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We present a quantum-mechanical theory of the electron drift speed W in a gas in a field at low E/N and
relatively high pressures. It is able to give a quantitative interpretation of the experimental results, as
regards the dependence of W on both the gas number density and the gas temperature. As an apphcatlon,
we make a comparison between theory and experiment in He, H,, N,, and Ar.

I. INTRODUCTION

According to the conventional theory, the elec-
tron drift speed W in a gas in a dc electric field
is a function only of the ratio E/N between the
field strength E and the number density N.! But
this theory is unable to account for the experi-
mental results at low E/N and high pressures,!™
where the drift velocity has been found to be a
function of N at constant E/N.}*®"® The first at-
tempt to explain this density dependence was made
by Frommhold,? who suggested that the phenome-
non was owing to the electrons spending part of
their transit time as temporary negative ions.
However, the existence of the required states for
resonance capture has never been confirmed either
by theory or by experiments.! Moreover, Fromm-
hold’s theory is unable to explain the results rele-
vant to monoatomic gases.® An alternative theo-
retical approach, proposed by Legler® (who treats
the background gas as a continuum) explains some
results at extremely high pressures, but does not
appear to account for the majority of the results,®
particularly at low densities.! In this paper we
present a theory which is able to explain quantita-
tively the experimental data. It is quantum
mechanical in character and particularly approp-
riate to the range of pressures commonly ex-
plored in practice. Contrary to Legler’s theory,
which is also quantum mechanical, our theory is
(i) more appropriate at low (rather than high)
densities, when the pressure effect begins to ap-
pear and (ii) able to explain the dependence of the
drift velocity on both the gas number density N
and the gas temperature T. As an application, we
make a comparison between theory and experi-
ments in He, H,, N,, and Ar.

II. THEORY

At sufficiently low values of E/N, the drift velo-
city is a linear function of E/N at any given N.!
This happens when the electrons (mass m, charge
¢) have an energy distribution practically indepen-
dent of E, i.e., when they are in almost thermal
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equilibrium with the background gas (of atoms or
molecules of mass M). In this paper we are in-
terested mainly in these values of E/N since it is
in this region that the density dependence of the
drift velocity is more evident. Since the highest
pressures we are concerned with are around 3
x10* Torr at 7=293 K, in gases with cross sec-
tions of the order of (1-5)x1072° m?, one sees
that the lower mean free paths are of an order
around 2X107® m. The electron energy which
corresponds to a wavelength A(e) of this order is
about 4x1073 eV, But the mean electron energies
of interest are around 1072 eV, so that only a
small fraction of electrons have a wavelength A of
the order of the mean free path Il(¢). It is in this
respect that our theory differs from that of
Legler,® who develops a theory where A& [ for al-
most all the electrons.

Since E/N is so small that W is a linear func-
tion of E/N, we start from the following equation
for the drift velocity (deduced from the Kubo
formula®):

w 8
W=lim 2= [ at [ ar@eimy-ioye™
n—>0 3 1] 1]
where V(¢) indicates electron velocity at time ¢, -
B=1/kgT, and the angular brackets are used to
indicate the velocity autocorrelation function.
Equation (1) presumes that the system is transla-
tionally invariant,which is true since our system is
spatially homogeneous. When using this property
and assuming that the atom number density is not
too high (in order that, on the average, the elec-
tron mean free path is long with respect to the
thermal wavelength) one can give Eq. (1) the
standard approximate form?'°

el®E e (_ ﬂ(é_))

T 127m? J_, de
de k2 [ImG(K, €)F, (2)
k
where
GEK,e)=1/(e - %k2/2m - )
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is the Green function [Z = (K, €) is the self-energy
which, in general, will depend on the energy € and
the wave vector K of the electron]. In Eq. (2),

f(€) is the distribution of the electron energy.
Since we are assuming that the electrons are in
almost thermal equilibrium, we are allowed to
put f(e)=Ce~8¢, C being the normalization con-
stant. But we may also assume that the scat-
tering processes are isotropic,!***? from which it
follows that £ is K independent. Then, since we
neglect atom-atom correlations, we have Z(¢)
=Nt(e), where #(¢) is the ¢ matrix on the energy
shell relevant to a single scattering center (atom
or molecule). The consequence of this simplifica-
tion is that, after some manipulations, Eq. (2) can
be given the form

_1 ek B
W= g ~ C7
« 1
x -Be _ 3 /2
feo dee VO] [e - NRet(e) 2, (3)

where ¢, is the solution of the equation €, - NRet(e,)
=0 if the solution is positive, otherwise €,=0.
Thus, by virtue of the optical theorem

Imt(e) = \/'Zh——_m [e — NRet(e) [12Q(€)
[Q(e) is the electron cross section], we can write

V2 _¢E B
3 Vvm N

by

. o e-—Be .
C_/;o de FIGH [e - NRet(e)].

(4)

As one can see, if we indicate by W, the conven-
tional drift velocity, Eq. (4) says that W - W, in
the limit of low values of N, at fixed E/N.

In order to obtain W from Eq. (4) it is necessary
to give an explicit expression of Ref(e). To this
end, we make use of the fact that'® dN Ret(¢)/de -1
when %(¢)/ ()~ 1, i.e., as €~ €, where ¢, is de-
fined by the equation %(¢,)/I(¢,)=1. From this it
follows that for energies sufficiently close to €,
one can assume that

dN Ret(€) _%(€)
e TP (5)

In the following we shall assume that dN Re#(¢)/de
=%(€)/I(€) for all the (small) electron energies
where the conventional theory of the drift velocity
fails.

Let us suppose first that, in the limit of low
electron energies, Q(e¢) is weakly dependent on e.
From Eq. (5) it follows immediately that

‘ /o ‘
Ret(c) ~ Ret(0) + 1 (—zf-) Yoo, ®

m

According to this equation, since we consider only
first-order corrections (with respect to N) to the
drift velocity W, €, must be approximated by
NRet(0), so if Ret(0)>0 introduction of Eq. (6)
into Eq. (4) leads one to write, after some
algebra,™

22 eE ( Bs )1/2

W=371rm

xf:dee-ﬂea-(%(l_z %) (7)

where %(€) =% /V2me and I(e)=1/NQ(e). As one
can see, the corrective term to the conventional
equation for the drift speed involves the ratio
%(€)/1(€) so that the correction is no longer neg-
ligible when the condition for the applicability of
classical mechanics begins to fail. It is essen-
tial to observe that this result is substantially
different from that of Legler® who is led to assume
that Ref(e)~ Ret(0) while our corrective term in
Eq. (7) comes from the second term of the right-
hand side of Eq. (6). In other words, contrary to
Legler, we find a result which is appropriate in

 the semiclassical limit, in accord with our origin-

al assumption that X < I for a large fraction of the
electrons.

If we perform the integration in Eq. (7), we find
that

W =Wy(1 - ab), : (8)
where
,/ 2
a=vVarm M—a and b=211-;i— Na
/3 . m. kpT

As regards the parameter a it must be noted that,
in order to write the last member of Eq. (8), we
take advantage of the fact that Q(¢) is slowly
varying with €, to put Q(¢)=@ =4ra? (constant).
Therefore, a is the scattering length if @ =Q(0),
in which case b is the parameter introduced by
Legler.?

The above results are expected to represent
correctly the density dependence of the drift velo-
city in gases such as He, H,, N, where the cross
section is almost constant for small energies and
the scattering length @ >0, since this implies that

€, <Ret(0) =2n%%a/m>0.

But Eqgs. (7) and (8) are expected to fail in a gas
such as Ar, where the cross section is strongly
dependent on € for small electron energies and
the scattering length a is negative, which means
that Re#(0)<0, i.e., €,=0. In this case Eq. (4)
yields



V2 eE C ([, e B¢
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where A(e) =Ret(€) - Re#(0). On the other hand,
the quantity Re#(0) is the dominant part of Re#(e)
for the small energies of our interest, so that
A(e) <Ret(0).. We have made a numerical analysis
to test the relative importance of Ret(0) and A(e)
in Ar and have found that A(e€) is about a power of
10 lower than Re#(0) so that we are allowed to
assume Ret(e)=~Ret(0). As a consequence in a
gas such as Ar we expect that the drift velocity
is well represented by the equation

V2 eE C [~ e
W—-—3——‘/-n:z Xf‘/; dEm[G—NRet(O)].

(10)

Thus, in this case, we find a corrective term
which differs from that of Legler only by a factor
of 2 and the presence of Q(€) instead of Q(0).

All the above results are expected to be correct
only in the limit of very low E/N. In fact it is
necessary that the electrons are in almost thermal
equilibrium with the background gas, in accord
with the fact that the electron energy distribution
in Eqgs. (7) and (10) is the Maxwellian distribution
at the gas temperature 7. In this limit the drift
velocity is a linear function of E/N. But if we in-
crease the value of E/N the energy distribution
ceases to be a Maxwellian distribution. If the in-
elastic processes can be neglected, it becomes a
Davydov distribution!

F(e) =c exp (‘ foe lTa;TEe)-;%T) ’

where ¢ is the normalization constant and
m [ m\3(N 2
=3 () (&= ) . 12
a(e) M(e)(EQ(€))€ (12)

As mentioned,'? Q(¢) is the momentum -transfer
cross section. Simultaneously, the drift velocity
ceases to be a linear function of E/N and, in
general, this happens at values of E/N so low
that the density dependence of the drift velocity
at fixed E/N is still of the same order of magni-
tude as of that which we have in the limit E/N
- 0.% Therefore it is interesting to see, at this
point, how one can represent the density depen-
dence of the drift velocity also in the transition
region from very low E/N, where this density
dependence is more evident, to high E/N, where
it disappears.

The extension of Egs. (7) and (10) is rather
natural when observing that at high E/N the drift
velocity must be!

(11)
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1/2 «
W, = (_2_) ¢E € dF(e)

" de, (13)

3N o Qe) de ’
while at low E/N, from Eqgs. (7) and (10), W is of
the form
2\ ¢E > € de B¢ :
W—_(—;l-) _3_1;7—0./; Q(e) de [1 - Ble)] de:
' (14)

with the meaning of B(e) being obvious. Then, one
is naturally led to assume that the general equa-
tion for the drift velocity is

_ (2\'? eE [ €  dF(e)
W"(ﬁ) 3N J, Q*(e) de de, (19)
Q*(e)=Q(e)/[1 - B(e)]. (16)

Using @*(e) in place of @(¢) in the expression (12)
of a(e) is not expected to have an important effect
as the weight of B(¢) is non-negligible only at
small electron energies. In fact, we have had a
numerical confirmation of this. However, if we
want to be logically consistent, we must also re-
place Q(€) by @*(€) in Eq. (12). This substitution
is easily seen to be required by the balancing mo-
mentum equation. Therefore, when the effect of
elastic collisions dominate, as a general formula
for the drift velocity, one is allowed to use the
result of the conventional theory, i.e., Eqs. (11)-
(13), with only the substitution of @*(¢) for Q(e).
Of course, we must expect that this extension will
probably be applicable only to monoatomic gases.
In molecular gases, rotational and vibrational
excitations can make the use of Eq. (11) invalid for
any E/N. In these cases, our theory is expected
to account correctly for experimental results only
in the limit E/N- 0, i.e., for E/N so small that
F(e) is a Maxwellian distribution with practically
the same temperature of the background gas.
Under this condition the inelastic collisions are
involved by the equation for W in a negligible way
through the cross section @ of Eq. (13) (which is
intended to be the total momentum-transfer cross
section). In this limit, our theory does not in-
dicate any difference between the results for
W-W, in gases such as H, and N,, if E and T are
fixed. But, if E/N is not sufficiently small, if the
thresholds for rotational and vibrational excita-
tions are not very small, and, finally, if also T
is not very small (for instance when T =293 K)

we must expect that the corrective term in a
molecular gas will be soon influenced by in-
elastic processes in a non-negligible way. Dif-
ferences between experimental results relevant,
for instance, to n-H,, p-H,, or D, may be still
consistent, under these conditions, with-our theo-
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ry. However, a theoretical analysis of the effect
of the inelastic collisions goes beyond the pur-

pose of this paper. The situation is unsatisfactory

even from the experimental point of view. So, we
shall limit ourselves to point out that in the limit
E/N-0 (and for not too high pressures) a large
number of the experimental results presently
available, can be explained simply by a quantum
theory such as that developed above. Of course,
our treatment does not exclude that for certain
gases other effects, such as resonance trapping
in molecular gases or polarization phenomena in
highly polarizable gases, may also be important.
In these cases the simple approach given here is
clearly insufficient. However, it is worth noting
that all these effects do not seem to be dominant
for the gases, E/N, and pressures we have taken
into consideration.

III. RESULTS

"The density dependence of the drift velocity 'has
been studied in a number of gases.!® We have
made a comparison of our theory with the experi-

mental data relevant to the most common and most

studied gases. In particular, we have considered
gases such as He, H,, N, for which the scattering
length is positive and the cross section is almost
constant in the limit of small electron energies
(cf. Fig. 1). Moreover, we have considered Ar as
an example of a gas where the scattering length
is negative and the cross section is strongly de-
pendent on the electron energy (cf. Fig. 2).

In Fig. 3 we present some of the results obtained
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FIG. 1. Momentum-transfer cross sections of elec-
trons in He, Hy, and N, (Refs. 1 and 15). As one can
see, the cross sections are weakly dependent on €
over the entire energy interval of our interest, where
the Maxwellian distribution M(¢) (broken curve) as-
sumes non-negligible values.
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FIG. 2. Momentum-transfer cross section @ (¢) for
electrons in Ar (chain curve) (Ref. 17). As one can
see, the cross section is strongly dependent on € in the
energy interval of our interest. The electron energy
distribution is no longer Maxwellian (broken curve) for
E/N=10"2V ¢m?. For comparison, in this figure,
we give also some other distributions of importance in
this paper, which we mark with the corresponding
value of E/N (1 Td=1017 V cm?).
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FIG. 3. Theoretical and experimental behavior of W/

" W, as a function of the parameter b in He, at low E/N.

The data of Bartels (Ref. 6) at T=77.6 K agree almost
perfectly with our theory. The slight discrepancy
between theory and Grunherg’s (Ref. 7) data at 293 K
is within the experimental error.
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for He, using Eq. (8). In this case, there is no
trouble as regards the value of the scattering
length, since the eross section is praectically con-
stant over a sufficiently wide energy interval [so
that @ ~ Q(0)] and the scattering length is well
known to be equal to 0.63x107*° m. As one can
see, at T =77.6 K our theory agrees perfectly
with the experimental results of Bartels.® We
only note a certain discrepancy with the experi-
mental results of Grunberg’ at 293 K although the
slight disagreement is fully consistent with the
experimental error. On the contrary the theory
of Legler® indicates a universal behavior of W/W,
as a function of b, which is extremely different
from the expected behavior at 7' =77.6 and 293 K.

The comparison between our theory, i.e., Eq.
(8), and experiments for H, is given in Fig. 4.
Here, the agreement is very good at both T'=77.6"
and 293 K. It is worth noting also that the ex-
perimental errors are now very small. The re-
sults of Fig. 4 have been obtained by using the
value ¢=0.85%10"1° m that we have found from
drift-velocity data. This value agrees with that
suggested by Legler® and also used by Bartels.®

As regards N,, the results are given in Fig. 5.
We have a reasonable amount of experiméntal data
only at T =293 K and also in this case the experi-
mental error appears to be large. In spite of
this, the agreement between theory and experi-
ments is good enough. But we must note that the
value a=0.73x107'° m instead of 0.61x107*° m,
as suggested by Legler, has been used for N,.
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FIG. 4. Theoretical and experimental behavior of
W/W, as a function of b in H,, at low E/N. The data of
Bartels (Ref. 6) at T=77.6 K and Grunberg (Ref. 7) at
293 K agree well with our theory.
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FIG. 5. Theoretical and experimental behavior of
W/W, as a function of  in N, at low E/N. The data ob-
tained by Grunberg (Ref. 7) at T=293 K agree well with
our theory if we assume thata=0.73 X10~ ¥ m. But,
even for 2 =0.61 10~ 1 m, the difference between theory
(line #) and experiment (line e) is compatible with the
experimental error.
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FIG. 6. Theoretical and experimental behavior of
W/(E/N) as a function of N in Ar at T=297 K for very
low E/N. The experimental results (points) are from
Bartels (Ref. 6). As one can see, Eqs. (10) and (17)
agree perfectly with the experimental results for suffi-
ciently low values of N. In practice we are within the
experimental errors for N<1.5X10 % em=3 corres-
ponding to a gas pressure of ~ 4.5 x10% Torr at 297 K.
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Our value has been obtained from an inference of
the cross section at E/N=1.214x10" Td where'®
W,=2.55x10° m/s. In fact, the full line of Fig. 5
represents the experimental result just at this
value of E/N. However, the reader can also see
in Fig. 5 that, even when using the value a=0.61
x1071° m the difference between our theory and
experiment is consistent with the experimental
errors. Note that the theory of Legler provides
an incorrect behavior also in the two molecular
gases H, and N,.

Only the results for Ar remain now to be dis-
cussed. In this case, owing to the particular be-
havior of the cross section, we have been obliged
to use numerical means to obtain W from Eq. (10)
even at very low E/N. As regards the quantity
Ret(Q) we have assumed that

Q(3R5T)\ "

NRet(0) = -21N %2 (T) 17)

which is equivalent to the introduction of an ef-
fective scattering length corresponding to the
cross section at the thermal energy.!® At T =297
K, in particular, Q(32,T)~2x107%° m? (cf. Fig. 2)
so that N Ret(0) ~ (6 X 107")p eV. The result of our
analysis is given in Fig. 6. As one can see, if

N is not too high, in practice for N lower than
1.5x10% cm ™ corresponding to a pressure of
45500 Torr, the agreement between theory and
experiment is very good and we always remain
within the experimental error. But one must note
that the disagreement increases at higher values
of N, which is expected, since our theory presumes
that the gas pressure is so low that we are allowed
to neglect corrective terms involving powers of

N higher than the first. When studying Ar we have
also examined in detail the validity of Eqs. (15)
and (16) for representing the drift velocity in the
transition region from very low to relatively high
values of E/N. This case lends itself particularly

T T T 171 T T T77 T T T II
6
100 1 Ar .
L@ 297 K ]
L € J
e
- -]
5 -
10+ - E
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C 22p=15700 ]
L3 3+p=45500 |
27 4 « p= 75850
103_41 1111_31 1111_21 L1l
10 10 10 E/N (Td)

FIG. 7. Comparison between theoretical curves and
experimental points for drift velocities of electrons in
Ar at T=297 K at three different gas pressures. As
one can see, Eq. (15) agrees with the experimental re-
sults for any value of E/N and p < 4.5 X104 Torr. For
comparison we also give the drift velocity at p =800
Torr where the density dependence has been found com-
pletely negligible (see also Ref. 17).

to this study since the energy distribution in Ar
ceases to be Maxwellian at very low values of
E/N (as shown in Fig. 2), when the density de-
pendence of the drift velocity, at fixed E/N, is
still large. In Fig. 7T we summarize our re-
sults. As one can see, Eq. (15) is able to re-
present correctly the drift velocity over the en-
tire range of E/N and for all values of gas pres-
sures at which our theory is expected to be cor-
rect.
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