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Moment T-matrix approach to e +-H scattering. IL Elastic scattering
and total cross section at intermediate energies
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Elastic amplitudes for e +-H scattering are calculated for positron energies from 0.25-1.15 a.u. (-7-34
eV), an energy range where pickup and impact-ionization channels are open. These amplitudes are used to
calculate the elastic e +-H cross section, and assuming unitarity, the total e +-H scattering cross section.

I. INTRODUCTION

The problem of impact ionization of atoms by
charged particles is enormously challenging: not
only is there a continuum of open channels, but the
long-range nature of the interaction makes even
specification of the proper asymptotic form of the
wave function a difficult problem. ' Recently, sev-
eral groups' ' have suggested„methods by which
at least the elastic cross section and ordinary
bound-bound inelastic cross sections may be cal-
culated at energies where the breakup channel is
open, but where the energy is not high enough to
allow confident use of high-energy approximations.
Schlessinger' and Nuttall" (see also' T-matrix I)
and co-workers have used rational fraction and
extrapolation methods to continue the approximate
discretized off-shell T matrix

T, (z) = &u fV/a) +&kiV[1/(z -F7)]V/u)

from regions of the complex z plane, away from
the real axis, where the representation of Eq. (1.1)
might be expected to be valid, to take the z —F.
+ ie limit needed to extract scattering information.
Schlessinger' and Nuttall and Cohen' have devel-
oped use of the technique for short-range poten-
tials, such as in neutron-deutron scattering, while
Doolen, Nuttall, and co-workers have applied it
to e -8 and e'-H s-wave elastic scattering above the
ionization threshold. Rescigno and Reinhardt' have
applied related Fredholm techniques to find sin-
glet e —H elastic scattering amplitudes above
the ionization threshold. Burke and Mitchell' and
Callaway and co-workers' have used pseudostate
close-coupling methods in successful e —H inter-
mediate-energy investigations. A review on inter-
mediate-energy techniques by Bransden and
McDowell has recently appeared.

It is the purpose of this paper to present results
for e' —H scattering in the intermediate-energy
range, just above the ionization threshold. In this
region normal pseudostate close-coupling tech-
niques converge much too slowly in the e'- —H

problem to be used conveniently, and, asdiscussed
in T-matrix I,' and by Winick, ',attempts to use the
T-matrix extrapolation techniques failed for par-
tial waves higher than l =0, as the extrapolation
error was similar in size to the desired ampli-
tude. The Fredholm-analytic continuation tech-
niques of Rescigno and Reinhardt, ' also failed to
give reliable higher partial-wave results when
applied to e' —H scattering. It was thus conclu-
ded that convergence in the complex plane of
T, (z) was too poor to allow reliable results in the
z-8 +is limit to be found by continuation or ex-
trapolation, and that a method using the represen-
tation

T.(z) =
& & IVI&) + &&IV[1/(z -II)IVI' &

& v &,~&+lvlx )&x Ivl+)
g.

(1.2a)

where

P (E ) = l&alvlx~&l' (1.2b)

would have to be developed which calculated T„
(E +is) directly. This was accomplished in T
matrix I (Ref. 9) by using the raw distribution
P„(E;) to find the discontinuity of T,(z) across the
cuts on the real axis, followed by a dispersion cal-
culation of T~(E+ie), itself, from the discontinuity
via a Hilbert transform. The principal advan-
tages of this method are that boundary conditions
need not be explicitly enforced and that the diffi-
cult parts of the calculation may be performed in
a correlated Hylleraas-type basis, using L' func-
tions and standard matrix techniques. Correlation
and polarization are so important in e'-H scat-
tering (as opposed to the e —H case) that use of
correlated basis functions is almost a necessity
for obtaining even moderately accurate results.

The reader is referred to T-matrix I for a de-
tailed description of the calculation of T„(E+ is)
from the discretized representation of Eq. (1.2a),

18 925 04 1978 The American Physical Society



.JEREMY R. %INICK AND WILLIAM P. REINHARDT

and for references to the e' —H theoretical litera-
ture. In this paper we present the results of ap-
plying the method to the calculation of the e'- H

elastic cross section, and, utilizing unitarity„ the
e' —H total scattering cross section over the en-
ergy region 0.25-1.25 a.u. (-6.8--34 eV). These
results are presented in Sec. II followed by a dis-
cussion in Sec. III.

II. ELASTIC e+-8 SCATTERING

We summarize the results of calculation
of partial-wave amplitudes in Sec. IIA, followed
by the resulting elastic and total cross sections.

A. Partial-wave amplitudes

1. s waves

The s-wave amplitude is a crucial test of the
method, as it is the only partial wave for which
reliable previous results exist above the ionization
threshold. Calculations were carried out with
basis functions of the type

(2.1)

where r, denotes the (vector) coordinate of the
electron, and the r, is the corresponding posi-
tron coordinate. As in 7-matrix I, the static chan-
nel. was defined by setting n =1.0, and including
functions with n, =0, n„=0, n, =0, 1, 2, 3, ... .
Calculations with ply pl p pfye chosen such that all
combinations with M = n, +n, +n» ~ 5 (56 terms),
M ~6 (84 terms) were carried out, yielding rea-
sonable, but not fully converged results. Exten-
ding the calculation to include all terms with M
&7 was not feasible without substantial modifica-
tion of the programs: a final 105-term calcula-
tion including all M «6 terms and most of the
M =7 terms yielded the results of Table I for p
=0.7, 0.8, and 0.9; these are compared with the
extrapolatjon results of Doolen and Nuttall.
Agreement is quite satisfactory over the range
k =0.8- 1.5 a.u. . The resulting elastic cross sec-
tion is shown in Fig. 1.

A further test is possible in the inelastic region.

TABLE I. g-wave elastic amplitudes inthe inelastic region. A, 8, and C are results obtained
from eight-point quadratures from 16 moments of x= (E-S2}/(E+S2) for at least five different
mappings, and thus at least five sets of results for each k and P. Column D represents the re-
sults of Doolen et al, . (Ref. 4).

k (a.u. )

A

1O5S +=1 P=0.8
Ret Imt

8
1058 0'=1 P=0.9

Ret Imt

0.8
0.9
1.0
1.1
1.2
1,3

4
1,5

-0.098 (1)
-0.135(1}
-0.165(1)
-0.195(2)
-0.216(3}
-0.226(2)
-0.238(3)
—0.255(4)

0.013
0.026
0.046
0.065
0.080
0.101(5)
0.130(10)
0.155(20)

-0.097 (1)
-0.136(1)
-0.166(1)
-0.1894(11)
—.0.2133(25)
—0.234(3)
-0.245 (3)
-0.250 (3)

0.0133
0.026
0.043
0.065
0.087
0.102(5)
0.117(3)
0.140(10)

A' (a.u. )

C
105$ e=l P= 0.7
Ret Imt

D

0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5

—0.0998(6)
—0.1389(9)
-0.1706(12)
-0.1950{20)
—0.211(2)
-0.233{7)
-0.260 (6)
-0.284(5)

0.013
0.027
0.045
0.062
0.087
0.115(7)
0.147(15)
0.158(15)

-0.098
-0.143
-0.174
-0.201
-0.22
-0.240
-0.25
-0.28

0.014
0.020
0.03
0.05
0.07
0.09
0,10
0.12

~The number in parenthesis is the standard deviation of the values. It applies to the last places
in the amplitude. For example, -0.216(3) means -0.216 + 0.003.

"When not indicated, probable uncertainty in the imaginary part is less than or equal to +5%.
Error for the real part is the standard deviation of the spread of the values obtained from dif-

ferentt

mappings.
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FIG. 1. Elastic q-wave partial cross section above
the positronium pickup threshold. The elastic partial
cross section is indicated by the solid line. The error
bars indicate deviations obtained from moment T-
matrix calculations using 105 basis functions and P
=0.7, 0.8, and 0.9 using 16 moments and eight-point
quadrature. The dashed curve are results of T-matrix
extrapolations using up to 120 basis functions (Ref. 4).
The broken curve (———) is obtained from the adiaba-
tic Dalgarno-Lynn potential.

TABLE EI. s-wave elastic positron-hydrogen ampli-
tudes comparison of various methods at k =0.8.

Ret

Moment T matrix
Nuttall
Fraser"
Dirks and Hahn~

Coupled Static~
Steine
Wakid~

-0.098+ 0.002
-0.098
-0.-109
-0.155
-0.309

- -0.104
-0.241

0.013 + 0.0005
0.014
0.0125
0.025
0.108
0.011
0.062

~T-matrix extrapolation technique of Ref. 4.
"Coupled static plus L2 correlation functions of the

Hylleraas type of Ref. 17.
'Generalized variational bound formulation of Ref. 13.
dSee Bef. 11 or 17..
'Kohn and Hulthen variational methods of Bef. 16.
f Algebraic close-coupling approximation. The authors'

approximation (e) of Ref. 15.

Between the pickup threshold at a positron ener-
gy of 0.25 a.u. and the 1s- 2s, 2P excitation thresh-
old at 0.375 a.u. only two channels are open:
purely elastic scattering and positronium forma-
tion. Numerous calculations of varying degrees of
sophistication have been carried out in this ener-
gy range. The nonlocal two-channel close-cou-
pling equations for the elastic and pickup chan-
nels (referred to as the coupled static approxima-
tion) were solved by Bransden and Jundi, " and a
simplified separable formulation by Fels and
Mittleman, ~ giving substantially different results.

Both of these two-state approximations have been
complemented by the addition of polarization po-
tentials, although in a nonvariational manner.
Again the two calcu ations give differing results.
There have been several attempts at systematic
variational calculations in the inelastic region be-
tween the pickup and n = 2 thresholds. The two
open channels can be explicitly included, and
complemented with square integrable correlation
functions to represent polarization and correla-
tion due to closed channels. In approximate
chronological order, Dirks and Hahn"; Seiler, Ober-
oi, and C allaway'4; %akid and LaBahn"; Stein and
Sternlicht"; and Chan and Fraser" have calcula-
ted variationally corrected amplitudes in this
two-channel region, with either Slater-type or
Hylleraas-type basis functions. The results at
A =0.8 a.u. are summarized in Table II where
they are compared with the T-matrix extrapola-
tion results of Doolen et aL. and with the present
moment T-matrix result. The results are again
seen to be satisfactory, giving the confidence
needed to extend the calculations to higher par-
tial waves, where relatively little is known about
the amplitudes.

2. p-wave amplitude

The distinguishability of the electron and posi-
tron implies that correlation and polarization will
probably play a more important role in e' —H

scattering than in e —H scattering as in the. e'
—H case the Pauli principle does not prevent the
positron from entering the region near the nucle-
us. A manifestation of this becomes apparent in
considering the functions

'JJ,. . ..=,(A„n,}, (2.2)

where we now inust include t, =0, l, = 1 and I, =1,
l =0 terms. In the e -H ease, appropriate sym-
metrization of the basis would allow inclusion of
only one of these couplings, as the electrons are
identical. Thus for a given value of M =n, +n,
+a~ the basis

P,(r„r~) = r", ~ r,"2 r,"P exp(- o.r, —Pr, )

(2.3)

will have twice the size of the corresponding e
—H basis. This implies that much less radial
(r, , r, ) and interpartiele (r~) nodal structure can
be described for a fixed basis size.

The present calculations were carried out using
45, 56, and 87 basis functions. Again all functions
satisfying a given jM were not included. Functions
with either high powers of r, or r„especially
terms that have high powers of r, with the cou-
pling l, =l, t =0 were left out.
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TABLE III. P-wave elastic amplitudes in the inelastic
region. '

of the imaginary parts also vary with the choice
of P and the difference between the different re-
sults is often larger than the spread for calcula-
tions using the same p but different S 2. This in-
dicates that the calculation is somewhat basis set
dependent. It would be hoped that this basis set
dependence would become less noticeable for lar-
ger basis sets. However, little improvement in
this respect was noticed in going from 56 to 87
basis functions. The partial cross section is
shown in Fig. 2. The uncertainties introduce
error "bars" of relatively large size. Chan and
McEachran" have calculated the P-wave elastic
amplitude for energies between pick-up and the
n =2 thresholds using a 50-term configuration in-
teraction (no interparticle coordinates) wave func-
tion. As their partial cross-section results in the
region below the pick-up threshold are 10/~-15%
below the converged results of Bhatia et al. , it
is clear that the CI basis is not sufficient to fully
describe correlation, making comparison diffi-
cult in the two-channel region: we simply note
that their result is about 12% lower than ours at
Q =0.8.

A

87P a=1 P-. 0.7
Bet Imt

8
87P e=l P=0.8
Bet Imtk (a.u. )

0.163 (6)"
0.154(2)
0.133(3)
0.109(5)
0.088 (5)
0.055 (3)
0.030(6)

(c)

0.055'
0.068
0.083
-0.089
0.093
0.101
0.118(5)

(c)

0.161(2)
0.152 (5)
0.133(2)
0.113(3)
0.077 (1)
0.052 (1)
0.034(7)
0.007 (3)

0.055
0.066
0.076
0.093
0.099
0.092
0.119
0.141(20)

0.8
0.9
1.0
1.1
1.2
1.3
l.4
1.5

0
87P e=l P=0.9

Bet Imt

C
87P @=1P=-0.6
Bet Imtk (a.u. )

0.158(1)
0.143(2)
0.120(2)
0.093 (4)
0.066(4}
0.049(7)

(c)
-0.018(8)

O.G56
0.070
0.080
0.089
0.088
0.099
0.110(15)
0.105

0.8
0.9
1.0
1.1
1.2
1.3

1.5

0.118(7)
0.083 (4)
0.043(4)
0.025 (4)
0.014(2)

0.090
0.106
0.102
0.098
0.118

3. Higher partial waves
~The results in A, B, C, and D are from 87P-wave

T-matrix c alculations using eight-point quadratures from
16 moments of x= (E-S2)/(E+S2). At least five different
values of 82 are used giving at least five values of real
t for each k and P. Missing values, indicated by (c), in-
dicate that the large range of values made the answer
unreliable.

"See Table I.
'When not indic ated, probable uncertainty in the imag-

inary part is less than or equal to + 5Q. Error for the
real part is the standard deviation of the spread of the
values obtained from different mappings.

The d-wave amplitudes were calculated with 62,
81, and 100 basis functions. The 100 basis func-
tion calculations used P=0.6, 0.7, and 0.8. For
the d-wave case there are now three l+1, differ-
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I- 04
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O&' 0.2
O

The calculated amplitudes are tabulated in
Table III for the four choices of the nonlinear
parameter P=0.6, 0.7, 0.8, and 0.9. The real
parts are an average of the dispersion-corrected
results of different eight-point quadratures which
correspond to different mapping parameters S2
(see T matrix 1). The results for the high momen-
ta 4 =1.3, 1.4, and 1.5 are somewhat disappointing.
There is a considerable deviation arising from
calculations with the same P and di'fferent map-
pings. This error is not that important for the
very small real part since it does not affect the
cross section very much. However, the imaginary
part is also uncertain since the points obtained
from different mappings do not all fall on or very
near a single line. The value of the imaginary
part seems to depend upon the value of S2; the
higher values of S2 generally give curves that
would give larger imaginary parts. The values

0.1—

I I I I I I I I I I I I

0.50 0.75 1.00
POSITRON ENERGY (HARTREES)

I I I

0.25 1.25

FIG. 2. P-wave eIastic partial cross section in
the inelastic region. The solid curve is obtained from
the moment T-matrix amplitudes of Table III. All the
T-matrix calculations used 87 basis functions. The
possible error is indicated by the bars. The bars repre-
sent the deviation among the different calculations and
the uncertainty in Imt which is usually of the order of
+ 0.005. The broken curve (———) is the cross sec-
tion obtained using the adiabatic Dalgarno-Lynn approxi-
mation (Ref. 20).
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TABLE IV. ' d-wave elastic amplitudes in the inelastic region. ~

k (a.u.)

A
100D +=1 P=0.7
Ret Imt

8
100D 6.=1 P=0.8

Ret Imt

C
100D +=1 P=0.6

Bet Imt

0.8
0.9
1.0
1.1
1.2
1.25
1.3
1.35
1.4
1.45
1.5
1.55

0.1107(10)"
0.1193(20)
0.1015(10)
0.-076(2)
0.057 (4)

0.040(4)
0.0308 (16)
0.020(2)
0.0144(11)
0.004(2)

—0.0058 (29)

0.033C

0.070
0.097
0.108
0.110

0.107
0.107
0.108(8)
0.101
0.097
0.092

0.1106(9)
0.1087(30)
0.0994(11)
0.0837 (20)
0.0621 (23}

0.0359(27)

0.0213(31)

0.0130(21)

0.036
0.071
0.090
0.108
0.114

0.107

0.099

0.097

0,1118(15)
0.1136(15)
0.0954 (24)
0.0807 (26)
0.0584 (49)
0.0474 (33)
0.0246(171)
0.0025(75)
Q.0143(60)

-0.0048(19)
--0.0064(40)

0.034
0.070
0.094
0.107
0.115
0.115(10)
0.115 (10)
0.103
0.099
0.093
0.084

~All calculations of t& used an eight-point quadrature obtained from 16 moments of
x= (F.-82)/(8+82). At least five different Inaps yielding different quadratures are used to
obtain different real parts of t for each k and P.

"See Table l.
'When not indicated, probable uncertainty in the imaginary part is less than or equal

to +7&.

ent angular moment couplings of the same parity
as the initial incoming state of s-state hydrogen
and l =2 positron. The 100-function calculation
includes functions through M =6 and powers of
r» as high as four; results are displayed in
Table IV. The absolute deviations in the real part
and the variance between calculations using differ-
ent P are not any larger than for the s-wave case,
but the percentage uncertainty is larger. The un-
certainty in the imaginary part is not indicated in
the table but is usually between + 5/q and 10%, the
larger error generally occurring at higher ener-
gies. The d-wave partial cross section is plotted
in Fig. 3.

The f-wave amplitudes were calculated using
45 snd 76 basis functions. The f-wave problem
has four distinct couplings, thus we had about 19
functions for each of these "channels. " The 76
functions include most combinations such that M
~ 6 including all possible r» terms with this re-
striction. A few functions with high powers of r,
are left out such as r', r,'ra~ exp(- r, —pr, ) in the

l, =3, I =0 coupling block which we assume did
not contribute as much as the terms retained.

The a,mplitudes in Table V are now quite small
for the entire range of energy, the largest real
part being about 0.06 and the largest imaginary
part 0.07. The variation between the calculations
is quite large, in fact, of the same order as the
difference between the 45- and 76-function calcula-
tions. The real part of the amplitude seems some-
what dependent upon p especially for k=1.4 and
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I-
e O. I
0

0
0.25

10
I

POSITRON ENERGY (eV)
I5 20 25

I I I

30
I

t MATRIX 100 BASIS FUNCTIONS
—"—PALGARNO LYNN

I I I
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I
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FIG. 3. d-@rave elastic partial cross section in
the inelastic region. The solid curve represents mo-
ment T-matrix results using 100 basis functions. The
possible error resulting from deviations arising from
the various amplitudes given in Table IV is indicated

by the bars. The broken curve (———) is the result
from the phase shifts in the adiabatic Dalgarno-Lyrm
approximation.

1.5. The f-wave amplitudes represented a par-
ticularly bad case for the moment T-matrix meth-
od; sample results for Imt, (Z +is) for k=1.l
a.u. are shown in Fig. 4 of 7-matrix I. There are
two possible solutions to this problem. The first
is to use a, larger basis set in which the raw dis-
tribution would hopefully be smoother since it
would be more dense. However, including most
functions for M =7 would mean about 130 functions
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TABI E V f-wave elastic amplitudes in the inelastic region

k (a.u. )

A

76F n = 1 P= 0.7
Ret Imt

B
76F 0.'=1 P=0.6

Ret Imt

0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5

0.0444 (11)
0.0566 (15)
0.0531(6)
0.0400 (10)
0.0373 (1G)
0.0319(23)
0.03.46(73)

-0.0050(36)

0.0051
0.0255
0.0488
0.0564
0.0585
0.070
0.071
0.066

G.0442 (5)
0.G579 (39)
0.0578 (22)
0.0493 (22)
G.0323 (48)
0.0152(16)
0.0027 (10)

-0.0007 (10)

0.0045
0.0207
0.0465
0.0580
0.0655
0.072
0.062,
0.055

0 (a.u. )

C
76F m=1 P= 0.7
Ret Imt

0
76F o,'= 1 P = 0.8

Bet

0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5

G.0443 (4)
0.0601(17)
0.0539(50)
0.0398 (10)
0.0380 (12)
0.0313(110)
0.0196(220)

-0.0035 (45)

0.0055
0.0245
0.049
0.055
0.0575
0.066
0.0705
0.0665

G.0452 (60)
0.0632 (38)
0.0598(18)
0.0394(16)
0.0265 (21)
0.0255 (15)
G.0241 (7)
0.0161(20)

0.0038
0.0208
0.0530
0.068
0.0605
0.0575
0.062
0.0671

A and B use eight-point quadratures obtained from 16 moments of x= (E-S2)/(E+S2),
while C and D use seven points from the first fourteen moments of x.= (E—S2)/(E+$2). At
least five different S2 are used for each k and P. Probable uncertainty in the imaginary part
is less than +10@.

"See Table I.

which would be too large to be easily incorporated.
With a limit of about 110 functions, we would have
to choose more carefully which 30 we would add.
In any event, this would mean a much more expen-
sive calculation and there would be no guarantee
of better behavior. The second choice is to try
and use the same information from the 76 func-
tions but to "smooth" it more. We tried a seven-
point quadrature which used only fourteen mo-
ments in an effort to smooth out the large con-
tributions from some of the individual p;(E, ). The
seven-point quadrature seemed to give more con-
sistent results for the imaginary part, but did not
help the ca.lculation of the real part, especially
for P=0.7. The f-wave elastic partial cross sec-
tion is shown in Fig. 4. The errors are estimates
from the spread of values shown in Table V. The
cross section, as in the d-wave case, is larger
than the Dalgarno-I. ynn' result. The largest de-
parture occurs just above threshold with a peak
at about 13-14 eV and by 3Q eV our correlated
result falls to the Dalgarno-I ynn value. Qur re-
sults would indicate that for these higher partial
waves the long-range polarization force again be-
comes dominant about 20 eV above the inelastic
threshold. The contribution to the total cross sec-

tion can be seen in Fig. 9. This contribution is
again similar to the d-wave case with a peak val-
ue of about 1.35@a~ at 14 eV. It is interesting to
note that the peak occurs at the impact-ionization

03
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O
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FIG. 4. f-wave elastic partial cross section in the
inelastic region. The results are obtained from the
moment T-matrix amplitudes of Table V. The deviations
in the amplitudes yield the expected errors shown by
the error bars on the solid curve. The broken curve
(———) is calculated from the phase shifts obtained by
integrating the radial Schrodinger equation with the Dal-
garno- Lynn adiabatic potential.
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TABLE VI. g-wave elastic amplitudes in the inelastic region.

k (a.u. )

A

87G o.'=1 P=0.6
Bet Imt

B
87G n = 1 p= 0.7

Bet Imt

0;8
0.9
1.0
1.1
1.2
1.3
1.4
1.5

0.0165
0.0219(70)b
0.0285 (80)
0.0271 (90)
0.0181(40)
0.0156(60)
0.0147 (20)
0.0070 (60)

4.6 x10
0.0041
0.017
0.0315
0.031
0.028
0.040
0.045

0.0165
0.0251 (3)
0.0315(25)
0.0271 (5)
0.0176(30)
0.0132(26)
0.00989(150)
0.0171(8)

6 5xl0
0.0045
0.017
0.0265
0.035
0.034
0.029
0.032

k (a.u. )

C
87G e=l P=0.8

Bet Imt

D
87G +=1 P=0.6

Bet Imt

0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5

0.0169
0.0243 (45)
0.0332 (27)
0.0240 (10)
0.0241 (20)
0.0175(43)
0.0063(12)
0.0071(21)

3.7 x10
0.0045
0.0194
0.026
0.031
0.034
0.035
0.0283

0.0240 (10)
0,0314(20)
0.0248 (20)
0.0160(30)
0.0151(14)
0.0133(@0)
0.0072 (20)

0.0047
0.017
0.029
0.0298
0.032
0.038
0.046

A uses an eight-point quadrature obtained from the first 16 moments of x= (E-S2)/(E+S2)
using at least five mappings for each k and P. D uses seven points from the first 14 moments.
B and C use (16, 8) for k=0.8, but (14,7) for k~ 0.9. Probable error in the imaginary part is
less than 10@usually about + 5%.

bSee Table I.

threshold.
The g-wave amplitudes using 87 correlation

functions are shown in Table VI. The 87 Hylleraas
terms include most functions satisfying M ~ 7 plus
an extra static function and leaving out a few high

r, and r, power terms especially for the couplings
other than the f, =0, L, =4. The highest power of
ry3 is r» which should be suff icient to describe
g-wave correlation and polarization effects, but
which is not a good representation for describing
bound-state positronium. %e, however, do not
expect positronium formation to be a very favor-
able process for these high partial waves; in
fact, two-state plus correlation calculations"
show that it is even small for s-wave scattering
in the region where it is the only inelastic chan-
nel open —a region where it is expected to be
most favored. The amplitudes now are notice-
ably smaller than the f-wave case, and we are
reaching the limit where the variation in differ-
ent calculations and a reasonable estimate of
errors involved is becoming a large fraction of
the amplitude. Fortunately, the partial elastic
amplitude (see Fig. 5) is quite small. As may
be seen in Fig. 7, it seems likely that the elas-
tic cross section is beginning to converge.

For the L =5, h-wave case there are six dis-
tinct angular momentum coupling channels and
thus we quickly reach quite large expansions.
Calculations using 108 correlation terms which

0.07

NO~ 0.06-

0.05—
0
LLI

0.04
CO

0.03
O
O 0.02

Q
0.01

0
0.25

10
I

POSITRON ENERGY (eV)
'5 20 25 50

I
'

I I

1 MATRIX 87 BASIS FUNCTIONS—"—DALGARNO LYNN

I I I

0.50 0.75 1.00
POSITRON ENERGY (HARTREES)

35
I

I

1.25

FIG. 5. g-wave elastic partial cross section in
the inelastic region. The solid curve gives the moment
T-matrix results obtained from the amplitudes in Table
VI. The error bars are the expected deviations from the
various amplitudes in Table VI. The broken curve
(———) are results from the phase shifts for the adia-
batic Dalgarno- Lynn approximation.
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TABLE VII. h-wave elastic amplitudes in the inelastic region.

k (a.u. )

A
108H n = 1 P = 1.2

Bet Imt

B
108H 0'. =1 p=0.9

Imt

DL

Bet

0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5

0.00703(3)"
0.0106(1)
0.0172 (8)
0.0155(10)
0.0147(10)
0.00994(110)
0.0142 (20)
0.0080 (25)

1.66 xl0 4

1 x10 4-3 xl0 4

0.0026
0.009
0.0125
0.0192
0.0245
0.0260

0.00741 (1)
0.0114(6)
0.0152 (6)
0.0149(4)
0.0166(5)
0.0151(20)
0.00965 (40)
0.00683 (20)

1.11 x10"4

5.77 x10"4 8 xl0 4

0.0041
0.0108
0.0154
0.0210
0.0204
0.0188

0.0075
0.0096
0.0119
0.0145
0.0172
0.0199
0.0227
0.0253

~Calculations use 108 h. -wave functions for the T-matrix calculations. Amplitudes are ob-
tained from seven-point quadratures using the first fourteen moments of x = (I—S2)/(E'+ S2) for
at least five different S2. Column DL represents our calculations using the Dalgarno-Lynn
potential. Probably uncertainty in the imaginary part is less than+7%.

"See Table I.

included most terms with M ~ 8 were carried out
with the largest power of positron-electron coor-
dinate including being r~. The results are shown
in Table VIL Extra static-type functions were
included in an attempt to get more eigenvalues at
higher energies above E =4-5; however, these
static functions did not introduce many higher
eigenvalues indicating lack of coupling with correl-
ation functions. P was then increased to the value
p=1.2 which spread the eigenvalues out toward
larger energies. This greatly decreased the nurg-
ber of eigenvalues below F=0.75 hartreqs, in-
creasing the low-energy relative error.

10
POSITRON ENERGY (eV)

15 20 25
I I

30
I

0.5—

The very small amplitudes obtained from the
two calculations often differ by a large amount
relative to their size. However, the absolute er-
ror is not any larger than that for previous par-
tial waves. These results combine to give a very
small elastic h-wave cross section which is shown

0.03

CVO

b

0.02—
O

O
hj
V)

Q)
Vl
O

0.01

Q.

0.
0.25

10
I

POSITRON ENERGY (eV)
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I I I
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I

I I I
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POSITRON ENERGY (HARTREES)

1 MATRIX 108 BASIS F'UNCTIONS———DALGARNO LYNN

1.25
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I- .
O
LU
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CL

0.2—
0
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FIG. 6. h-wave (L=5) elastic partial cross
section. The solid line is the result of the T-matrix
calculations with 108 basis functions for P =0.9, 1,2, The
bars indicate the possible error, an estimate obtained
from the deviation of the different calculations. The
broken curve (———) is the Dalgarno-Lynn result.
Note the small size of the cross section, and that the
moment T-matrix result is approaching the Dalgarno-
Lynn.

0
0.25 0.50 0.75 1.00

POS I TRON ENE ROY {HA RTR EES)
FIG. 7. Partial e -H elastic cross sections for L

= 0 through L = 5. The contr ibutions from L = 0 to 3 are
fairly large and all are about the same size. The L =4
and L =5 cross sections are rapidly decreasing, pre-
sumably indicating the convergence of the partial-wave
expansion.
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in Fig. 6. As seen in Fig. 6 the results are not
only small but quite well approximated by the
Dalgarno-Lynn elastic amplitude.

B. Elastic and total cross sections

The partial-wave contributions to the elastic
e' —H cross section over the range 8-30 eV are
shown in Fig. 7. The I.=5 results are quite small,
indicating convergence of the partial-wave expan-

f

sion. The converged elastic cross section calcu.-
lated as the sum of partial cross sections for I =0
through 5 is shown in Fig. 8 where it is compared
with the less well converged total cross section
computed by assumption of unitarity, as discussed
below. For comparison, the sum of the I.=6
through 10 contributions to the Dalgarno-Lynn es-
timates of the elastic partial-wave amplitudes are
shown and seem to be one and a half to two orders 6.0 10

I

POSITRON ENERGY (eV)
15 20 25

I I I

30
I

of magnitude smaller than the cross section com-
puted from the first six partial waves, indicating
quite reasonable convergence, considering the
fairly optimistic estimate of 10% to 15% uncer-
tainty in the cross section.

The total, or inclusive, cross section et t for

e' + H —anything

may be calculated from the elastic amplitude via
the partial-wave optical theorem, o;„',=(4/k')(2l
+1)Im(tt ), which follows from unitarity. Results
for the partial-wave total cross sections are
shown in Fig. 9 over the range 8-30 eV. It is evi-
dent that the errors in the partial-wave contribu-
tions are sizable, and that the total cross section

10.0
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I I I I I
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I

5.0—

4.0—
NO

D

1.0—

COO0

Z0
TOTAL FOR L=O-5 (t MATRIX)

--.-- ELASTIC FOR L=o-5 (t NIATRIXj
LLI

M — ———ELASTIC DALGARNO LYNN L=6-10
M
CO

O
K
O

z
O
I- 3.0—o
4J
CO

CO
CO

O
Ko 2.0

to—
ELASTIC

L=0, 1

0.0'I—

O.OO1 I I I I

0.25 0.50 0.75 1.00 1.25
POSITRON ENERGY (HARTREES)

FIG. 8. Positron-hydrogen elastic cross section
(---) calculated using the moment T-matrix values for
partial waves L=0 through L=5 is shown to be much
greater than the Dalgarno-Lynn contribution from par-
tial waves I = 6 through L =10. For such high angular
momentum, we expect the Dalgarno-Lynn (———) to be
a reasonable approximation, indicating good conver-
gence of the elastic cross section. The solid curve
represents the total (inclusive) cross section obtained
by using the elastic T-matrix amplitudes for L = 0
through L = 5 and assuming unitarity.

0 I I I

0.25 0.50 0.75 1.00
POSITRON E NE RGY (HARTREES)

FIG. 9. Total positron-hydrogen cross section, e -H
—anything. The estimates shown are based on the use
of successively larger numbers of partial waves, up
through a total of 6. The partial-wave cross sections
are obtained from the elastic partial-wave amplitudes
by application of the optical theorem, assuming uni-
tarity. This is clearly an assumption: we have no way
of testipg whether unitarity is obeyed in this energy re-
gion, although it is satisfied at low energies. The cross
section we obtain is not fully converged since there is
still a noticeable difference between the estimates
based on five and six partial waves. The L = 3, 4, and
5 contributions are gradually getting smaller, but not
at a very rapid rate. We can thus only put a lower
bound (with the estimated errors) on the total cross
section. The dashed line shows the converged (in-
cluding partial waves L = 0 through 5) elastic cross sec-
tion (see Fig. 8).
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is not fully converged. With the a.ssumption that
the partial-wave amplitudes are correct to the
indicated accuracy, the total cross section should
thus be considered as a lower bound, to the true
value. Additionally, it must be emphasized that
as the computational methods used dq not auto-
matically enforce unitarity, use of the optical
theorem to extract a„, from approximate elastic
amplitudes is clearly an assumption. As a partial
check, the elastic amplitudes extended into the
purely elastic region below 0.25 a.u. (see T-ma-
trix I) were found to satisfy elastic unitarity to
within 1% or 2% in the worst cases, indicating
that the assumption of overall unitarity is reason-
able, but not constituting a demonstration of this
fact for energies above the inelastic threshold.

III. SUMMARY

By direct construction of the discontinuity of the
off-shell T-matrix elements T,(z), and by assu-

ming unitarity, the elastic e' —H partial-wave
amplitudes and cross sections and total (inclusive)
cross sections were computed over the energy
region from 7 to 34 eV, in the intermediate-ener-
gy region above the pick-up and impact-ionization
thresholds. The elastic cross section is conver-
ged over this whole energy range to within the
error of the calculations, while the total cross
section e'+H-anything, which is almost an or-
der of magnitude larger than the elastic, is less
well converged and should be taken to be a lower
bound to the true total cross section.

ACKNOWLEDGMENTS

The support of the NSF through Grant Nos.
CHE77-16307 and PHY76-04761, and Fellowship
support (to W.P.R.) from the J. S. Guggenheim
Memorial Foundation and the Council on Research
and Creative Work of the University of Colorado,
Boulder, are most gratefully acknowledged.

*Work completed while on leave from Dept. of Chemis-
try, Harvard University, Cambridge, Mass. 02138;
Present address: Laboratory for Atmospheric and
Space Physics, Universityof Colorado, Boulder, Colo.
80309.

B. K. Peterkop, Theory of Ionization of Atoms by E/ec-
tron Impact, translation edited by D. G. Hummer
(Colorado Associated University, Boulder, Colo. ,
1977).

2L. Schlessinger and C. Schwartz, Phys. Bev. Lett. 16,
1173 (1966); L. Schlessinger, Phys. Rev. 167, 1411
(1968); 171, 1523 (1968).

J. Nuttall and H. L. Cohen, Phys. Bev. 188, 1542
(1969).

4E. A. McDonald and J. Nuttall, Phys. Rev. Lett. 23,
361 (1969); G. Doolen, 6. McGartor, E. A. McDonald,
and J. Nuttall, Phys. Be&. A 4, 108 (1971).

~T. N. Bescigno and W. P. Beinhardt, Phys. Rev. A 10,
158 (1974).
P. g. Burke and J. F. B. Mitchell, J. Phys. B g, 320
(1973).

J.Callaway and J. W. Wooten, Phys. Rev. A 9, 1924
(1974); J. Callaway and J. F. Williams, Phys. Rev.
A 12, 2312 (1975).

B.-H. Bransden and M. R. C. McDowell, Phys. Rep.
30, 208 (1977).

j.B. Winick and W. P. Reinhardt, preceding paper,
Phys. Rev. A 18, 91o (1978) (referred to as T-matrix
I).
J. B. Winick, Ph. D. thesis (Harvard University, 1976)
(unpublished) .
B.H. Bransden and Z. Jundi, Proc. Phys. Soc. Lond.
92, 880 (1967).
M. F. Fels and M. H. Mittleman, Phys. Rev. 163, 129
(1967).
J. F, Dirks and Y. Hahn, Phys. Bev. A 2, 1861 (1970);
3, 310 (1971).
G. J. Seiler, R. S. Oberoi, and J. Callaway, Phys.
Rev. A 3, 2006 (1971).
S. E. A. Wakid and B. W. LaBahn, Phys. Bev. A 6,
2039 (1972).
J. Stein ~d B. Stern], icht, Phys. Rev. A 6, 2165
(f972).
Y. F. Chan and P. A. Fraser, J. Phys. B 6, 2504
(1973).
Y. F. Chan and R. P. McEachran, J. Phys. B ~, 2869
{1976).

~ A. K. Bhatia, A. Temkin, and H. Eiserike, Phys.
Rev. A 9, 219 (1974).
A Dalgarno and H. Lynn Proc. Phys. Soc. Lond. A
223 (1957).


