
PH Y SICAL RKVIE% A VOLUME l8, NUMBER 2 AUGUST 1978

Effects of col»lions on level poptsisstions and dielectronic
recombination rates of mnltipl3r charged ions

V. L. Jacobs and J. Davis
Plasma Physics Division, Code 6750, Naval Research Laboratory, Washington, D.C. 20375

{Received 31 January 1978)

A generalization of previously reported statistical theories is developed for determining the excited-level

populations and the ionization-recombination balance of multiply charged atomic ions in an optically thin
high-temperature plasma. Account is taken of the most important collisional and radiative processes involving

bound and autoionizing ievels in three consecutive ionization stages. %'e obtain a set of rate equations for the
population densities of the low-lying levels which contains effective excitation, ionization, and recombination
rates describing indirect transitions through the more highly excited bound and autoionizing levels. The
familiar corona-model equations for the ground-state populations are recovered by making the assumption
that all excited states decay by only spontaneous radiative or autoionization processes. %'hen collisional
processes become efficient in depopulating the highly excited levels important in dielectronic recombination,
the effective rate of recombination must be described by a collisional-dielectronic recombination coefficient.
Results of calculations are presented for the collisional-dielectronic recombination rate coefficients for
recombination of Fe+ -Fe+" ions. At an+electron density of 10' cm ', dielectronic recombination is still the
dominant recombination process. However, the collisional-dielectronic recombination rate coefficients are
found &o be reduced by about an order of magnitude from their corona-model values due to the effects of
multiple-colhsionil excitations on the populations of the highly excited bound levels of the recombined ion.
The dielectronic recombination rates into these highly excited levels are found to be enhanced by the effects
of collisionally induced angular momentum redistribution on the populations -of the autoionizing levels.

I. INTRODUCTION

The physical properties of high-temperature
laboratory and astrophysical plasmas can be de-
duced fro~ an analysis of optically thin spectral-
line intensities emitted by multiply charged atomic
ions undergoing transitions between low-lying
bound levels."The theoretical prediction of the
spectral-line intensities is complicated by the fact
that the low-lying levels can be significantly popu-
lated by cascade transitions from the more highly
excited levels. In the solar corona and in low-
density laboratory plasmas such as tokamak dis-
charges, incompletely stripped ions can recom-
bine predominantly by means of the dielectronic
recombination process described by Burgess, '
in which highly excited bound and autoionizing
levels can play the most important role. In this
investigation, a consistent statistical description
is given of the contributions from highly excited
bound and autoionizing levels to effective excita-
tion, ionization, and recombination rates between
low-lying bound levels. Calculations are pre-
sented for recombination rates for which these
contributions are expected to be most important.

The dielectronic recombination process de-
scribed by Burgess is initiated with the forma-
tion of a doubly excited autoionizing state through
a radiationless capture

X &"'&(i)+e--X &'&(i', nl)

R„(i-j,)= Q A„(i', nl -i„nl i,nl), (4)

where A„(i', nl -i, , nl) denotes the spontaneous
radiative decay rate for the stabilizing transition
(2). The doubly excited level population densities
N(i', nl) are given by

(., )
N(i)N, C,~(i-i', nl)
A, (i'l, nl)+A„(i', nl)

of an electron into a state nl accompanied by the
excitation i -i' of one of the bound electrons in
the recombining ion. The initial state i of the
(z+ l)-times ionized ion X+ &"» is usually the
ground state i„but recombination from a meta-
stable state may also be important. Recombina-
tion is accomplished when the doubly excited state
undergoes a stabilizing radiative transition

X' "(i',nl) -X"'(i„nl)+lie& (2)

to a singly excited state below the ionization
threshold.

At sufficiently low densities all stabilizing
radiative transitions (2) will be followed by cas-
cade transitions

X' &*'(i„nl)-X'"'(i„n"l")+Ko&", (3)
which will eventually terminate inthe ground
state jo=i„n,l, or a metastable state of the re-
combined ion. The total recombination rate per
unit volume to the ground state is then given sim-
ply by
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where C„,(i-i, nf) is the rate coefficient for the
radiationless capture (1) and the total decay rates
owing to all spontaneous radiative and autoioniza-
tion processes are denoted by A„(i,', nl} and

A,(i', nl}, . respectively. N, and N(i) are the elec-
tron apd the initial ion densities, respectively.

It has been pointed out by Burgess and Summers4
that for sufficiently high electron densities the
most important singly excited levels will be sig-
nificantly depopulated by the collisional excita-
tion and ionization processes

and

X' "(i„nl) + e -X' '*'(i„n 'l') + e (6)

X+&'(z„nl)+e -X'&""(i,)+e +e (7)

Bates, Kingston, and McWhirter' have given a
definition of the effective recombination rate to
the ground state, for which. they proposed the
name "collisional- radiative recombination rate, "
when the singly excited level population densities
N(i„nl) are determined by both collisional and
radiative processes. However, dielectronic re-
combination was not taken into account in their
investigation. Burgess and Summer s4 proposed
the name "collisional-dielectronic recombination
rate" for the effective recombination rate obtained
with the inclusion of dielectronic recombination.
The collisional-dielectronic recombination rate
per unit volume is given in terms of the total colli-
sional-radiative transition rates W(i~, nf- i„nol, )
by

P,~ (i-j,) = g W(i, , nl i„n,l-,)N(i nOl) . (8)
ng

The collisional processes (6) and (7) together with
their iriverses tend to bring the singly excited
level population densities N(i„nl) closer to their
Boltzmann-Saha equilibrium values, which are
found to be much smaller than predicted when only
radiative and dielectronic recombinatioh and cas-
cade transitions are taken into account. 'There-
fore, collisional processes tend to reduce the ef-
fective recombination rate. Since the most im-
portant 4nw 0 collisional processes are found
to be associated with the n' =n +1 transitions, the
reduction may be said to be accomplished through
multiple-collisional excitations to more highly
excited levels from which ionization is more
probable.

Electron- and proton-induced transitions corre-
sponding to n' =n and l' =l +1 are known to be the
most- rapid collisional processes involving the
multiply charged ions in a predominantly hydrogen
plasma. Burgess and Summers4 made the assump-
tion that these processes are rapid enough to

' establish a Boltzmann distribution with respect
to l for all values of n. They also pointed out that

X'&"(i', nl) +e -X"'(i', n, l al)+e
X &"(~',nl)+H' -X'"(i',n, l al)+H. (10)

would produce an enhancement of the dielectronic
recombination rate into the sublevels associated
with a given value of n, but this effect was neg-
lected in their calculations. Independent calcula-
tions by Jacobs, Davis, and Kepple' and by Seaton
and Storey' have now established that collisionally
induced angular momentum redistribution of the
doubly excited level populations can amplify the di-
electronic recombination rates into the highly ex-
cited levels. The calculations of the collisional-
dielectronic recombination rates reported in this
paper are, to the best of, our knowledge, the first
in which explicit account is taken of the rates for
collisionally induced angular momentum mixing of
both the singly and the doubly excited states.

A dgt@iled discussion is given in Sec. II of the
individual collisional and radiative processes
which are taken into account in the present investi-
gation. In Sec. III a set of rate equations for the
population densities of the low-lying levels is de-
rived which contains effective transition rates
describing indirect transitions through the more
highly excited bound and autoionizing levels. By
taking into account processes involving bound and
autoionizing states in three consecutive ionization
stages, we obtain a generalization of previously
reported statistical theories"' Certain aspects
of the general theory are illustrated in Sec. IV,
where calculations are described for the colli-
sional-dielectronj. c recombination-rate coefficients
for recombination of Fe"-Fe+" ions. Our con-
clusions are given in Sec. V.

II. INDIVIDUAL COLLISIONAL AND RADIATIVE
PROCESSES

In this section we discuss the individual colli-
, sional and radiative processes which are expected
to be most important in determining the level
populations of multiply charged ions. In some
cases we introduce total transition rates or rate
coefficients between levels which include the con-
tributions from both collisional and radiative pro-
cesses. Since we will ignore collisions between
the multiply charged ions, we shall assume that
they are present in sufficiently small concentra-
tions in a predominantly hydrogen plasma. Since
only spontaneous radiative processes will be taken
into account in the present investigation, we shall
also assume that the plasma is optically thin to
its own emitted radiation and that no external
radiation fields are present. However, we will

the corresponding angular momentum redistribution
processes involving doubly excited states
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indicate which of the total transition rates and
rate coefficients can be influenced by contributions
from processes induced by a radiation field.

In the present investigation, we will take into
account only transitions between levels within an
ionization stage and those connecting adjacent
ionization stages. Double- ionization processes,
for example, will be neglected. To simplify the
notation used in Sec. gI, we will adopt the
convention of denoting bound states of the three con-
secutive ions X+&'+", X+~", and X+ &'-" by the
indices i, j, and k, respectively. Autoionizing
states of the ions X+ ~" and X' " "wilI by de-
noted by a and b, respectively. Different states
belonging to the same stage of ionization will be
distinguished by using, for example, j, j, and j.
In this investigation the singly excited bound states
will be specified by j=i„nl, where i, is the ground
state of the ion X'"".The corresponding doubly
excited autoionizing states mill be specified by
a = i', nl, where i' is an excited state.

The total collisional-radiative transition rate
connecting the bound states j and j', which are in
the same ionization stage, is given by

+N„+C„+(j'-j) .
The rate for the spontaneous radiative-decay
process

and

X'&'&(j') +e -X'&"(j)+e (13)

(14)

which are denoted by C,(j'- j) and C„(j'- j), are
functions of the local temperatures T, and T„,.
The electron and proton densities are denoted by
N, and N„+ . Electrons are known to be more
efficient in causing transitions corresponding to
energy differences comparable with k~T„while
protons become more important for transitions be-
tween the nearly degenerate l sublevels corre-
sponding to large n values. %ith increasing n,
radiative decay becomes less probable „whereas
collisional transitions between neighboring levels
occur more rapidly.

The bound-free and total free-bound rate co-

(12)

is denoted by A„(j'.-j), and the 8 function is used
to insure that emission terms 'contribute only when

E& & E& . The corresponding stimulated emission
and photoexcitation rates must be included when
the interaction with a radiation field is investi-
gated. The rate coefficients describing the colli-
sional processes

efficients

and

n( j, i) = n„(i-j)+N, n, (i-j) (16)

X' t""(i)+e -X+ &"(j)+K&u (18)

is denoted by n„(i-j) To i.nvestigate the interac-
tion with a radiation field, S(i,j) must include a
term describing photoionization, while the stimu-
lated radiative-recombination rate coefficient
must be included in n(j, i) The.direct-ionization
and radiative-recombination processes result pre-
dominantly in the production of relatively low-
lying 'states. Three-body recombination becomes
more important than direct radiative recombina-
tion with increasing n and N„but dielectronic re-
combination is more often the dominant recombina-
tion process at low and intermediate densities.

W'e will assume that transitions between the
autoionizing state a and the adjacent continuum
state i, a, occur only by means of the radiation-
less capture and inverse autoionizat'on processes

X+ &""(i)+ e (e,)-X+ &"(a) .
The capture coefficient and the putoionization rate
mill be denoted, respectively, by

C,~( ia) =C,~(i-a)
and

A, (i, a) =A,(a-i) .
W'e will neglect the corresponding three-body-
capture and collisional- ionization processes de-
scribed by Weisheit, which. may become impor-
tant only at very high densities or for very large
n. W'e will also neglect the spontaneous radiative
Auger process described by,Aberg, '0 which is not
expected to be important for the large n values of
interest in the present investigation. The photo-
excitation and stimulated emission processes
which can occur between these states will be sys-
tematically treated in a subsequent investigation.
Although the rate for radiationless capture into the

describe direct transitions between the bqund
states i and j; which are in adjacent stages of
ionization. The rate coefficients for the electron-
impact ionization and three-body recombination
processes

X"'(j)+ e -X'""(i)+ e + e

are denoted by S,(j-i) and n, (i -j), respectively
Charge-exchange processes are neglected in the
present investigation. The rate coefficient de-
scribing' the spontaneous radiative- recombination
process
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doubly excited state a =i', nl decreases as n ',
the dominant contributions to the dielectronic re-
combination rate are often associated with large
values of n. Autoionization into a low-lying ex-
cited state i can be more probable than autoioniza-
tion into the ground state i,. The inclusion of thi. s
additional autoionization process has been found"
to result in a substantial reduction in the dielec-
tronic recombination rates for certain ionization
stages.

The stabilizing transition from the autoionizing
state a to the state j, below the ionization thresh-
old, will be assumed to occur only by means of
the spontaneous radiative decay process

X+& &(a) X+&~&(j)+

with a rate denoted by

A„(j, a) =A„(a-j) .

(22)

(23)

In order to obtain the contributions from auto-
ionizing states to effective ionization rates, it
will be necessary to allow for the inner-shell
collisional- excitation process

X"'(j)+e -X+&"(a)+e

described by the rate coefficient

C,(a, j) = C,(j- a) .
It has been argued by Bates and Dalgarno. "and by
Burgess and Summers4 that the collisional-sta-
bilization rate associated with the inverse of the
excitation process (24) can become comparable
with the spontaneous radiative-decay rate only at
very high densities, because the inner-shell de-
excitation process involves relatively low-lying
levels. It is also apparent for the same reason
that the corresponding stimulated radiati&e-decay
and inner-shell photoexcitation process will be-
come important only in the presence of intense
radiation fields at relatively short wavelengths.
These additional processes will be treated in a
future investigation.

The total collisional-radiative transition rate
W(a, a') between autoionizing states of the z-times
ionized ion is defined by an expression which is
analogous to Eq. (11).

The autoionizing resonances and the adjacent
continua can be treated as separate states pro-
vided that the resonance-level separations are
large compared with their total widths, which
are determined by all spontaneous autoionization
and radiative--decay processes. An analysis by
Seaton" indicates that this treatment becomes a
better approximation with increasing z provided

that the radiative-decay width can be neg).ected.
Shore'~ has shown, that overlapping resonances
with different angular momentum quantum num-
bers can still be treated as separate states.

III. EFFECTIVE TRANSITION RATES

In this section we combine and generalize pre-
viously reported statistical theories""' in order
to derive a set of rate (time-dependent) equations
for the population densities of the low-lying levels
which contains effective transition rates describing
indirect transitions through the more highly ex-
cjted bound and autoionizing levels. The number
of low-lying levels which are to be explicitly in-
cluded in these rate equations will depend on the
problem of interest. Bates, Kingston, and
McWhirter' allowed for the time dependences of
only the ground-state population densities and in-
troduced definitions of the effective recombination
and ionization rates through the bound excited
states. Burgess and Summers4 extended these
definitions by including dielectronic recombina-
tion into the excited levels in addition to direct-
radiative and three-body recombination, but tran-
sitions between autoionizing levels were neglected.
In a recent investigation, ' Burgess and Summers
defined generalized effective transition rates be-
tween a group of low-lying levels, which have
relatively long relaxation times; but processes
involving autoionizing states were neglected.

- The rate equations obtained in previous investi-
gations describe transitions between levels in only
two adjacent ionization stages. By taking into ac-
count try, nsitions involving bound and autoionizing
levels in three consecutive ionization stages, we
are able to derive a more-general set of rate
equations f'or the low-lying level populations which
contains three different generalized effective tran-
sition rates. The familiar corona-model equations
for the ground-state population densities will be
recovered by making the assumption that. all ex-
cited states decay by only spontaneous radiative or
autoioAization processes. At densities for which
only the highly excited levels important in dielec-
tronic recombination are appreciably depopulated
by collisional processes, the ionization rate re-
mains essentially unaltered but the effective rate
of recombination must be described by a colli-
sional-dielectronic recombination- rate coefficient.

Using the notation iritroduced in Sec. II for the
various transition rates and rate coefficients, the
rate equations satisfied by the bound-level popula-
tion densities N(j) of the e-times ionized ion can
be written in the form

dN(j)
Q(j,j')N(j')+ ~ n(j, i)N(i)N, + g 8(j,k)N(k)N, + g A„(j,a)N(&) + g A,(j, b)N(f&),

p S a a
(26)



EFFECTS OF COLLISIONS ON LEVEL POPULATIONS AND. . .

where

q(j,j')= ~'-(j,i') «ri +i'
and

(27)
x"""()

BOUND LEVELS

Ce (b I)

AUTOIONIZING LEVELS

X+)z) (s)

X+(Z-1) (b)

and

Q(a, a') = —W(a, a') for a4 a' (30)

Q(a, a) = g )i(a', a) + g A,(i, a) + P A„(j,a) .

(SI)
Equation (29) describes the population of the auto-
ionizing level a owing to transitions from nearby

j

r

+N, . 8i j+ ekj
5 j(t

+g C,(a,j)+g C,~(b, j) . (28)

Equation (26) describes the population of the bound
state j owing to bound-bound transitions, direct
recombinations, direct ionigations, stabilizing
radiative transitions, and autoionization processes.
Equation (28) gives the total depopulation rate
Q(j,j) which results from bound-bound transitions,
direct ionizations, direct recombinations, inner-
shell collisional excitations, and radiatjonless
captures. The transitions, involving bound and
autoioni. zing states in the three consecutive ioniza-
tion stages, which are taken into account in the
determination of, N(j ), are illustrated by the verti-
cal lines in Fig. 1. The rates or rate coefficients
associated with the various excitation and de-
excitation processes are also indicated. Neutral
atoms and completely stripped iona clearly repre-
sent special cases for which only two adjacent
ionization stages are involved.

The autoionizing level population densities N(a)
of the z-times ionized ion satisfy the rate equations

dN a
q(a, a')Ã(a')

+ Q C„,(a, i)N(i)
i

+ g C,(a,j)N(j) N, ,

where

X+(Z)
(j

~

)

X+)Z) (j)

W (jr')
I() I) rr )r a(I I)

Ar (j~a)
S(j k)" A (j~b)

X+ (k)+ )Z-11 a(k~j) rr

FIG. 1. Transitions, involving bound and autoionizing
levels in three consecutive ionization stages, which are
take@ into account in the determination of the bound level
populations N(j) of X ~g ~. As described in the text,
some of the rates and rate coefficients include contri-
butions from both collisional and radiative pr~esses.

autoionizing levels, radiationless captures, and.
inner-shell collisional excitations. Q(a, a) is the
total depopulation rate arising from transitions
to nearby autoionizing levels, autoionization pro-
cesses, and stabilizing radiative transitions.

Following the procedure of Bates, Kingston,
and McWhirter, ' we shall retain the time deriva-
tives for only a group of low-lying bound levels,
consisting of the ground level and a certain num-
ber of metastable levels, which we shall denote
by, for example, j and j'. The more highly ex-
cited bound levels, which will be denoted by j
and j ', will be assumed to have their steady-state
(statistical equilibrium) population densities. It is
usually assumed that ionization ana recombination
processes occur predominantly from the low-lying
bound levels, because the highly excited level
populations are negligible in comparison. How
ever, in order to obtain the collisional-dielec-
tronic recombination coefficients associated with
recombination from the z-times ionized ion, it
will be necessary to allow for ionization from the
highly excited bound states k produced by dielec-
tronic recombination.

The statistical equilibrium population densities
N(j ), of the highly excited bound levels j are
given, in terms of the population densities of the
low-lying bound levels i, j, and k and the auto-
ionizing levels a and b, by

N(j ) =--g g Q '(i,i')Q(i', i)N(i)+gg Q '(i, i')~(j'. i)N(i)N. +Pg Q '(j,j')~(i', k)N(k)N.
f t f i f' a

+g g q-'(l, q )a„(j', a)N(a)+g g q '(j,g )W,(~', b)-N(b) .
p a

In Sec. IV we will describe the techniques which
must be used to invert the rather large matrix
Q, which is defined within the subspace of the
highly excited bound levels j . Analogous expres-

I

sions are obtained for N(i)„and N(k)
We will assume that all autoionizing levels a

have their statistical 'equilibrium population den-
sities N(a)„given by
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N(a) = g g Q '(a, a')C, ~(a', i)N(i)N,

+gg Q '(a, a')C, (a',j )N(j)N, . (33)

When transitions between the autoionizing levels
are neglected, the first term on the right-hand
side reduces to the usual result for the population,
densities of the doubly excited levels formed by
radiationless capture. The second term, which
gives the contributions from inner-shell colli-
sional excitations, is important only for relatively
small values of the outer-electron principal quan-
tum number n. An analogous expression is ob-
tained for N(b)~ in terms of the population den-
sities N(j) and N(k}.

After expressing the population densities of the
more highly excited bound and autoionizing levels
in terms of the population densities of the low-
lying levels in three consecutive ionization stages,
we obtain a reduced set of rate equation which can
be written in the form

+ S~qq j,kNkN, (34)

where

—g QN, n( j, i)q '(7,7')N, S,-(P,j'}, (36)

Q (j j')=Q(j.j') —g g A, (i, a)Q '(a, a')

b b~

x N, C,(a', j')

A,(j, b)Q '(b, b')N, C, (b' j')

(36)

The three effect;ive transition rates which appear
in these equations are rather small matrices
which are defined only within the subspace of the
low-lying levels explicitly included.

The matrix elements Q,«(j,j ') with jcj' are the
effective bound-bound transition rates between the
low-lying levels of the ion X' "', while the diagonal
elements Q„,(j,j) represent the total effective
loss rates from these levels. The general expres-
sion obtained for Q,«(j,j ) can be written in the
form

Q.fr(j,i ')

=Q,(j,j'') —Z g Q(~, AQ '(~,~')Q,(i', ~')
j ji

—g g NP(j, k)Q '(k, k')N, nr(k', j')

and the corresponding definitions of nr(k, j) and

Sr(i,j) are given by expressions which are
analogous to Eqs. (38) and (40).

The total transition rate Qr(j, j ) is obtained
as the sum of the direct term Q(j,j') and two addi-
tional contributions describing indirect transitions
through the autoionizing levels u and b in two ad-
jacent ionization stages. The third term in Eq.
(36}, which describes autoionization following
radiationless capture, reduces to the result ob-
tained by Seaton" when transitions between the
autoionizing levels b are neglected. The second
term, which represents stabilizing radiative
transitions of autoionizing levels a formed by
inner-shell collisional excitation, has not been
discussed previously.

The general expression for Q,«(j,j ), which in-
cludes the contributions from indirect transitions
through the highly excited bound levels in three
eorisecutive ionization stages, becomes equiva-
lent to the definition given in the recent paper by
Burgess arid Summers' when only the direct tran-
sition rate Q(j,j ) is included in Qr(j, j ) and the
last two of the three double summations are
omitted. The last double summation, which de-
scribes recombination following ionj.zation, is not
expected to be important for highly excited states
i, However, the preceding double summation,
which describes ionization from highly excited
states k populated by recombination, will be im-
portant.

The general expression obtained for the effec-
tive recombination coefficient n, «(j,i) can be
written in the form

n.gf(i, i}=nr(j, i)- g P Q(j,j)Q '(3,i')nr(i, i)

—P P n(j, i}q '(i, i')Q-,(i', i), (37)

ng j,i) = n(j, i)+ g g A„(j,a)Q '(a, a'}

x C, (a', i) . (38)

When only the direct recombination coefficient
n(j, i) is included in ngj, i), the first two terms
in Eq. (3'i) correspond to the generalized colli-
sional-radiative recombination coefficient re-
cently defined by Burgess and Summers. ' The
last term, which describes recombination from
highly excited levels i produced by collisional
excitation, will not usually be important. The
definition of the collisional-dielectronie recom-
bination coefficient between ground states which

, was introduced in the earlier paper by Burgess
and Summers4 can be recovered by neglecting
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transitions between the autoionizing levels a.
The general expression obtained for the effective
ionization coefficient is

S.„(j,k)=Sgj, k)-g g q(S, ))q- (yg)Spy, k)
jt

—Q Q S(j,k)q '(k, k')qgk', k), (39)

where

Sr(j, k) =S(j,k)+Q Q A,(j,b)q-'(b, b')C, (b', k) .

S,(z —1 z)

+ g A,(j,b)Ce(b~ ko) (42)
A, (b)+ A„(b)

in which the sum over j now includes all bound
states of the g-ti.mes ionized ion.

If use is made of the identitjgs

A,(j, b) A„(k, b)
A, (b) +A„(b) ~ A,(b) +A„(b),

and

(43)

A„(j,a) ~ A, (i, a)
A,-(a)+A„(a) ~ A, (a)+A„(a)

the effective loss rate q,«(j„j,) obtained from the
general expression can be reduced to the simple

(40}

This effective ionization rate coefficient did not
appear in previously reported statistical theories,
because of the inherent restriction to only two
consecutive ionization stages. Goldberg, Dupree,
and Allen" have found that the contributions from
autoionization following inner- shell collisional ex-
citation, which are represented by the second
term in Eq. (40), can be comparable to the direct-
ionization coefficient S(j,k).

At very low densities where practically all ex-
cited states decay by spontaneous radiative or
autoionization processes in times that are short
compared with their collision times, all ioniza-
tion and recombination processes can be assumed
to originate from the ground states. If the ground
states of the three consecutive ionization stages
are denoted by i„j„and k„ the effective recom-
bination and ionization coefficients n,«(j„i,) and

S,«(j„k,) which are obtained from the general ex-
pressions are found to reduce to the anticipated
corona-model def initions

n, (z+ 1 z)

(. .
) g A (ja)C~(a zo)

( )A,(a) + A„(a)

+ o.,(z+1-z)N(z+1)N,

+ S,(z —1 z)N(z —l)N, .
The requirement that g, dN(z)/dt = 0, which ex-
presses the conservation of ions uoder the as-
sumption that the excited levels have negligible
populations compared with the ground levels, is
most naturally satisfied if Eq. (45) is valid.

If the assumption is now made that only re-
combinations can produce highly excited states
which can be appreciably depopulated by colli-
sional processes, the effective ionization rate
coefficient S,«(j„k,) is still given by Eq. (42).
However, the effective recombination rate co-
efficient a,«(j„i,) is now given by the collisional-
dielectronic recombination coefficient def ined by

(46)

a,d(z+ 1 z) = ct r( jo, io)

q(j. ,~)q '(~,~')~,(~', z;),
7~ )o 7»o

(4 f)

where the coefficients nr(j, i,)'for recombination
into the levels j are defined by Eq. (38).

The simplification. of the general expression for
the effective loss rate q,«(j„j,) is now much more
tedious. We anticipate that the contributions
representing ionization of the highly excited states
k populated by recombination can be combined with
the corona recombination terms to yield the colli-
sional-dielectronic recombination coef ficient
a„(z-z —1) = o.„(k„j,), which is defined by an
expression analogous to Eq. (47). This simplifica-
tion can be accomplished by utilizing the 'identities

A.(j,b)q-'(b, b')
b j

A (k b)q '(b, b') (48)

result

q,«(j,j,) =N, [o,,(z-z —1)+S,(z-z+1)], (45)

which is the sum of the corona-model recombina-
tion and ionization rates defined by analogy with
Eqs. (41) and (42).

We have demonstrated that, in the corona-model
approximation, the recombination and ionization
rates which appear in the total loss rate are
defined in the same manner as the production
rates arising from transitions originating from
the two neighboring ionization stages. If the
ground-state population densities are now denoted
simply by N(z), the time-dependent equations
simplify to the familiar corona-model relation-
ships

dN(z) =- [n, (z -z —1)+S.(z -z+1)]N(z) N,
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1 —Q NP(j 0, k) Q '(k, k')
FA kg

=- Z Q(ko, k)Q '(k, k') . (49)
KA kg

The effective loss rate Q,«(j„j,) is then found
to be the sum of the corona-model ionization rate
N, S,(z -z+1) and the collisional-dielectronjc re-
combination rate N, o.,~(z -z —1). The ground-state
population densities now satisfy the equations ob-
tained from (46) after replacing both corona-model
recombination coefficients with the corresponding
collisional-dielectronic recombination coefficients.
In Sec. IV, our calculations will be described for
the collisional-dielectronic recombination coeffi-
cient defined by Eq. (4'7).

IV. CALCULATIONS

In this section we describe the details and pre-
sent some results of our calculations for the ex-
cited-level populations and the collisional-di-
electronic recombination rates of multiply charged
Fe ions. The present calculations represent an
extension of our previously reported corona-model
calculations" to the intermediate density region,
where the low-lying level populations are still
close to their corona equilibrium values but the
highly excited levels important in dielectronic
recombination are depopulated by both collisional
and radiative processes.

We first consider the populations of the doubly
excited autoionizing levels specified by a = i', nl.
Since inner-shell collisional excitation can be
neglected for large-n values, we can assume
that these levels are populated predominantly by
the radiationless-capture process (19). The
radiationless-capture-rate coefficient C„,(i-a)
can be expressed in terms of the rate A,(a- i)
for the inverse autoionization process by means
of the detailed balance relationship

A„(a —j) A„(i'- i,), (52)

in which the influence of the outer nl electron is
neglected.

The autoionization processes and stabilizing
radiative transitions which are taken into account
in the present calculations are associated Mth
single-electron electric-dipole deexcitations i -i
of the recombining ion. The radiative-decay rates
corresponding to a 4n, W 0 transition increase as
z' with increasing s. However, the dielectronic
recombination of the Fe"-Fe'" ions is ac-
complished primarily through Sd - 3p transitions,
for which the radiative-decay rates increase only
linearly with z. Consequently, the stabilizing
radiative-decay process becomes competitive with
autoionization only for relatively large values of
the outer-electron principal quantum number
(n-100). Finally, we note that the 3d-3P colli-
sional stabilization rate becomes comparable to
A„(3d- 3P) only at N, = 10"cm '. Equation (23)
is, therefore, valid for the density range con-
sidered in this investigation.

The rate coefficient describing collisionally in-
duced angular momentum mixing of the outer nl
electron state is given in the Bethe approximation
by

E„2(z+1}'g(i) E(i') —E(i)
v'n' a,' g(a} E„

x g o(i, z,1,.-.i', e,.'1,') ~.. . , (51)
l~

where o(i, z, l, -i', e,'l,')
~ .. .denotes the threshold0

value of the partial-wave cross section for the
electron-impact excitation i-i of the (z+1)-times
ionized ion. The electron-impact-excitation cross
sections used in our calculations have been ob-
tained by the distorted-wave method described by
Davis, Kepple, and Blaha."

The decay rate for the stabilizing radiative
transition (22) is obtained by making the customary
approximation

,(, g(a) E„l '~'
C„,(i- a) = 2'a,' v' ' (.) g&e)

xexp — A,(a-i) .E(i) E(a)
3 e

(50)

n 'I'
X4 2l j 1

n'-l

(53)

The statistical weights associated with the energy
levels E(i) and E(a) are denoted by g(i) and g(a),
respectively, and E~ =13.6 eV. The other symbols
have their conventional meaning. .

For large values of n and z the autoionization
rates A,(a- i) can be obtained by using the quan-
tum-defect-theory relationship derived by Seaton, "
which may be expressed in the form

where

Ea 2 2 22(«,.1,.~,) . (54)

The charges on the projectile and target particles
are denoted by s, and z, respectively, and p is the
reduced mass. The argument y of the exponential
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%'ith account taken of the angular momentum re-
distribution processes (9) and (10), the nonzero
elements of the matrix q are given by

—q(a, a') = W(a, a') =N, C,(nl ' -nl)

+NH+ Cs, (nl' -nl) (58)

q(a, a) =A,(a)+A„(a)+ Q W(a', a), (5V)

where a' differs from a only in the outer-electron
angular momentum quantum number l' =3+1. The
sum over a' in Eq. (55) is actually a sum over all
l'=0, n —1. The rate coefficient describing the
production of the singly excited bound states j =i„nl
by. dielectronic recombination, which corresponds
to the second term in Eq. (38), is expressed in
terms of the normalized doubly exicted level popu-
lation densities p(a) by

n,(i, ~;) =g A,(i, ~)p(~) . (58)
a'

Because of the approximation given by Eq. (52)
for A„(a-j), the sum over a is actually a sum
only over the different excited states i'.

In our previous investigation, e the effects of
angular momentum redistribution owing to protons
were included by using the quasistatic and linear
Stark-effect approximations. The treatment in
terms of proton impacts adopted here, which is
essentially the same as that of Seaton and Storey, '
is expected to predict less angular momentum re-
distribution for a given value of n. When it be-
comes necessary to account for the angular mo-
mentum redistribution produced by other impurity
iona, the quasistatic may be the more appropriate
of the two extreme approximations.

With increasing n, the autoionization rates de-
creases as n ' whereas the rate for collisionally

integral E, is made finite, as suggested by Griem, "
by taking into account the plasma frequency ~~,
the l-sublevel energy separation AE„and the
width I', owing to the finite natural lifetime. A

similar result obtained by Pengelly and Seaton"
does not include the l-sublevel separation, which
can be important in a multiply charged ion.
our calculations, the l-sublevel separations were
estimated by taking into account the long-range
monopole-quadrupole interactions and the fine-
structure splittings.

The normalized population densities p(a)
=Ã(a)/N(i, )N, of the doubly excited levels a =i', nl,
which are formed by radiationless capture from
the ground state i„are given by

p(a) = g q- '(a, a') C,~(a', i,) .

1.0,

0.9

n =20

0.7

VI 0.6
C
O

CV

o 05

0.4

0.3

0.2

0.1

12 16
I

20

FIG. 2. Rate coefficients for the dielectronic recom-
bination of Fe into nl levels of Pe+9 corresponding
to n =20.

induced angular momentum mixing increases as
n4. However, the radiative-decay rate given by
Eq. (52) is independent of n Consequently, the
collisional processes are expected to be capable
of establishing a Boltzmann distribution with re-
spect to l only for much higher values of n than
in the case of the singly excited bound state, for
which the radiative-decay rates decrease as g~.
Accordingly, the less-rapid collisional processes
connecting doubly excited levels associated with
different n values can probably be neglected.

The effects of of collisionally induced angular
momentum redistribution are illustrated for three
different densities in Figs. 2 and 3, in which the
coefficients obtained from Eq. (58) for the dielec-
tronic recombination of Fe'" are shown as func-
tions of / for n =20 and 30, respectively. Both the
electron and the proton temperatures were taken to
equal to 100 eV, w'hich is close to the maximum
abundance temperature predicted by our previously
reported corona equilibrium calculations". The
results obtained at N, =10" cm ' are indistinguish-
able from the values predicted without the inclu-
sion of angular momentum redistribution. For
n =30 (Fig. 3), the results obtained at N, =10"
cm ' are close to the limiting values predicted
on the basis of a Boltzmann distribution with re-
spect to E. Results similar to those presented in
Figs. 2 and 3 have been obtained for C' by Seaton
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FEG. 4. Rate coefficients, summed with respect to
/, for the dielectronic recombination of Fe into the
nl levels of Fe'9.

and Storey. '
The coefficients for the dielectronic recombina-

tion of Fe+" obtained from Eq. (58) after summa-
tion with respect to l are shown as functions of n
in Fig. 4. As anticipated, angular momentum re-
distribution is found to become more effective with
increasing N, and n. The amplification in the di-
electronic recombination coefficients can be di-
rectly attributed to an increase in the populations
of the higher-l doubly excited levels, which have
larger statistical weights and practically zero
probabilities of formation directly through radia-
tionless capture and decay through autoionization.
The rate of photon emission through stabilizing
radiative transitions, which is obtained after
summation with respect to n, is found to be en-
hanced by about a factor of 3 over the low-density
result by a density of 10" cm '. This effect may
be observable in the emission spectrum near the
resonance line of the recombining ion.

%e now consider the populations of the singly ex-

cited bound levels p pp nl produced by recombina-
tions. According to Eg. (38), the total recombination
coeff icient mr( j, i,) into level j is the sum of the total
direct recombination coefficient n(j, i,} and the di-
electronic recombination coefficient c.~(j, i,) de-
fined by Eq. (58). The total direct recombination
coeffi.cient is obtained from the direct-radiative
recombination coefficient and the three-body re-
combination coefficient by means of Eq. (16). The
direct-radiative recombination coefficient c.„(i,-j)
can bt: estimated by using the expression presented
in our previous paper, "which takes into account
the presence of N,. equivalent electrons in the outer-
most n,.l,. subshell of the recombining ion. 'The

three-body recombination coefficient n, (i,-j) is
obtained from the electron-impact ionization co-
efficient S,(j—i,}by means of a detailed-balance
relationship analogous to Eq. (50).

The electron-in)]pact ionization- rate coefficient
obtained in the Bethe and unit-Gaunt-factor ap-
proximations may be written

2 7f ~& g3@ 1 (g+ 1)4 E 1/2
&,(j- &0) = ' "-, [1+5(nl, n,.l, )N,.]

3

( 3

(3»4- g)[-.'y 'em(-y) —-'y 'em(-y)+ l&,(y)]isa T,
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librium values. Accordingly, it is customary to
express the normalized population densities p( j)
in terms of the departure coefficients b(nl), defined
by

p(j) =2'a', v' '(E„/k~T, )'~'

eV

which approach unity for sufficiently large n. The
matrix Q must, therefore, be constructed only
within the subspace of the nl levels for which b(nl)
differs substantially from unity. Since direct in-
version of this matrix- is still impractical for the
large-n values of importance, we have adopted the
matrix condensation and Lagrangian interpolation
techniques developed by Burgess and Summers"
in order to reduce the matrix to a manageable
size. . Briefly, a representative set of nl levels is
selected, and the complete set of level population
densities is expressed in terms of the representa-
tive values by means of the appropriate Lagrangian
interpolation coefficients. Because of the necessity
to interpolate with respect to both n and 1, the
present interpolation scheme is greatly increased
in complexity in comparison with the one used by
Burgess and Summers. ,"who assumed that thy E

0 10—
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FIG. 7. Departure coefficients b (nl), corresponding
to l = 0, for recombination into the nt levels of Fe' ~.
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+ gtion into representative nl levels of Fe

FIG. 8. Collisional-electronic recombination coeffi-
cient for the recombination of Fe
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TABLE I. 0.,d (cm 'sec '), N, = 10' cm

log, oT, (eV)

1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0

Fe+8

0.51(-10)'
0.28(-10)
0.11(-10)
0.12(-10)
0.21(-10)
0.22(-11)
0.17(-11)
0.14(-11)

Fe"

0.48(-10)
0.21(-10)
0.16(-10)
0.97(-11)
0.63(-11)
0.17(-11)
0.12(-11)
0.72(-12)

Fe+io

0.47(-10)
0.27(-10)

. 0.17(-10)
0.89(-11)
0.54(-11)
0.18(-11)
0.12(-11)
0.71(-12)

pe+11

0.10(-9)
0.51(-10)
0.24(-10)
0.91(-11)
0.53(-11)
0.34(-11)
0.15(-11)
0.92(-12)

Fe+"

0.11(-9)
0.40(-10)
0.18(-10)
0.75(-11)
0.41(-11)
0.24(-11)
0.13(-11)
0.78(-12)

Fe+i3

0.13(-9)
0.27(-10)
0.13(-10)
0.67(-11)
0.29(-11)
0.17(-11)
0.11(-11)
0.62(-12)

'Numbers in parentheses are the powers of ten.

sublevels have relative populations given by the
Boltzmann distribution for all values of n.

The departure coefficients b(nl) for recombina-
tion onto Fe" are shown in Fig. 6 as functions of
l for n=10, 20, and 30 Rt N, =10' and 10" cm '.
The characteristic overpopulation of the nl levels
which is produced by dielectronic recombination
can be clearly seen. The assumption that a Boltz-
mann distribution with respect to / is established
for all n values, which is inherent in all pre-
viously reported calculations of Q. ,d, is found to
be questionable. The departure coefficients for
E =0, which are illustrated as functions of n in
Fig. 7, show that the approach to Boltzmann-Saha
equilibrium with increasing N, and n can be rather
slow.

The collisional-dielectronic recombination co-
efficient for the recombination of Fe'" is shown
in Fig.. 8 as functions of temperature for three
different densities. The results obtained for N,
=10"cm ' are essentially the same as our pre-
viously reported" corona-model values, while the
results obtained for N, =10"cm ' are found to be
reduced from the corona-model values by about an
order of magnitude owing to the effects of colli-
sional processes on the highly excited bound levels
of the recombined ion. A similar figure has been
presented for Fe'' by Burgess and Summers.

The collisional-dielectronic recombination- rate
coefficients obtained for the recombination of
Fe+"-1'e"' at N, =10"cm ', which are tabulated
in Table I as functions of temperature, are found
to be reduced from their corona-model values by
at least an order of magnitude. Recently, "the
effective rate coefficients for the recombination
of Fe"-Fe'" have been deduced experimentally
by analyzing the time-dependent line emission
spectra produced by iron ions injected into a 8-
pinch plasma with an electron density slightly
greater than 10" cm '. Their preliminary analy-
sis, based on a time-dependent corona ionization-
recombination model, indicates that the effective
recombination rate coefficients are indeed lower
than predicted by our corona-model calculations. "

V. CONCLUSIONS

In this investigation we have generalized pre-
viously reported statistical theories to obtain the
contributions from highly excited bound and auto-
ionizing levels to effective transition rates be-
tween the low-lying bound levels in three consecu-
tive ionization stages. We have also demonstrated
that the familiar corona-modeL equations can be
recovered at very low densities. At.densities for
which only the highly excited levels involved in di-
electronie reoombination are appreciably depopu-
lated by collisional processes, the effective ion-
ization rate is practically unaltered but the effec-
tive recombination rate can be substantially re-
duced. Calculations have been carried out for the
excited-level populations and the eollisional-di-
electronic recombination coefficients of Fe"-Pe'"
ions, which recombine through very large values
of the outer-electron principal quantum number.
To the best of our knowledge, the present calcula-
tions are the first in which explicit account has
been taken of the transition rates for collisionally
induced angular momentum mixing of both the
singly excited bound states and the doubly excited
autoionizing states. In a future investigation,
more-extensive results for collisjonal-dielec-
tronics recombination coefficients will be pre-
sented together with new results for the ioniza-
tion equilibrium and the radiative-energy-loss
rates for various low- and high-Z elements.
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