
however, that the limitations of the theory are
such that it may be consistently improved by
further work.

1. THEORY
A. Formalism

As shown by a number of authors (see, for ex-
ample, Refs. 8 and 9) the line-shape function may
be expressed as

I(w):%Re./: e!te(f) dt , (1)

where the dipole autocorrelation function ®(¢) is
given in the weak-coupling approximation® by the
trace over atom and perturber subsystems:

&(f) =Tr,{d - Tr,[T"()d T(HpP]p@} . @)

The quantities p'’ and p'” are density matrices
of the free atom and perturbers, respectively,
and the time-development operator T(¢) satisfies

in 2L [, +vio)r, ©
with
V(t) =exp(iH,t/7) Vexp(~ iHt/7) . (4)

H, and H, are the Hamiltonians for the atom and
perturber subsystems and V is the interaction
between the two.

At this point the static-ion approximation is
usually made. I will not make that assumption,
but will assume that the electrons and ions may
be treated as independent quasiparticles which
interact with the radiator by means of Debye-
shielded fields. The approximation of perturber
correlations by means of Debye shielding of
interactions is common in plasma Stark
broadening.?®® Its validity requires that the num-
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ber of particles in a Debye sphere be large,
which results in an upper limit to the electron
density. This approximation does not consider
the possibility of fluctuations in the screening
which could be a source of additional broaden-
ing.!® I will not consider fluctuations of this
type; this paper will deal with ion dynamic ef-
fects only.

With the assumption of statistically indepen-
dent quasiparticles, the interaction V(f) may
then be written as a sum of ion-atom and elec-
tron-atom parts,

V(t) =V () + V() (5)

It is convenient to write this in terms of Vi (t=0),
that is,

V() =V;(0) + W (8) +Vi(2) , (6)
where
Wi(£) =V, (£) — V;(0) . (7

Defining a new time-development operator U(#)
by the equation

T(¢) =exp {- i[H, +V;(0)]¢/B}U() , - (®
it can be shown that U(f) satisfies the equation

in 5 (0 =[ylt) + Tp]U0) ®
with
W, (t) =exp {i[ H, + V;(0) }t/ B} W;(2)
xexp {- i[H, +V;(0)] ¢/n} (10)

and

Vi () =exp {i[H, + V;(0))t/ B} V5 (2)

xexp{- i[H, +V;(0)}t/n} . (11)
For convenience I will henceforth use
Hy=H, +V;(0) . (12)

H) is thus the Hamiltonian of an atom in the
(static) initial field of the ions. Note that the
interactions W(f) and Vg(¢) may be written as a
sum of single-particle interactions over all ions
or electrons, respectively; that is,

Wi(t) =§ju‘f,<t) (13)
and
AD) =;17,(t) . (14)
For the sake of simplicity I will consider lines
for which the broadening of the lower state is

negligible for the remainder of this discussion.
The more general case will follow the same
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analysis if tetradic operators are used. For the
case of no lower-state broadening, the trace
over perturber states becomes

T&[T*(t)a TH)p®] - Tr,,[e""o' my |
xe-iflot/nU(t)p(p)] . (15)

Since I am assuming that the electrons and
ions act as statistically independent quasiparti-
cles, the trace over perturbers may be broken
into separate traces over ion and electron states;
hence

Tr,[etht/Md e 0t /My () p'P)
=Tr,[e! mg e"”o‘v/"[z(t)p“’]
XTr [ Up(t)p'®'] . (16)

The ion and electron time-development operators
satisfy

iﬁ%@:ﬁ(t)(z(t) (17)
and
iﬁa—Uffﬁ%(M(t) : (18)

The average over electron states will be treated
with the impact approximation so that it may be
written!!

Trg[Up(t)o' ™ ] =exp[ Ny (T,(®) - 1)], (19)

where Ny is the number of electrons present and
(U,(t) - 1) is an average over single electron-rad-
iator collisions.

In most Stark-broadening theories the average
over ion perturbers has been transformed to an
average over static-ion fields.!? This static-ion
approximation is excellent over most of the line
profile, -but breaks down near the line center
where the time of interest #~1/Aw becomes
large. Because of the ability of the static method
to treat simultaneous multiple interactions (via
the ion microfield”!?), it is advantageous to re-
tain the static field average and treat the dy-
namics as a correction. For this reason I shall
assume a dipole approximation for V;(0),

V(0)=-d-%,(0), (20)
and write the trace as

Trl[eiﬂot my e it ”‘ff,(t)pm]

:/(; de ett /N o-ifpt/n Tr,[f],(t)p‘”
x6(e - €,(0))]

=f de e”’b”"ae""o”"P(e)(ﬁ,(t))e . (21)
0 .
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The average (ﬁ,(t))e is a conditional average over
ions such that |2;%€,(0)| =¢, and P(¢) is the ion
field probability distribution function.” Note that
(Gy(t - 0)).=1, so that the quasistatic limit of the
trace is maintained.

Since the ion interaction W;(¢) may be written
as a sum of single-particle interactions, the
operator [7,(t) may be written as an ordered pro-
duct of overlapping single-particle time-de-
velopment operators, !!

40 :ONH@(t) . (22)

Each l7,(t) may be formally written as a time-
ordered exponential,

t
0,0 =0exsl/m [ W) ar]. (23)

Because of the initial ion field exponentials of
vf/}(t), the upper limit of the integral is effectively
bound by a time
TR/, (24)

where A, is the ion field splitting of the atomic
states. This cutoff is also present for electron
collisions,® but is usually ignored because it is a
small effect. Since for times less than 7 given
in (24) the exponentials are approximately one,
the argument of the exponential may be approxi-
mated by dropping the exponential and using an
upper cutoff of 7.

To continue, I shall define a “weakly dynamic”
collision as one for which

1 [/t 1/
—f wy(¢') at’ u—f W) dt <1, (25)
r 0 n 0

and a “strongly dynamic” collision as one for
which

1 [t 17"
L ey ar ~= [Twwarz1. (26)
sy 1/,

Since the two or more particle overlap terms are
of fourth order or higher in the interaction inte-
gral,! if strongly dynamic collisions do not over-
lap in time, the ordering operator O, may be
dropped from Eq. (22). In this case

oo =110, . @)
i

I will examine the validity of this approximation
later in this section.

Using the statistically independent quasiparticle
assumption, the average over ions may now be
written

oy =<Iijr,<t)> —O, . (28)

Equation (28) is not strictly correct since the
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ions are related through the condition IE,E,(O)I
=¢; however, if N, is sufficiently large this re-
quirement should have only a small effect on the
average. It is difficult to assess the effect of
this approximation at this time. A study of its
validity is planned for future work. Using Eq.
(28), the ion average may now be written in
terms of a one-particle average using the same
approach as for electrons,!! that is,

(Gr(1)) e =exp[ N(T () - 1)] . (29)

[Compare with Eq. (19).] Thus the autocorrelation
function ®(#) has been simplified to

2(t)=f  de P(e) Tr,fd - ¥t /M3 7ttt
0

x exp[ Ng(G,(t) = 1) +N(U(t) - 1]} (20)

The Fourier transform of Eq. (30) may be ob-
tained in the manner of Smith et ql.,!! which leads
to an expression for the line shape I(w) identical
to the unified theory result?!! except that the
broadening operator £(Aw) includes both elec-
tron and dynamic-ion contributions:

L(Aw) =—¢ fo wdt 2N - 1)

+N(T () - 1], (31)

where Aw is the frequency separation from line
center. The operator ﬁi(t) depends on the initial
ion field € through the cutoff 7. Although the
average could be calculated for each value of €,
for the calculations presented in this paper I
have used a representative field strength.

B. Validity conditions

The major limitation to the theory comes in
the assumption that strongly dynamic collisions
do not overlap during the effective time 7~ A7l.
To determine the validity condition for this as-
sumption, it is first necessary to estimate the
interaction integral

1 T
%fo W(t)dt .

This is done as follows:

w0 =%0 - 50~ (P dr) (32)

ay, d_1'> '
£=0
Approximating V; by a dipole interaction
V.~ x;e’R/7*, (33)

where y; is the charge on the perturbing ion,
7 its distance from the atom, and R the atomic
electron’s coordinate, yields

W(0) ~ [2x;€’R/7(0)*]v,t ~[2eRe/7v(0) vt . (34)



The quantity v, =dr/dt is the radial component
of the perturbing ion’s velocity. The interaction
integral is then estimated by

_1_-/‘T _ €Re 2. VT 5
7, WO a0y T 0y (35)
where I have used

T~7%/A.~F/eRe . (36)

From (35) and (26) it can be seen that a collision
will be strongly dynamic if #(0) satisfies

7(0) S v,7. 37

The assumption that strongly dynamic collisions
do not overlap in time requires

Lany(v,7)? «<1. (38)

Using v, < (2T/M,)!'%, R~ n(n—- 1)ay/Z, and
€~2.6y;en’’? results in the following condition on
temperature and density in order for the theory

to hold:
ny(M,/T)* 2> 10" [ Z/n(n - Dx,*, (39)

where #»,; is in units of cm™3, T is in eV, and the
mass M; of the perturber is in units of the proton
mass. In this relation # is the principal quantum
number and Z is the atomic number of the radia-
tor. For the case of hydrogen (Z =1, x,;=1) at
moderate temperatures (T~ 1 eV), it can be seen-
that the theory should be applicable (within
10-20%) to Lyman « for proton densities n;
210" cm™. The theory should be valid for
much smaller densities for the higher members
of the Lyman series. In Sec. III I present the
results of calculations on hydrogen.

)
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III. RESULTS FOR HYDROGEN
A. Additional approximations

In order to obtain a good estimate of the effect
of ion dynamics upon the line profile using the
theory described above, it is first necessary
to obtain an expression for the cutoff time 7
that is more accurate than that in Eq. (24). This
can be done in the impact limit by calculating the
average correctly (with static field exponentials
and a representative field €) for a second-order
expansion of the long-time limit of l?i(t):

(-1

L3 t
=-ﬁ'2(f dtf di’ et /My (1) e ot/

xeiﬂot'/hm(tl)e-illot'/ﬁ) , (40)
av

and then searching for 7 such that the right-
hand side of (40) is equal to

T ¢
8- 1y=- '2(' [af a W{(t)ﬁ{(t')) . @1
T -T av
The matrix elements of Eq. (40) are obtained by
first choosing the z axis along the direction of «.
With this choice, H, is diagonal in parabolic
states (for field splittings small compared to
the level differences). W(f) may then be ap-
proximately diagonalized using rotation opera-
tors which rotate to a frame with the x axis
moving with the ion, in the manner of Lisitsa
and Sholin.'3 The average over angles can be
performed using identities involving the rotation
matrices from Edmonds.!* In terms of the rota-
tion operators Eq. (40) becomes

(8- 1)=- ﬁ'z( f : dt j; " dt" expliH,t/7) DH@) DHO(0)IW (6 DO(H)D(Q) expl- iHyt/h)

xexp(iH,t' /%) D™ () D™UO(") )W (") D(6(t"))D(R) exp(~ ib{ot'/rz))a . (42)

The rotations represented by D(£2) and D(6(¢))
are similar to those described by Greene et al.'

For the Lyman-« line of hydrogen, I have
found that for the conditions n,=10'" cm™ and
T=10000K, a value of

7=0.7074;!, (43)
where ‘
A,=3n(n—1)eaye/Z (44)

is the full splitting of the nth quantum level in
the mean ion field €, resulted in 5-10% agree-
ment between Eqgs. (40) and (41) for several
values of the lower impact-parameter cutoff.

v

For my calculations I chose € to be the most
probable field strength, determined from the
microfields of Hooper.” The results of the line
shape, however, are not very sensitive to the
precise value of the multiplying factor in Eq.
(43), as will be seen later. It should be noted
that for some impact parameters and velocities
the cutoff in the time integral due to Debye
shielding may be smaller than that given in Eq.
(43). The smaller cutoff, of course, is the ap-
propriate choice.

For the results presented in this paper I have
calculated the broadening operator £(Aw) with a
completed-collision assumption by approximating
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(0 - 1>={<§i U s (45)

0 AW > Wy

where @,; :ﬁw,i, and w,; is the ion plasma fre-
quency. Thus the ion dynamic correction has
been included inside the ion plasma frequency
and omitted outside the ion plasma frequency.
This discontinuous treatment causes some error
in the line shape for Aw~&,; (e.g., the line-
shape function obtained using (45) is not intrin-
sically normalized), but is adequate for the
purpose of this paper, particularly since 1/£(Aw
=0) is a good approximation to the line width

for the Lyman-« line. The electron average
(U,- 1) is treated in same manner as in Ref. 15.
I should emphasize that (S; - 1) as well as ([, - 1)
is calculated to all orders in the respective in-
teractions. For details see Ref. 15.

B. Results

In Table I the sensitivity of the Lyman-« line
shape to the choice of cutoff is illustrated. For
the results of this table the cutoff is taken to be

T=fl/By, - (46)

where A, is given by Eq. (44) with n=2. Four
values of f are illustrated. Recall that f=0.70
is expected to be the most nearly correct value.
The values of I(Aw =0) for the Lyman-« line at
n,=10'" cm™ and 7=10000K are tabulated.
These peak values are the values that would be
obtained from a complete unified calculation
(i.e., without a completed-collision assumption),
and are approximately inversely proportional
to the linewidth. As can be seen, the results
are not extremely sensitive to the choice of f,
changing by only 29% when f is increased by a
factor of two, from 0.5 to 1.

The calculated value of f for Lyman-« is
surprisingly close to the value that would be ob-
tained (f=0.75) if a strict average over all pos-
sible separations between the Stark states of the
n=2 level were used in the right-hand side of
(24). This is probably accidental; however, in

TABLE I. Dependence of the peak value of the line-
shape function on the static-field cutoff. The first row,
f=0.0, corresponds to no ion dynamics. The plasma
conditions are n,=10'" cm™® and T=10*K.

f I(Aw=0)
0.00 15.28
0.50 10.20
0.70 8.68
0.75 ‘ 8.37
1.00 7.24
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lieu of more accurate results for f values for
other hydrogen lines I will use a cutoff of

T =hlt/ By (47)
where

maximum Stark splitting for level n

Tax average Stark splitting for level n ° (48)

fu

The numerator on the right-hand side of (48) is
A,. All other results to be shown in this paper
will use the cutoff given in Eqs. (47) and (48)—or
the Debye cutoff if it is smaller.

In Table II is given the line shape S(a) as a
function of the reduced wavelength o =ax/2.61en?/?
for plasma conditions #,=10!" cm™ and T
=10000K. The results with and without the ion
dynamic correction are shown, along with those
of Vidal et al.'® Because of the approximation of
Eq. (45), the line shape with the ion dynamic
correction is not normalized to unit area as are
the other two, although the value at line center
is the result that a full unified theory based on
Eq. (31) would give. It can be seen that the
theory with ion dynamics leads to a decrease
in the value at the line center of 45%. The half-
width is increased by a factor of 1.8 when ion dy-
namics is included. The “with ion dynamics”
half-width is increased by about 2.0 when com-
pared to the results of Vidal et gl. (which do not
include time ordering). This factor is somewhat
larger than that found by Voslamber® and in re-
markably good agreement with that found by
Seidel.® The comparison between these results
and those of Lee? will be discussed in Sec. IV.

The factor of 2.0 increase in width is somewhat
smaller than the approximately 2.5 increase ob-
tained by Gritzmacher and Wende! in experi-
ments on the Lyman-« line of hydrogen, but
does show that, in agreement with previous
authors,?® much of the discrepancy between
theory and experiments can be removed by the
inclusion of ion dynamics. Although some of
the remaining discrepancy is due to the neglect
of inelastic collisions in this treatment, it is
likely that there is another broadening mech-
anism which has not been included—perhaps the
screening fluctuations proposed by Griem.!?

I illustrate the reduced-mass effect calculated
from the theory in Table III. The peak values
S(0) of the Lyman-a line are presented for four
different radiator-perturber reduced masses,
along with the static-ion result. The five cases
are (radiator given first) H- H*, u=3; H- D*,
u=%; H=-He', u=%; H-Ar", u~1; andD —Ar*, o
= 2, where the reduced masses are inunits of the pro-
ton mass. The peak values (and thus the half-
widths) are linearly dependent on the inverse of
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TABLE II. Lyman-@ line shape for ne=10” em™ and T=10K. The difference between the
“Static ions” column and the Vidal et al. results is that the time ordering of electron collisions

has been included in the former.

S(@) S() S()
logy (@) Vidal ef al.? Static ions Dynamic ions
-5.0 2.342x103 2,06x10° 1.14x10°
—4.8 2,304 %103 2.03x10% 1,13x10°
—-4.6 2,213x103 1.97x10° 1.12x10°
—4.4 2,015%10% 1,83x10° 1.10x103
-4,2 1,650 x 103 1.55%x10° 1.05x10°
—4.0 1.147x103 1.13x10° 9.32x102
-3.8 6.749x10° 6.93%102 7.39%102
-3.6 3.713x10% 3.89%10° 3.89x10%
-3.4 2.227 x 102 2.34x10° 2.34 x10°
-3.2 1,508 %102 1.58x10? 1.58x10°
-3.0 - 9,256x10! 9.65x10! 9.65%x10!
-2.8 4,293 x10! 4.43x10! 4.43x101
-2.6 1.593x 10! 1.64 x 10! 1.64x10!
-2,4 5,419x10° 5,57 x10° 5.57 x10°
-2.2 1.816x10° 1.87x10° 1.87x10°
-2,0 6.116x1071 6.28x107! 6.28 x10-1

2 Reference 16.

the square root of the reduced mass, as found by
Seidel,® and assumed by Wiese et al.!” for H,.

The line shape S(a) for the Lyman-g line of
hydrogen for plasma conditions 7, =10!" cm™
and T=10000K is given in Table IV. The re-
sults of Vidal et al.!® are also given for the sake
of comparison. As can be seen, the effect of
ion dynamics and the time ordering of electron
collisions is to raise the line center by about
8%. Time ordering is responsible for about half
of this effect [S(0) =1.02x10? at these conditions
if ion motion is neglected]. Thus the effect of
including ion dynamics is to partially fill in the
dip in Lyman-B. Recent experiments of Griitz-
macher and Wende'® on the Lyman-g line, how-
ever, show a larger effect than presented here,
which again might indicate an additional broaden-
ing mechanism.

Application of the theory to the case of H, at
7,=10'" cm™ and T =10*K yields a value of S(0)
=17.0, compared to 23.1 found by Vidal et al.!®
This lowering of the line center (and consequent
increase in the half-width) due to ion dynamics
(and time ordering) is about the same size as the
discrepancy between the results of Vidal et al.
and Kepple and Griem.3 This latter discrepancy
is due to the different treatment of the so-called
interference terms. This must be viewed with
caution, however, since the cutoff time 7 given
by (48) may not be accurate for lines in which
lower-state broadening is important. Work is
presently underway to determine correct cutoffs
for lines other than Lyman a.

IV. DISCUSSION AND SUMMARY

A. Comparison with second-order theory

The theory presented in Sec. I of this paper
is more closely allied to the method of Lee!
(which is basically that proposed by Dufty'?) than
to those of Voslamber® or Seidel.® Although
there is some difference as to how the static-
ion interactions are removed from £(Aw) of
Eq. (31) (or Lee’s H operator), the primary
difference in the two methods is that Lee’s
calculations are quantum mechanical and second
order in the atom-perturber interaction, whereas
the theory of this paper assumes classical paths
for the perturbers and treats the atom-perturber
interaction to all orders in the time-development
operators. The second-order theory must in-
troduce a “strong-collision cutoff” to ensure con-
vergence, and at the present time there is no
clear-cut way of selecting what this cutoff should

TABLE III. Dependence of the peak value of the
Lyman-@ line shape on the reduced mass of the per-
turbing ions. The reduced mass M is in terms of the
proton mass. Plasma conditions are7,=10!" em™ and
T=10'K,

7 S(0)
0.500 1.14x10%
0.667 1.25%x10°
0.800 1.32x10°
1,000 1.41x10°
2.000 1.66x10°
© 2.08x10°
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TABLE IV. Lyman-8 line shape for n,=10!" cm=%and
T=10"K, The “Dynamic ions” column includes both ion
dynamics and the time ordering of electron collisions.

S() S(@)
logyg (@) Vidal et al.? Dynamic ions
-5.0 1,06 x 102
—4.8 1,06x10°
-4.6 1.06x10%
—4.4 9,813 x 101 1.07x 102
-4.2 9.927 x 10! 1.08 %102
—4.0 1,020 x10° 1,10x10°
-3.8 1.085 %102 1.15%10%
-3.6 1.221 %102 1.28x 102
-3.4 1.463x 102 1.53 x 102
-3.2 1.745% 102 1,80 x 102
-3.0 1.782 x10% 1.78%10?
-2.8 1.344 x 102 1.29x% 102
-2.6 7.824 x10! 6.75x10"
-2.4 3.076x10! 2.77x10*
-2.2 1.103 x 10! 9.90%x10°
-2.0 3.694 x10° 3.36x10°

2 Reference 16.

be. The method does have the advantage of
treating perturber correlations in a more real-
istic manner than the straight Debye cutoff that

I have used; however, the line shape is in general
less sensitive to the upper (Debye) cutoff than to
the strong-collision cutoff.

Another difference in our calculations lies in
the fact that I have incorporated an upper cutoff
due to ion field splitting which Lee has not used.
Calculations without this cutoff (which cannot be
justified in the manner of Sec. II B) result in
significantly larger effects of ion dynamics, which
are not seen experimentally. For example, the
peak value S(0) of the Lyman-« line at n‘,=10'17

cm™ and 7=10*K is decreased by 68% compared
to the results of Vidal ef ¢l.! This corresponds
to an increase in the half-width by a factor of

2.7, larger than what has been seen experimen-
tally, despite the fact that several known broaden-
ing mechanisms have not been included.

B. Summary

I have presented a theory of Stark broadening
of hydrogenic radiators which adds ion-dynamics
corrections to the basic unified theory of Smith
et al.’ The validity of the theory requires the
assumption that strongly dynamic ion collisions
do not overlap in time. This requirement re-
sults in the condition on density and temperature
given in expression (39). For hydrogen at
moderate temperatures (~1 eV), the condition
requires 7, >10!" [n(n—1)]"® cm™, where # is the
upper-state principal quantum number.

Sample calculations were performed for the
L,, Lg, and H, lines in hydrogen. For the Lyman-
« line the half-width increased by a factor of
about 2.0, which compared reasonably well with
previous calculations and the experiment of
Griitzmacher and Wende.! The filling of the dip
in the Lyman-B line, however, is not as large
as is found experimentally.!® This may indicate
an additional broadening mechanism which has
not been included.
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