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Results of a relativistic calculation of the cross section for the ionization from the K and L shells by high-
energy electrons are presented. The calculations use the first-order Born approximation to treat the
interaction between the scattered and atomic electrons. Plane waves are used to treat the high-energy
scattered electron, while solutions of the Dirac equation in a Hartree-Slater central potential are used to
describe the atomic electrons. Results are presented for a set of elements from Z = 18 to 92 and incident
energies from 50 keV to 1 GeV. Calculated results are given for the correction due to the density effect
arising from the polarizability of the medium. In the calculation of this correction, the medium is treated as

composed of free electons.

L INTRdDUCTION

In this paper the cross sections for the ionization
of electrons from the K and L shells are calcula-

" ted. The calculation uses the relativistic form of
the first-order Born approximation with plane
waves used to treat the high-energy electron. The
atomic and ejected electrons are treated as moving
in the‘Hartree-SlateTr central potential. To calcu-
late the total cross section, the differential cross
section for the scattering with a particular energy
loss and scattering angle is integrated over.

Relativistic calculations of the ionization cross
sections have previously been carried out using
nonrelativistically derived values of the matrix
elements based either on the Coulomb potential®+?
or on the connection with the cross section for
photoionization.®* A completely relativistic calcu-
lation attempted by Perlman® for a Coulomb poten-
tial contains numerical errors.

For small momentum transfers, the differential
cross section is approximately proportional to the
photoionization cross section. This proportionality
leads to a simple form for the energy dependence
of the total cross section. in the high-energy limit.
This form of the energy dependence was intro-
duced in the work of Bethe.® We present fits to the
calculated cross sections with this form as the
asymtotic limit.

An important effect entering the stopping power
at high energies is the density effect® due to the
polarizability of the medium. The effect leads to
a saturation of the energy-loss cross section at
high energies. We have carried out a calculation
of the effect in the subshell ionization cross sec-
tions by treating the modifying electrons as free.
It has been pointed out by Dangerfield’ that the ef-
fect seems to be absent in the experimental re-
sults for the subshell ionization cross sections.
Further investigations of the effect are needed.

II. THEORY

We distinguish between the high-energy electron
and the electron ejected from the atom. This is
feasible for bombarding energies much greater
than the binding energies since, in general, the
energy loss to the ejected electron is of the order
of the binding energy; and thus, interference ef-
fects between the scattered and ejected electron
will be small. The high-energy electron is de-
scribed by plane-wave solutions of the Dirac equa-
tion. The atomic electrons are treated relativis-
tically as moving in a central potential. The first-
order Born approximation is used to treat the in-
teraction of the high-energy and atomic electrons.
The differential cross section for the scattering of
an electron with initial four momentum p, and fi-
nal momentum p, with the excitation of the atomic
system from state a to b is given by

d 9 2 pr 2
d_s;f(pf;f);(”""“"“’" ) ghgen,
(1)

with J* =e(P, e'* " Ty*y,), in units such that r=c
=m =1, where m is the electron’s rest mass. We
denote by € and €’ the scattered electron’s initial
and final total relativistic energy. We use W

=€~ ¢ to denote the energy transferred; k=p-p’
the three momentum transfer; and ¢* the square
of the four-momentum transfer ¢ =#* ~=W?2,. The
longitudinal and timelike components of the cur-
rent are related by charge conservation, there-
fore,

K-J=wp. @)
For the atomic wave functions we use solutions
of the Dirac equation in a central potential with®
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In terms of «, the total and orbital angular mo-
mentum are given by

I=|k+3|-%. (5)

The standard representation of the y matrices
have been assumed and ¢ are two component spin-
ors. The bound-state wave functions are normal-
ized by

f(GZ+F2)dr=0, _ (6)

and the amplitude of the contunuum states are fix-
ed by

lim [G2 +F?], =3. )
r—> o0
The matrix elements are calculated by using the

vector multipole expansion!® instead of the plane-
wave form of the exchanged radiation field

A (&, ) =i [L(L +1)] 7%, (k) DY 1, () ,
&) (&, F) =F[L(L +1)] "Y2k79 xTj, (kr) Y, (8), (8) -
AW (&, T) =5 k), (ko) Y (F) .

Directional measurements are assumed not
made on the ejected electron or on the atomic
states so averages are taken over the magnetic
quantum numbers of the initial states and sums
over those of the final.

The differential cross section is given by

do = (4a®N,dg?dw) /( B, b*)
x{2(e€’ = 1¢®)T, (B2, W) /(k>W?)
+[3=1/q% +(e€’ = 3¢*)/R°IT [(R2,W)/q?}, (9)

with
Tl(kzy W) = (2][; + 1) X(Ka_: Kb_! L)RZ;(ZL +1) ’
Ty=T;+Tp,

. 10
T, (6%, ) = 24, + DXle oy, DRERL +1/L(L +1),

T (k?, W) = (2], + 1)X(~K, , &, LRE(2L +1)/L(L +1),

+ with N, denoting number of electrons in the sub-
shell and g, the velocity of the ejected electron.
The angular momentum factors X are given in
terms of the three-j and six-j symbols as

o b D\P(L I L)?
Xk, ,k,, L)=(21,+1)(21,+1) .
( b @, 0 00 Jo Ja

o=

(11)
For a given k, of the initial subshell, the sums
over L .and k, range over all values for which the
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angular factors are not zero. For the factors to
be nonzero the final state must have the correct
parity and its angular momentum is restricted by
the triangle condition. In a numerical calculation
the matrix elements become sufficiently small for
large values of L that the sum over L can be term-
inated and a given accuracy maintained. The ra-
dial matrix elements are

R; = fd7'<- (GyFy,=F, Ga)j(L‘l)(kr)

+[(k, = K )Gy Fy+ F, G,)

Jy (er)
+(L+1)(G, F, = F,G,)} (kr)> ) (12)

R, = f (5;—:-) [(F,,Ga-G,,Fa)L(L+1)jL(k1’)

+(Kb _Ka)(FbGa+GbFa) (TE‘,% +1)]L(k7)] »

R, =(k +K,) fdr(F,, G, +G, Fo)j (Fr).

The subscripts 1, ¢, m, and I refer to the trans-
verse, electric, magnetic, and longitudinal com-
ponents, respectively.

The total ionization cross section is given by in-
tegrating over the range of ¢? corresponding to
different scattering angles and over the range of
possible energy transfers. For a given energy
loss, ¢° ranges from

Auin =W/ +p" ) Fl(e+€ P+ (@ +p'))/ (€’ +pp’)

' (13a)
to

G =2(€€’ =1 +pp’). (13b)

The range for the energy transfer is from W,
=E,, E, the subshell binding energy, to W,

=e~- 1. If the energy of the ejected electron is
much greater than the binding energy, the cross
section, integrated over the scattering angle, will
be the same as for the scattering from a free elec-
tron, that is,

do = 1a? N, dW[€e® +€'? = 2(e ~ ")) /P*W 2, (14)

in the case, as here, in which we distinguish be-
tween the scattered and ejected electron. The
transverse components enter the photoionization
cross section

oui(W) = (4naN,/WB,)T, (W2, W). (15)

For small values of the momentum transfer the
matrix elements are independent of direction and
thus 7, =3 T,.

- For large values of the incident energy, the vari-
ation in the cross section comes from the variation
of the lower limit of the integration. The matrix
elements can be taken as constant near the lower
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TABLE I. K-shell ionization cross sections in barns for various elements and incident electron kinetic

energies.
MeV/Z 18 28 39 47 56 67 79 83 92
\
0.05 1970 524.5 158.5
0.10 1283 367.8 131.2 67.6 32.32
0.15 1026 301.8 112.6 61.0 31.97 14.61
0.20 895 266.7 101.7 56.5 30.70 15.07 6.77 5.07
0.30 764 2319 90.7 51.6 29.07 15.19 _17.56 5.95 3.38
0.40 704 215.9 85.7 494 28.41 15.30 7.98 6.41 3.86
0.50 672 207.7 83.4 48.5 28.25 15.52 8.32 6.76 4.20
0.60 654 203.4 82.3 48.3 28.36 15.81 8.64 7.08 4.49
0.80 638 200.4 82.1 48.6 28.94 16.45 9.24 7.64 4.97
1.00 636 200.9 83.0 49.5 29.72 17.11 9.78 8.14 5.39
2.00 666 2142 90.3 54.8 33.59 19.93 11.85 10.02 6.90
5.00 760 248.2 106.5 65.5 40.88 24.84 15.23 13.03 9.24
10.00 848 279.7 1211 749 47.12 28.94 17.98 15.46 11.10
20.00 943 313.0 136.3 84.8 53.58 33.14 20.76 17.91 12.96
50.00 1072 358.2 157.0 98.0 62.22 + 38.70 24.43 21.12 15.38
100.00 1171 392.7 172.7 108.1 68.7 42.91 27.18 23.53 17.19
200.00 1270 4274 188.4 118.1 75.32 47.11 29.92 25.93 18.99
500.00 1401 473.2 209.3 1315 83.97 52.65 33.53 29.08 21.35
1000.00 1501 508.0 225.1 141.5 90.51 56.83 36.25 31.47 23.13

limit and the total cross section has a simp}e
form coming from the explicit ¢* dependence near

this limit. For elarge a\ (*dWo,,
A== == (17
(16) m w

o=(A/B%)(np? - g2 -b),
TABLE II. L1-subshell ionization cross sections in barns.

where g is the velocity of the incident electron.
For A we have

MeV/Z 18 28 39 47 56 67 79 83 92
0.05 24349 6627 2347 1284 691.6 361.3 184.4 147.4 84.9
0.10 14900 4128 1495 833 460.8 252.6 139.0 115.0 73.6
0.15 11598 3241 1185 665 371.5 206.7 116.0 96.8 63.5
0.20 9932 2791~ 1026 578 325.0 182.3 103.4 86.6 57.5
0.30 8291 2347 870 493 279.0 158.0 90.7 76.2 51.2
0.40 7514 2138 797 453 257.6 146.8 84.8 71.5 48.4
0.50 7086 2025 757 432 246.4 141.0 81.9 69.2 47.0
0.60 6830 1958 735 420 240.2 137.9 80.4 68.0 46.4
0.80 6569 1893 714 409 235.0 135.6 79.5 67.3 46.1
1.00 6466 1871 708 407 234.4 135.7 79.9 67.7 46.6
2.00 6547 1917 734 424 246.1 143.8 85.4 72.6 50.3
5.00 7179 2132 826 481 280.8 165.3 98.9 84.2 58.6

10.00 7826 2346 915 535 3134 185.3 111.2 94.7 66.0
20.00 8528 2575 1011 592 348.1 206.4 124.2 105.7 73.8
50.00 9486 2889 1141 671 395.3 235.0 141.6 120.6 84.2

100.00 10220 3129 1240 730 431.3 256.9 155.0 132.0 92.2

200.00 10958 3370 1340 791 467.5 278.8 168.3 143.3 100.1

500.00 11934 3689 1473 870 515.3 307.8 186.0 158.3 110.6

1000.00 12674 3931 1573 551.5 329.7 199.3 169.7 118.5

930
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TABLE III. L2-subshell ionization cross sections in barns.

MeV/Z 18 28 39 47 56 67 79 83 92
0.05 51601 11133 3429 1793 938.5 479.9 234.6 182.5 100.2
0.10 32166 7045 2204 1172 631.2 339.7 181.9 148.0 92.4
0.15 25214 5574 1755 939 510.2 279.1 153.3 126.2 81.5
0.20 21713 4824 1525 819 447.1 246.8 137.4 113.7 74.6
030 181267 4085 1298 700 384.6 214.5 121.3 101.0 67.4
040 16647 3740 1192 645 355.7 199.7 114.0 95.2 64.2
0.50 15765 3555 1136 616 340.5 192.0 110.4 92.5 62.8
0.60 15250 3448 1104 600 332.1 188.0 108.6 91.2 62.2
0.80 14752 3351 1076 586 325.4 185.2 107.8 90.7 62.4
1.00 14589 3325 1070 583 3248 185.5 108.6 91.6 63.3
2.00 14984 3450 1116 611 342.0 197.2 116.9 99.1 69.5
500 16725 3896 1267 697 391.5 227.6 136.6 116.3 82.5

10.00 18444 4328 1411 778 438.0 255.8 154.4 131.7 94.0
20.00 20296 4792 1566 864 4817.5 285.6 173.1 148.0 106.0

'50.00 22825 5423 1777 982 554.7 326.0 198.5 169.9 122.2

100.00 24 761 5907 1938 1072 606.2 356.9 217.8 186.6 134.5

200.00 26 705 6392 2100 1163 657.7 387.9 237.2 203.3 146.9

500.00 29281 7036 2314 1283 726.0 428.8 262.8 225.5 163.2

1000.00 - 31232 7523 2476 1373 771.7 459.9 282.2 242.2 175.5

rates® and of photoionization cross sections.
The calculated values of the energy eigenvalues
are used as the binding energies.

The calculated values of the ionization cross
sections are given in Tables I-IV for the ionization
from the K and L subshells. Calculated results

III. CALCULATED RESULTS

To describe the atomic electrons, we use the
relativistic version of the Hartree-Slater central
potential model. We have used the same version
of the model for the calculation of x-ray emission

TABLE IV. L3-subshell ionization cross sections in barns.

MeV/Z! 18 28 39 47 56 67 79 83 92
0.05 104 520 22965 7227 3866 2090 1141 623.0 510.6 326.6
0.10 65038 14 521 4635 2515 1392 790 461.0 388.3 268.3
0.15 51053 11484 3686 2010 1121 644 381.9 324.0 228.4
0.20 43960 9937 3199 1750 979 566 338.8 288.4 205.2
0.30 36977 8412 2720 1493 839 489 295.3 252.3 181.2
040 33695 7699 2496 1373 774 453 275.2 235.6 170.1
0.50 31908 7316 2376 1310 739 434 264.8 227.1 164.5
0.60 30863 7096 2308 1274 720 423 259.3 222.6 161.7
0.80 29853 6894 2248 1242 704 415 255.4 219.6 160.1
1.00 29521 6840 2234 1236 701 . 415 255.8 220.1 160.9
2.00 30314 7094 2327 1292 735 437 271.6 234.3 172.3
5.00 33830 8007 2638 1468 837 500 312.6 270.2 199.6

10.00 37303 8892 2936 1637 934 559 350.5 303.1 224.4
20.00 41046 9842 3256 1817 1037 622 390.5 337.9 250.5
50.00 46154 11138 3691 2062 1177 707 444.7 385.0 285.6

100.00 50066 12 130 4024 2249 1284 773 486.0 420.8 312.4

200.00 53994 13125 4359 2437 1392 838 527.5 456.8 339.2

500.00 59 199 14 445 4802 2687 1534 924 582.3 504.4 374.7

1000.00 63 140 15443 5137 2875 1642 990 623.8 5404 401.6
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TABLE V. K-shell theoretical electron binding energies and parameters fitting ionization cross section
and density correction (see text).

z E (keV) A (barn) B, B, B3 B, Bs Cy C, £
18 3.178 71.77 6.7542 -0.218 -0.0123 0.0129 -0.0008 0.5474 1.1375 0.8943
28 8.303 25.06 6.1081 -0.494 -0.0457 0.0087 -0.0035 0.5506 1.1339 0.8958
39 17.001 11.39 5.6060 -0.863 -0.1118 -0.0240 -0.0103 0.5594 1.1493 0.8921
47 25.49 7.271 5.3083 -1.164 -0.1721 -0.0670 -0.0199 0.5577 1.1479 0.8916
56 37.45 4.719 5.0231 -1.539 -0.2383 -0.1331 -0.0388 0.5576 1.1528 0.8890
67 55.71 3.017 4.6810 -2.021 -0.2887 -0.2356 -0.0787 0.5545 1.1594 0.8847
79 81.00 1.963 43119 -3.545 -0.2977 -0.3876 -0.1482 0.5495 1.1751 0.8756
83 90.90 1.716 4.1875 -2.704 -0.3010 -0.4553 -0.1763 0.5373 1.1647 0.8795
92 116.28 1.280 3.9104 -2.990 -0.3729 -0.6650 -0.2389 0.5282 1.1816 0.8684
TABLE VI. L1-subshell binding energies and fitting parameters.
zZ E, (keV) A (barn) B, B, B, B, B, C, C, ¢
18 03134 534.0 9.5745 -0.045 0.0029 0.0070 -0.0001 0.4134 1.2588 0.8140
28 1.006 174.5 8.3637 -0.109 0.0020 0.0122 -0.0003 0.4407 1.2347 0.8307
39 2.355 72.39 7.5703 -0.211 -0.0065 0.0142 -0.0007 0.4619 1.2322 0.8369
47 3.783 4351 7.2272 -0.306 -0.0186 0.0124 -0.0012 0.4684 1.2267 0.8402
56 5.961 26.16 6.9270 -0.448 -0.0377 0.0078 -0.0022 0.4748 1.2252 0.8430
67 9.362 15.84 6.6504 -0.647 -0.0646 -0.0024 -0.0048 0.4781 1.2234 0.8441
79 14.34 9.644 6.5112  -0.930 -0.1064 -0.0244 -0.0099 0.4783 1.2203 0.8460
83 16.39 8.201 6.5334 -1.042 -0.1294 -0.0377 -0.0118 0.4841 1.2327 0.8424
92 21.80 5.721 6.5568 -1.318 -0.2254 -0.0910 -0.0139 0.4841 1.2351 0.8412
TABLE VII. L2-subshell binding energies and fitting parameters.
VA E (keV) A (barn) B, B, B, Bs B C, C, 3
18 0.2494 1408. 8.0191 -0.022 0.0031 0.0047 -0.0001 0.4891 1.1030 0.8941
28 0.8850 351.7 7.2318 -0.067 0.0024 0.0091 -0.0001 0.5422 1.1034 0.9036
39 2.160 117.2 6.9703 ~0.160 -0.0056 0.0133 -0.0004 0.5504 1.1172 0.9043
47 3.528 65.53 6.8021 -0.254 -0.0139 0.0171 -0.0010 0.5549 1.1164 0.9050
56 5.630 37.34 6.6686 -0.400 -0.0230 0.0247 -0.0025 0.5589 1.1204 0.9043
67 8.929 2241 63612 -0.593 -0.0348 0.0311 -0.0056 0.5574 1.1231 0.9025
79 13.778 14.01 5.9793 -0.826 -0.0702 0.0158 -0.0093 0.5543 1.1325 0.8981
83 15.77 12.11 5.8539 -0.908 -0.0924 0.0019 -0.0103 0.5524 1.1357 0.8967
92 21.05 8912 55370 -1.091 -0.1604 -0.0416 -0.0108 0.5469 1.1442 0.8913
TABLE VIII. L3-subshell binding energies and fitting parameters.
zZ E, (keV) A (barn) B, B, B3 B, Bs C, C, 3
18 0.2471 2845. 8.0338 -0.018 0.0003 0.0019 -0 0.4880 1.1002 0.8952
28 0.8670 721.1 7.2579 -0.056 -0.0032 0.0034 0 0.5435 1.1004 0.9050
39 2.0814 242.2 7.0524 -0.136 -0.0142 0.0044 -0.0002 0.5540 1.1146 0.9063
47 3.350 136.2 6.9504 -0.217 -0.0254 0.0056 -0.0008 0.5605 1.1135 0.9072
56 5.243 77.89 6.9275 -0.345 -0.0406 0.0087 -0.0023 0.5655 1.1131 0.9087
67 8.061 47.25 6.7878 -0.514 -0.0601 0.0112 -0.0051 0.5672 1.1121 0.8183
79 11.92 29.98 6.6509 -0.724 -0.0985 0.0017 -0.0089 0.5678 1.1136 0.9087
83 13.42 26.00 6.6242 -0.800 -0.1201 -0.0067 -0.0100 - 0.5680 1.1150 0.9086
92 17.18 19.38 6.5610 -0.973 -0.1899 -0.0362 -0.0112 0.5659 1.1132 0.9083




968 JAMES H. SCOFIELD ‘ 18

T TT17T T T T TT1TT1T1T T T T TTTT17T T
140 ! oClark (1 935|), Webster et al. (% 933)
- °Rester and Dance (1966)
120 *Hansen and Flammersfeld (1966)
L = Davis et al. (1972)
100 +Scholz et al. (1972)

« Dangerfield and Spicer (1975)
80 » Kdver (1977)
o Hoffmann et al. (1978)

Cross section (barns)

rTIlllll T

rrTrTT

— FIG. 1. K-shell ioniza-
tion cross section for sil-
ver as a function of inci-

— dent energy, Solid curve
is present calculation with-
out density effect. Dashed
curve includes the density
] effect for normal solid sil-

L .e
i\l - ver. The sources for the
60 { 7 experimental points are
|y ROV Ag, Z =47 . given :m Ref, 13. Repre-
40 ] sentative error bars are
from the reports of the ex-
Lo ~ perimental measurements.
20 1 I|IllJ 1 1 Lllllll 1 1 1 111111 1 1 l]lllll 1 1 I v
0.1 1 10 100 1000

" Incident kinetic energy (MeV)

are presented for a number of elements from Z
=18 to Z =92 and for those energies between 50
keV to 1 GeV which are greater than twice the
given subshell’s binding energy. The numerical
accuracy is of the order of 0.1%.

In Tables V=VIII are given the calculated bind-
ing energies and the parameters giving a fit as a
function of the incident energy. The form of the
fit for the cross section given in barns is

0=(A/B*)(B+b,+by/€ +bs/p* +b,B/p +bs/%),
(18)

with

B=In(p?) - g°.
In terms of the incident kinetic energy e =1
+ey/mc?, PP=e~1, and B=p/e.

The effect of the polarization is included treat-

ing the electrons of the medium as free, by re-
placing the propagator for the transverse photon

1/4% by 1/(¢* +w3). The plasma frequency w, is
given by

w2=41e*NZ/m , : (19)
with N the atomic density. This cutoff of the sing-
ularity of the transverse propagator is the major
effect of the density effect in the high-energy lim-
it. The matrix elements can be approximated by
their values with the momentum transfer that of a
real photon. The correction to the cross section
thus reads

o= (5m) | (7)omon (10 652) b proaT
(20)

In the region with g3 close to one, the correction is

function of the combination w,p for a given ele-
ment and subshell. In Tables V-VIII the results
of the calculation of the density effect are given by
giving the parameters for a fit to the results. The
form of the fit is

& =A{=(1/6)In[1+(C p*) ] +Cy/[1+(C M) ¢},
(21)
with
Co,=C(w,/E)?.

Here 8 has been assumed equal to one and the cal-
culations were carried out at solid densities. The
saturation value of the cross section is given by

0o=Al=1n(C,) +b,~1+C,]. (22)

Figure 1 shows the calculated and the experi-
mental values for the ionization from the K shell
of silver (Z=47) and Fig. 2 shows those for gold
(Z=179). The sources for the experimental values
are given in Ref. 13. In the case of silver the cal-
culated value including the effect of the density ef-
fect for 10.5 g/cm® are shown. At this density
w,=61.4 eV and the cross section saturates at a
value of 132 b.

IV. DISCUSSION

By using wavefunctions for a Hartree-type poten-
tial and the relativistic calculation of the matrix
elements, the present calculation is an advance-
ment over previous relativistic calculations. A
number of areas remain for future studies.

The atomic model used here gives results for
the photoionization cross section which agree in
general with experimental measurements to with-
in 5% in the K- and L-shell ionization region.*
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The inaccuracies in the wavefunctions should not
introduce substantially larger errors into the
calculation of the gross features of the electron
ionization cross sections. As emphasized by
Madison,’® the differential cross sections, which
have been integrated over in the present calcula-
tion, will be more demanding of the model used
for the electron ionization cross section.

For electron energies no longer large compared
with the electron’s binding energy, the neglect of
exchange and the use of the Born approximation
with plane waves are no longer valid. A formula-
tion which should be valid for substantially lower
energies in the case of inner shell ionization from
high Z elements is to solve for the wavefunctions
of the scattered electron as well as the atomic
electrons in the potential and to take the exchange
into account. Such a calculation would be interest-

ing but formidable for relativistic electrons.

An interesting puzzle remains as to why the
data of Middleman et al.'® does not show the sat-
uration due to the density effect for the lower Z
elements. An explanation might lie in taking into
account the excitation of the medium or of the dis-
tribution of momentum transfers accompaning the
scattering of an electron within the nuclear poten-
tial. In any case further experimental and theo-
retical studies will be of interest.
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