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Energy curves have been calculated for low-lying states on Sn, and Pb, by means of the density-functional

formalism. Remarkably similar results can be obtained by representing the core by a simple local
pseudopotential. With these and our earlier results for C,-Ge„ trends in this series are discussed, with

particular reference to the tails of the atomic s- and p-valence functions. An immediate consequence is an

understanding of the special nature of the C-C bond.

I. INTRODUCTION

In previous papers, "' we have reported density-
functional (DF) and pseudodensity-functional
(PDF) calculations of the energy curves of the
group-IV dimers Si, and Ge,. The present work
extends these calculations to the remaining mern-
bers of the group-IVA dimers Sn, and Pb„dis-
cusses the use of a local pseudopotential to re-
present the effects of the nucleus and core elec-
trons, and details binding trends from C,-Pb, .
In particular, the low-lying states of Si,-Pb,
are remarkably similar. In each molecule, the
ground state is 'Z (tt„'2aes), the level ordering is
almost identical, and, apart from differences
arising from the different nuclear masses, , the
spectroscopic constants are very similar. These
features and the exceptional nature of C, can be
understood in terms of the tails of the atomic
valence orbitals (Sec. IV).

Both Sn, and Pb, have a large number of core
electrons, which we treat'as detailed previously. '
'The density of inner-core electrons is frozen, and
the outer core, while remaining unpolarized, is
allowed to adjust to changes in the molecular po-
tential. This procedure breaks down when core
overlap is substantial, because the valence and
core orbitals are no longer orthogonal. ' To cir-
cumvent this problem, we have repeated all cal-
culations using the pseudodensity-functional, '
where the core and nucleus are replaced by a
fixed local potential. Criteria for choosing the
potential and the actual potentials used for Sn and
Pb are given in Sec. II. Results of DF and PDF
calculations for low-lying states of Pb, and Sn,
are given in Sec. III. The correspondence between
the two sets of results is close, and supports use
of the PDF for larger systems where extended
cores may give rise to difficulties. Bonding trends
are discussed in Sec. IV, together with available
experimental data. The calculated binding energy
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for Pb, is greater than the mass-spectrometric
estimate, which makes this dimer unique among
the sP-bonded systems we have considered.

Vext(r) ' v
ps

1 —exp(-Xr)
1+exp&(r, —r) '

where Z„ is the valence charge, provides a rea-
sonable tail fit for a variety of atoms. An impor-
tant feature of (1) is that, for large A., it atta, ins
rapidly the correct form 2Z„/r for —r»r, . For
Ge, a single choice of r, gives a satisfactory tail
fit for both s and P functions, but this is not gen-
erally so and it is necessary to introduce either
an l-dependent pseudopotential or an additional
potential V'(r) which shifts the s orbital relative
to the p. The outward shift necessary in Si couM
be achieved by adding a repulsive spike peaked
at the origin. For Sn and Pb, a shift in the op-
posite direction is required, and the following
pseudopotentials were found to give a satisfactory
tail fit:

Sn: 1=16, r, =1.33, V'=-85(0. 5 —r)8(0.5 —r),
Pb: A. =14, r, =l.51, V'=-8(1 —r/r, )8(r, —r),

(2)

where 8(x) is zero for x &0 and unity otherwise.
Comparison with the true valence eigenfunctions

is shown in Fig. 1, where it is evident that the
pseudotails do not peak sharply enough for r Rr, .

1979 The American Physical Society

11. PSEUDOPOTENTIALS FOR Sn AND Pb
I

The DF and PDF give similar results for en-
ergy differences in Si and Si„provided that the
pseudoorbitals arising from V~ (r) a, nd the atomic
valence orbitals show maximum agreement outside
the core region This criterion has also been
used by other authors, 4 and Starkloff and Joann-
opoulos' have shown that a smoothed empty-core
potential of the form
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TABLE II. Eigenvalues &; and excitation energies 6E
for atomic configurations of Pb (Ry). Values with super-
script are from the pseudodensity functional; others are
from the fu11 functional.
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FIG. 1. Tails of pseudo-wave-functions (broken curves)
and atomic valence functions (full curves) for (a) Sn and
(b) Pb.

A pseudopotential with an explicit l dependence
would certainly lead to improved agreement, but
the fit (Fig. 1) is adequate for present purposes.

Tables I and II show atomic eigenvalues, ion-
ization energies, and s -P promotion energies as
given by the DF and PDF. The agreement is gen-
erally good, though the s-P promotion energies
given by the pseudofunctional are too small. This
error is due to two effects. First, the pseudo-
potential eigenvalues &~' lie too high (note that
the s tail is not well fitted in either case), and

second, the spin energy given by the two func-
tionals is different. The spin energy is larger
in the PDF because it is an increasing function
of the spin polarization' (the ratio of the spin

density to the total density), which is larger in the
absence of core electrons. Changes in density
and spin density on dimer formation are much
smaller than in the s'P' s'P' transition, and
better agreement between DF and PDF results
can be expected. The ionization energies, where
the s eigenvalue and s spin are not involved, are
given much more accurately by the PDF.

0.
DF PDF

0.5.

III. BINDING-ENERGY CURVES FOR Sn2 AND Pb2

Binding-energy curves for six low-lying con-
figurations of Sn, and Pb, are shown in Figs. 2
and 3, respectively. All states have a fully oc-
cupied 10 shell and partial occupancy of w„, 20,

'Z~: w'„; 'll: w„' 2o~ w'). Both DF and PDF results
are given and, to aid comparison, the separations
at which the DF results cease to be reliable due to
orthogonality errors (5.2 ao for Sn, and. 5.4ao for

TABLE I. Eigenvalues &; and excitation energies ~E
for atomic configurations of Sn (Ry). Values with super=
script are from the pseudodensity functional; others are
from the full functional.
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' FIG. 2. Energy curves for low-lying states of Sn~ cal-:
culated by means of the density functional (DF) and
pseudo-density functional, (PDF). The broken vertical
line is to aid comparison between the two sets of curves
(see text).
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FIG. 3. Energy curves for low-lying states of Pb2
calculated by means of the density functional (DF) and
pseudodensity functional (PDF) . The broken vertical
line is to aid comparison between the two sets of curves
(see text).

109

Pb, ) are shown (dashed line). The spectroscopic
constants in Table III are calculated by means of
the DF energies where these values were suf-
ficiently complete, otherwise the PDF results
were used. The correspondence between DF and
PDF results is clear, the main difference being
an overall shift to higher binding energies in the
latter (-0.2 eV). In accordance with the discussion
in Sec. II, singlet-triplet splittings tend to be
larger in the PDF.

The pseudopotential (1) is constructed to give
the same densities and pseudodensities outside
the core of the atom, and it is plausible that the
corresponding orbital densities in the dimer
should be very similar. 'This similarity is il-
lustrated in Fig. 4 for the ground state ('Z ) of
Sn, . Although some differences are apparent, they
are certainly minor. As noted in Ref. 1, PDF
energy curves are sensitive to the choice of

FIG. 4. Valence-orbital densities for SZ state of Snng
for r~= 5.4 ap. Left-hand side: DF results, with bond
center at the lower-right-hand side of each frame.
B,ight-hand side: PDF results with bond center at the
lower-left-hand side of each frame to aid comparison
with the DF results. Contour interval is0.002ea-3, ex-
cept for the 20~ orbital, where it is 0.004eap . For rea-
sons of clarity, contours are not plotted in particularly
dense regions, e.g. , near the nuclei.

pseudopotbntial. For example, the best fit with
a two-parameter potential of the form (1) was
found for X=6 and x, =1.18ap The resultant
pseudofunctions decay more rapidly than the at-
omic functions for larger r and, in accordance
with our earlier experience, ' lead to an equilibrium
separation (5.28a, ) which is significantly shorter
than our three-parameter PDF value (5.41a ).n

Although there have been several mass-spectro-

TABLE III. Calculated spectroscopic constants for Sn and Ph2 (see Figs. 2 and 3 and text).
Asterisks denote PDF values. .
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P
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metric investigations of Sn„" there are to our
knowledge no band-spectroscopic data which al-
low the low-lying states to be.identified. Our
calculations show the ground state to be 'Z, and
the calculated binding energy (1.63 eV) shows an
underestimate of the measured dissociation en-
ergy [1.99+0.17,'1.98+0.18 (Ref. 8)] which is
typical of our results for sP-bonded systems.
Optical data are available for low-lying states'
of free Pb, and for the ground state of the matrix-
isolated molecule. ' The ground-state vibration
frequencies (119.1 and 112.2 cm ', respec-
tively) are in reasonable agreement with the value
calculated by means of the PDF (120 cm ')."
Other vibration frequencies in Table III may be
correlated with measured values for excited
states [122,' 130 ' and 162 cm ' (Refs.
9 and 10)], but more work is needed before a
detailed assignment can be made. The mass-
spectrometric estimate of the dissociation en-
ergy of Pb, (0.84+0.06 eV)" is significantly lower
than the calculated value (1.45 eV), this being the
only case where the present method has given
too large a value in an sP-bonded system. This
error may be due to our neglect of relativistic
corrections to the binding energy. Relativistic
Hartree-Fock calculations" for CH, -PbH4 sug-
gest that the latter are small and tend to increase
the calculated binding energy. Relativistic den-
sity-functional calculations'4 show, however, that
nonrelativistic calculations underestimate s-P
and, in particular, s-d transfer energies in the
Pb atom. The relativistic contraction of the
innermost s and P shells is propagated by ortho-

-gonality constraints to the valence orbitals, 2nd

leads in turn to improved shielding of the nuclear
potential felt by the d and f electrons. " These
effects lead to a cohesive energy in lead which is
lower than expected from an extrapolation of
other group-IVA values and, in the present case,
would lead to a lower binding energy and shorter
equilibrium internuclear separation.

IV. BINDING TRENDS IN GROUP IVA DIMERS

Spectroscopic constants for the '~, state of each
dimer are shown in Fig. 5, together with available
data. As in the case of the alkali dimers, " the
observed trend follows closely the behavior of the
atomic-orbital tails, with more compact tails
leading to stronger binding, smaller x„and
larger co, . In particular, the value of x, corre-
sponds quite closely to the point where the final
antinode in the atomic orbitals is at the bond
center (see Fig. 6). This is physically reasonable,
since further decrease of the internuclear sep-
aration would tend to deplete the charge in the

X

0

X

3000

2000

3
1000

(.2 Si2 Ge2 Sn2 Pb2

FIG. 5. Binding energies (E~), equilibrium internu-
clear separations (r~), and weighted vibration frequen-
cies (p~ ~ u~, where p is the reduced mass in atomic-
weight units and co, is in cm ) for group-IV& dimers,
Circles represent DF results, with the exception of vi-
bration frequencies for Sn2 and P12, for which the PDF
values given are probably greater than the DF results
(see text). Crosses are experimental values: C2, Ref.
15; Siz and Ge2, see Ref. 2; Sn2, Ref. 8; P12, Refs. 9 and
12.

bonding region rather than add to it, even if the
configuration is "bonding. "

The connection between the molecular binding-
energy curve and the atomic-orbital tails is made
more transparent on appeal to the Hellmann-
Feynman theorem obeyed by the pseudodensity
functional. Let dVg'(r) be the change in the mo-
lecular pseudopotential consequent on reduction
of the internuclear separation from R by a small
amount AR. Then, since the functional is station-
ary with respect to changes in the density, the
resultant change in the energy is

~(R) = d ms(r) 4V~,*'(r) ~4Eg,
where nz(r) is the molecular density at separation
R and where the final term is due to the inter-
nuclear repulsion of the cores. For a bonding
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FIG. 6. Tails of valence orbitals for group-IV& at-
oms: (a) s functions and (b) p functions.

configuration the first term is negative because
there are more electrons in the "bonding" region,
where 4V~,"' is negative As the internuclear sep-
aration decreases, the magnitude of 4V~,"' in-

creasess

and ~ remains negative until a point is
reached where the tails from one atomic orbital
protrude beyond the second nucleus, adding to the
charge in the antibonding region and decreasing
the magnitude of the first term in (3) with respect
to the second. As the final antinode of the atomic
functions reaches the bond center, the attractive
force weakens rapidly and ~ becomes positive.
The sooner this occurs, the smaller the value of
the binding energy

z-B
since the magntiude of hVg'(r) increases mono-
tonically with decreasing A.

This link between the atomic-orbital tails (Fig. 6)
and the molecular binding-energy curves accounts
for the trends apparent in Fig. 5, in particular,
for the breaks in trend between C,-Si, and Ge,—
Sn, . Because the atomic orbitals of carbon are
particularly compact C, binds strongly, while
the break between Ge, and Sn, is clearly related
to the irregular behavior of the. orbital tails down
the group. The origin of this behavior was pointed
out by Austin and Heine. " As ttie atomic number
increases, the tails are pushed outwards by the
requirement of orthogonality to the core, but
then relax inward because of the imperfect
screening of the nucleus by the extra core shell.
Going from Si to Qe this latter effect is partic-
ularly marked because of the additional 3d core,
which is weakly bound and contributes no outward

movement to the s- and P-valence orbitals.
The effect is sa marked for Qe that outside the
core the 4s orbital lies inside the 3s tail of Si,
in spite of the fact that it contains one extra node.
The 4f shell plays a similar role in drawing the
Pb tails towards those of Sn.

Having considered overall trends in binding-
energy parameters, we now turn to differences
in the multiplet structure, and focus in parti-
cular on the energetic separation of the m4: 'Z'
and the 2a,'m„'. 'Z molecular states. Calculations
reported here and earlier show that the dimers
Si,-Pb, have a similar multiplet structure. The
ground state is 'Z, and the 'Z' state mentioned
above lies -1.5 eV higher in energy in each case.
The dimer C„on the 'other hand, is exceptional.
The calculated ground state is 2''w„': 'll„, and the
w'„: 'Z' and 2o,'m'„: 'Z, states have about the same
energy and lie - 0.6 eP higher. " Experimentally,
the situation is slightly'different, 'Z' and 'll„
being almost degenerate, with 'Z lying -0.7 eP
higher. '9 This indicates that the functional under-
estimates the energy of n-bonded configurations,
and we may expect the same to be true in the
remaining dimers. The error may arise from
inadequacies of the basis set or from a general
tendency of the functional to underestimate the
correlation energy of spreadout charge densities.
nevertheless, it is unlikely to account for the
qualitative difference between C, and the remaining
dimers with respect to the relative positions of
the 'Z, and 'Z states, and we believe that this
separation in Si,-Pb, is at least 1 eV.

From the discussion of the relation between
molecular energy curves and atomic tails, it is
evident that the m„configuration of C, is low-lying,
owing to the absence of a P core in C and the
resultant compactness of the P orbital compared
with the s orbital. In fact, Fig. 6 shows that the
final antinode of the C-2p orbital lies inside that.
of the C-2s, whereas for the remaining dimers
it lies outside. This means that the m orbitals
of C, are able to concentrate charge in the bonding
region as effectively as the o' hybrids, thus ac-
counting for the small energetic separation of the
n, m3o', and 71'0' dimer configurations. For the
remaining dimers, the P orbitals are substantially
more extended than their corresponding s orbitals,
so that the o charge is stabilized against transfer
to the m shell. "

To illustrate how these observations correlate
with the chemical behavior of C-C and, for ex-
ample, Si-Si linkages, consider the formation
of H-C=-C-H, starting with C=C in its ~„ground
state and bringing the hydrogen atoms from in-
finity along the molecular axis. The hydrogen
atoms interact only with the (r orbitals, leaving
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the mm double bond undisturbed, and, in particular,
form strong bonds with the 2o orbital (see Fig.
4) to give. a le21o„'g„'2v': 'Z' ground state. The
bond between the carbon atoms is now of increased
strength, since the orbitals which bond H to C
also bond the carbon atoms to each other. Ex-
actly the same procedure may be followed in the
case of Si or another group-IVA atom, with the
difference that the w'„state of the dimer is unstable
by more than 1 eV compared with the 2o'w„' ground
state. In the case of Si, therefore, the addition;
of two hydrogen atoms leads to a weaker Si—Si
bond than in the ground state of the dimer, which
explains why H-Si=-Si-H is unstable under normal
conditions. In general, the weakness of the m

bonds in Si,—Pb, is responsible for their tendency
to form only saturated compounds, "while the
versatility of C, in this respect owes its origin
to the absence of a p core in the carbon atom.

V. CONCI.UDING REMARKS

We have calculated binding-energy curves for
the low-lying states of Sn~ and Pb„using the

density-functional formalism, and show their
ordering to be similar to those of Si, and Ge,
reported earlier. We have demonstrated the con-
nection between the energy curves of a given dimer
and the behavior of the atomic-orbital tails, and
shown why the multiplet structure of C, is dif-
ferent from that of the remaining group-IVA
dimers. Qur calculations are in reasonable agree-
ment with what little data are available for these
systems, except for the binding energy of Pb„
for which our nonrelativistic value exceeds the
mass-spectrometric estimate by -50%%uq. For the
most part, however, our calculations are pre-
dictions. In addition, we have demonstrated for
Sn, and Pb, that use of the pseudodensity functional,
together with a pseudopotential chosen to maxi-
mize agreement between the tails of the true at-
omic valence orbitals and the corresponding
pseudoorbitals, leads to results similar to those
given by the full density functional. This might
be important in performing calculations for larger
systems where the presence of large cores and
nodal structure in the orbMals can cause numer-
ical complications.

*On leave at Metals and Ceramics Division, Oak Ridge
National Laboratory, Oak Ridge, Tenn. 37830.
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