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Radio wave amplification by stimulated emission of radiation (NMR laser) was observed in A1203:Cr'+
(ruby} with the 2 Al spin system pumped to an inverted Zeeman state by means of dynamic nuclear
polarization (DNP) and with an i.'C circuit tuned to the NMR transitions. A theory is developed which
combines standard Bloch equations~with the dynamic equations of a heat-reservoir model for the spin
dynamics. Experimental data concerning the relaxation and polarization- mechanisms in the nonradiant state
are presented, and the parameters of the reservoir model are determined'. In accord with these results,
dynamic NMR laser equations for different modes of operation (continuous or pulsed) are derived from which
the threshold of the NMR laser, its critical behavior near threshold, and its transient response after Q-
switch tuning can be calculated. The agreement between theory and experiments in the superradiant state
reflects unambiguously the interplay between nuclear-spin relaxation, DNP, spin fluctuations, and the self-
induced ordering of the "Al spins perpendiqular to the applied field. In particular, .the results highlight the
decisive role of the electronic dipole-dipole system in the spin and NMR laser dynamics of ruby. Special
emphasis is placed on the close relationship between the NMR laser, as a system far from thermal
equilibrium which shows the phenomenon of cooperative self-organization, and a system at thermal
equilibrium which undergoes a second-order phase transition. Thus, the rotating nuclear-spin magnetization is
treated as an order parameter.

I. INTRODUCTION

Recently, '2 we reported the discovery of a self-
induced coherent rf oscillation of the "Al nuclear-
spin system in Al, O, :Cr" at the temperature of
liquid helium. These oscillations can be observed
in a strong, static magnetic field, when the coil
of a LC circuit is tuned to one of the "Al NMR
frequencies while powerful microwave radiation
is supplied to the sample in the vicinity of a prop-
erly selected Cr" ESR line. By means of dynamic
nuclear polarization (DNP), the microwave source
acts as a pump causing the population inversion
of the nuclear Zeeman states. The nuclear-spin
system is brought to a negative spin temperature
and a negative, longitudinal magnetization M, is
thus formed. The coil provides the self-induced
radiation field &,'"" necessary to cause phase-
locked spin flips. This field then is responsible
for the coherent slaving of the individual members
of the "Al spin ensemble in the supperradiant
state in which a transverse, rotating component
M„ofthe nuclear magnetization is present. Since
the combined system has properties typical of a
laser (or maser), it may be called NMR laser.

The ruby NMR laser can be operated in either the
continuous wave (cw} mode or in the pulsed (p)
mode. Both require a spin inversion which is
above a critical threshold. In the p mode, using
a Q-switch technique, transients are found which
start with a strong superradiant burst and evolve

into a relaxation oscillation. With the pump off,
the signal decays to zero; with the pump on, the
cw state is reached.

Inour Letter' we showed that the first super-
radiant pulse after the Q-switch procedure can
quantitatively be explained by a Bloch-type equa-
tion for a radiant two-state system. The nonlinear
equations of motion for M, and ~„contain driving
terms proportional to the slaving field B,'"' . The
dephasing of the transverse magnetization is ac-
counted for by a term proportional to the cw NMR
linewidth, or to 1/T, . These equations are ade-
quate to calculate the short-time behavior (typi-
cally of the order of msec} if a small initial value
of I„is assumed. However, they cover neither the
full range of the transients (lasting one second,
typically) nor the final cw NMR laser state. Fur-
thermore, they do not take into account the fluc-
tuations which are resonsible for the ignition of
the NMR action.

In order to describe the NMR laser more com-
pletely, the quoted Bloch equations have to be gen-
eralized. Since the transition from the pumped,
but incoherent state into the superradiant state,
as well as the level of the cw oscillations depend
in a rather complex way on the spin dynamics of
Al, O, :Cr, terms have to be added which repre-
sent (a} the spin-lattice relaxation, (b) the spin-
spin interaction between the relevant spin sub-
systems, (c}the microwave pump, and (d) the
fluctuations. To derive explicit expressions for

18 671 1978 The American Physical Society



672 P. BOSIGER, K. BRUN, AND D. MEIER 18

(a), (b), and (c), a systematic treatment of the
DNP and re1axation mechanism is required.

In this paper, which is an arnplification and ex-
tensionof our earlier Letter, we describe, in Sec.
II, various experiments with regard to the dy-
namics of the different spin systems in ruby. We
present a selection of experimental results and
their quantitative explanation which we consider
as essential for the understanding of the NMR laser
dynamics. In particular we discuss a thermody-
namic approach, based on the concept of spin tem-
perature, in order to explain the polarization and
depolarization properties. A heat-reservoir model
is introduced, and a set of simultaneous dif'='ren-
tial equations is presented which are in good
agreement with a large body of experimental
facts.

In Sec. III we proceed to generalize the Bloch
equations given in our Letter. We incorporate the
results of Sec. II by means of the explicit expres-
sions for (a), (b), and (c). Furthermore, we re-
late the fluctuation term (d) to the Nyquist noise
of the coil, which can be calculated. We then pre-
sent numerical solutions of the obtained NMR
1'aser equations which can be compared with ex-
perimental radiation patterns.

A discussion is included which illustrates the
close relationship of the spontaneous superradiant
transition with a phase transition from a dis-
ordered to an ordered state. Although being far
from thermal equilibrium, certain aspects of the
superradiant transition are in common with sec-
ond-order phase transitions of equilibrium. sys-
tems, e.g., superconductors, ferromagnets, etc.
Hence, we derive a dynamic equation for the order
parameter, here the transverse magnetization
&~„,which holds near the critical point of the
NMR laser. From this equation (being the subject
also of the Landau-Hopf theory of bifurcation, '4
as well as of the interdisciplinary field of syner-
getics which was mainly put forward by Haken')
we obtain the explicit threshold condition and the
power law for the NMR laser output near thresh-
old.

Viewed from these perspectives, the ruby NMR
laser is an instructive example for a many-body
system showing the phenomenon of spontaneous,
cooperative self-organization. Its dynamics are
of broad interest since the problem of stability
plays a central role in a great variety of fields
such as engineering, meteorology, geophysics,
fluid mechanics, biology, etc.' Thus, our detailed
investigation reflects not only the underlying mech-
anisms of spin relaxation but provides general and
quantitative information of the synergetic proper-
ties of coupled spins and their modes of excita-
tions.

H. DNP AND SPIN RELAXATION IN RUBY

A. Heat-reservoir model

In solid insulators containing both electronic
and nuclear spins, there can exist a thermal con-
tact between the nuclear Zeeman and the electronic
dipole-dipole system. The exchange of spin ener-
gy is possible if the nuclear Zeeman splitting is
comparable to the width of the ESR lines. This
thermal mixing is the physical background of the
thermodynamic model of coupled heat reservoirs
as proposed by Buishvili, ' Kozhushner, ' and
Wenckebach, and refined by many others.

In essence, the Hamiltonian is broken up in
mutually commuting and noncommuting terms, &q
and X», respectively. To each of the commuting
operators, which represent subsystems with many
degrees of freedom, a heat reservoir (3.q} is as-
signed. A steady state of a reservoir is charac-
terized by the spin temperature 0~, or better, by
the inverse spin temperature P, =1/&s8;. The in-
ternal energy becomes &; =c;p;, where c, is the
heat. capacity. The noncommuting terms describe
either internal couplings (spin-spin, spin-lattice)
or interactions with external fields. They are
treated as perturbations causing energy to flow to
and from the heat reservoirs. The internal coup-
lings tend to equalize the reservoir temperatures
with characteristic time constants 7». The inter-
actions with the external fields lead to a nonequili-
brium state, for example, under DNP or partial
saturation conditions. In this sense we speak of
relaxation and pump terms, assuming both to be
so small that each of the coupled reservoirs passes
through quasiequilibrium states.

For ruby (Al, O, :Cr"), Atsarkin et al. '0 demon-
strated the important role of the electronic dipole-
dipole system with regard to DNP and the spin-
lattice relaxation of bulk "Al. Later, Hundt and
co-workers"' "extended the investigation of the
thermal contact to the "0 spins of natural abund-
ance, and to those "Al nuclei which are near neigh-
bors of the magnetic Cr" ions (impurity-shifted
"Al*, hereafter). In a series of rather qualitative
experiments concerning the polarization, depolari-
zation, and partial saturation properties of the
nuclear-spin systems the authors showed that this
contact causes an indirect coupling of the otherwise
noninteracting Zeeman systems of '7Al, "Al*, and
"O. This then led us to the hypothesis, that the
nuclear Zeeman systems ip ruby can be described
thermodynamically also in situations where the
overall equilibr'ium is not achieved. In fact, the
results suggested that under stationary DNP condi-
tions, in particular, a common nuclear-spin tem-
perature is reached which is independent of the
Cr Zeeman order. Similar results have since
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been reported for various other substances such as
Tio, :Cr~', "' ' Lif:F-centers, "and propane-
diol:Qr

In order to prove the hypothesis of the existence
of a spin temperature in ruby, a systematic in-
vestigation of the spin dynamics was started. To
analyze the experimental results, which will be
presented in the forthcoming paragraphs, we in-
troduce the three nuclear Zeeman reservoirs
(&Au, (&Ai*), and(2eo} of the dense "Al, the
dilute, impurity-shifted '7Al*, and of the dilute"0 spins, respectively. The "Cr nuclear-spin
system is not included here. These Zeeman sys-
tems interact predominantly with the electronic
dipole-dipole reservoir (&ss} through magnetic
dipole and hyperfine interactions. Finally, we
have(Ws} and(3'J', the electronic Zeeman reser-
voir and the lattice, respectively.

Since the spins interact not only magnetically
but couple also to the electric crystal field, this
then leads to the splitting of the pure Zeeman lines
into multiplets, e.g., the five quadrupolar split
lines of "Al and "O. Thus, if necessary, a sub-
divisjon of the spin systems in fictitious spin-~
two-state systems is possible to which separated
heat reservoirs can be assigned.

In a simplified version of the reservoir model
for ruby, where we assume thermal cooling as the
cause of DNP and nuclear relaxation, we neglect
the electric interactions for the time being. They
can be incorporated later without difficulties. With
the static Hamiltonian
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FIG. 1. Energy-flow diagram for the spin dynamics
in ruby:A1203. Cr

ergy-flow diagram of Fig. 1. The time evolution
of the inverse reservoir temperatures follows
from a set of simultaneous differential equations:
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a quasistationary state of the heat reservoirs has
the density matrix

& = (1/~) exp(- Ps+s —Pss+ss —PA~+~~

—P„(*~Ai*—Po+o Pi~r. ),— (2.2)

of which only the high temperature limit is used.
Starting from the overall equilibrium Ps =Pss

=
p&& =g~+ = pp = p~, strong microwave pumping

power delivered to the sample near the center of
the ESR line couples (3's} with(&ss} which, ac-
cording to the Provotorov equations, "amounts to
a cooling (or heating to negative temperatures I ) of
the Cr' -Cr~ interaction system. Relaxation pro-
cesses involving two mutual spin flips combined
with a simultaneous nuclear spin flip' cause a
transfer of spin energy between the unbalanced
reservoirs (&ss}, (~Ai }', (&Ai },and(~}.
Hence the nuclear spins become dynamically polar-
ized. The lattice, however, is assumed to remain
at the temperature of the He bath.

For this simple model of DNP by thermal con-
tact, the spin dynamics can be depicted by the en-

~ (~sps —(~s —~m)pss},

dPs 1
(Ps Pi)—

M% 2 s—+v(~s+ )g(~s ~ )~ Pss Ps~ ~+s

Here g(~) and &~ are shape and width of the ESR
line while (d represents the frequency of the
microwave field.

If the nuclear spins are probed with a weak rf
field, NMR signals result which are directly re-
lated to the respective inverse nuclear-spin tem-
perature. Hence, standard NMR techniques can
be applied to spin-dynamic experiments.

S. Experimental details'

To test the proposed heat-reservoir model of
DNP, we determined the time evolution of P„,,
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pA, *, and po either with the microwave pump on
(polarization) or off (depolarization), after pre-
paring the system in a well-defined initial state.
For this, we monitored the NMR signal of a Q-
meter detector driven by a Hewlett-Packard
8660B frequency synthesizer. The signals with
frequencies near 12 MHz were stored in a ¹icolet-
1020 A signal averager. Spin saturation was
avoided, or, if it occurred, corrected in order to
keep the signal intensity proportional to the corre-
sponding inverse nuclear-spin temperature. The
experimental data points were then fitted with
appropriate solutions of Eq. (2.3) and a consistent
set of constants was determined.

The results to be presented refer to two ruby
specimens with a volume of about 1 cm' and 10 '
cm', respectively. Both were cut from the same
single crystal with a Cr~ concentration of nomi-
nally 0.02%%uo. For bulk "Al we used the small
specimen with a filling factor of less than 0.1,
therefore avoiding nonlinearities in the tank cir-
cuit." For dilute "Al~ and "0, however, the large
specimen with a filling factor of about 0.6 was re-
quired in order to obtain an acceptable signal-to-
noise ratio.

The microwave power (-100 mW) stemmed from
an OKI-30712 klystron which was operated at 30.6
6Hz, typically. The microwaves were guided
through a precision attenuator and a microwave
switch to a 13x13X50-mm multimode brass cavity
with a Q of about 10'. The cavity was matched to
the stainless steel waveguides by a simple, rec-
tangular iris of 6.3x 0.5 mm. It contained the
NMR pick-up coil with the ruby sample. The axis
of the coil was made parallel to the long side of the
cavity. Neither the exact size nor the positioning
were critical for the experiments.

The measurements were performed jn a static
field of about 1.1 T and in the temperature range
from 1.6 to 4.2 K. A timing unit controlling the
microwave switch, the NMR frequency sweep, and
the signal-averaging system made an automatic
accumulation of experimental data possible.

C. Experimental results and analysis

1. Bulk Al

A number of polarization and depolarization
curves were determined for different values of
the Cr" content, the magnetic field &0, the lattice
temperature 8&, and the angle 8 between the cry-
stal & axis and the field direction. Since the heat
capacity of the dense {&A&} is many orders of
magnitude larger than those of the dilute {&o}
and {&A~*},these two reservoirs can be discarded
in the analysis of the "Al data. Thus, the spin
dynamics is governed by the reduced set of differ-

ential equations:

dPA1

N Al88
Al iss) t

+ss cAi 1 1
(I ss —

PA~) (&ss - &c)
88 Al 88 $8L

+~(ys&", )'g(~s —~.)
X [~s Ps —(~s —~GPSS }~

dPS 1—
(&s —

&z, )dt TSL

(2.4)
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with

z =cA,/css, a =1/rAiss, =1/Tssz,

~~ = s {-('+f}+["(1 +4")-2'f+f'}" '
&, =s{-(a+f)—[a'(1+4K}—2af +f'])

(Pg, —k)(A,, +a) +a(Pss —k)

2 1

c = s(ysB, )'g(&os —&u„)(vs—&o )/&aP,

f =as+b+c(ars —&u„}, g =&+ca&s, k =g/(f-az}p~.

First, we consider the depolarization. The sample
is dynamically polarized and then, at & =0, the
microwaves a,re turned off. For B," =0, we have

The exponential term with ~, describes
the fast approach to the thermal equilibrium of
{&ssj and{3'Al}. Since {&ss} and{3CA~& are prac-
tically always at the same temperature, a single
exponential decay of the NMR signal with the time
constant 1/&, is anticipated. The experimental de-
polarization time &„»,=1/~, is related to the cou-
pling constants by

«ssx
A1SS depAl lI T —T ~l

~

SSL depAl

(2.6)

Thus, by fitting a single exponential to the experi-
mental data points, possible pairs of TAlss and

TSSL can be determined. The absolute values of

Since the solution depends strongly on the heat
capacities &8 and c~, the equations can be sim-
plified further by setting Ps =PI, =const. With the
initial conditions p A~ (0) = p~, and pss (0) = p~s, we
find

I

pAi =A,e ~'+A e s + p~,
y —SK

(2.5}
x+g, , x +g, , gPss- ' A, e~ ~ A A,e&+ P~,a Q 2 J -QK
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TABLE I. Numerical values for the parameters of our
specific sample.
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FIG. 2. Temperature dependence of the depolariza-
tion. time of Al for Bp=1.1 T and 3=0'.

these two coupling constants, however, are ob-
tained from a fit of the temperature-dependent de-
polarization time of Fig. 3, and the assumption of
equal temperature dependence of &»L, and of 7~
[1/Tzzcoth@, -~z/tIsez)] toge, ther with a tempera-
ture-independent value of &„,~. For a sample
with parameters as listed in Table I, the result is
depicted in Fig. 3.

Next, we treat the polarization of 27Al. The
shape function of the ESR line and the magnitude
of the polarizing microwave field have to be as-
sumed. If we approximate the ESR line with a
Gaussian and choose the reasonable value B,"
=2.5& 10 6, the nuclear polarization curve can
then be fitted using the same coupling constants

&Al (cm )

Nc (cm 3)

~~ (sec ')
cA~ (sec 2 cm, 3)

(sec ~cm 3)

4.4 x10"
8.6 x 1018

0.58 x109
0.28 x1039 0.75 x10 9

0.36 x10" 0.36 x10"
78 206

as for the depolarization curve above. The fit is
shown in Fig. 4.

These consistent results are an indirect proof
of the heat-reservoir model, in particular of the
.existence of the electric dipole-dipole reservoir.
The direct and final confirmation, however, will
be obtained from the NMB laser dynamics of Sec.
III.

Further, we found that the experimental coupling
constants are nearly independent of the orientation
of the crystal with respect to the magnetic field,
except for conditions where two ESR lines overlap.
In such regions cross relaxation" comes into play
which, as an additional relaxation process, strong-
ly affects the time constants. For =0', the ob-
tained values are in good agreement with predic-
tions' ' "based on microscopic relaxation theories
which include spin diffusion up to a distance of a
few A to the paramagnetic Cr' center.

The solutions of Eqs. (2.4) indicate further that
the temperature of the electronic dipole-dipole sys-
tem remains close to the temperature of the "Al
Zeeman system in either sort of experiments.
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This fact, which is a consequence of the condition
e» «&«, will be a,decisive factor in the dynamics
of 27A1* and ~7(

2. Impurity shifted ~7Al

Some of the NMR properties of those "Al nuclei
which are near neighbors of the Cr~ ions were
reported in some earlier communications. Where-
as Laurance et al."observed the resonances di-
rectly by means of ENDOR, but only for the cry-
stal & axis approximately parallel to the magnetic
field, Hundt and co-workers"' "detected over 200
of the impurity shifted lines using cw NMR for
samples which were polarized by DNP. In contrast

'to ENDOR, the direct method works over the full
angular range.

We measured the polarization and depolariza-
tion curves for a selected number of "Al* lines
with highly improved accuracy. We found that
they are identical to those of the bulk "Al for all
chosen orientations. The results indicate that the
(&Ai*j also relaxes via(&ssj to the lattice and
not by direct Crs' spin flips. A striking pheno-
menon is the fast increase of the NMR signals for
some lines just after switching off the polarizing
microwave field. This effect, as illustrated in

Fig. 5, is most likely due to the partial satura-
tion of (3'sj by the microwaves and the fast re-
covery in the time &», after. they are turned off.
It stems from a reordering of the electronic Zee-
man system, as was observed also in ENDOR ex-
periments.

3. Natural "0

The dilute "0spins, with an isotopic abundance
of only 0.037%, differ in two important respects
from bulk "Al and impurity-shifted "Al*. The
average dipole coupling to the Cr" ions is weak
and spin diffusion among "0 spins is absent. It
is therefore an astounding experimental fact that
the "O system can approach states which are
characterized by a spin temperature, even under
stationary DNP conditions. This again indicates
that the thermal coupling to (&ssj influences
strongly (although not completely) the polarization
and relaxation properties of (~j. To describe
them quantitatively, a modified heat-reservoir
model is introduced. Because of the large heat
capacity of(~«j (&« ~~&ss, &o) and the strong
coupling of (&«j with (+ss} (Pss = P«), these two
reservoirs are combined into an extended interac-
tion system as indicated in Fig. 6. The evolution
of Po is determined by the single equation,

dPo
(Po —Pss),dt ' v'o»

since the influence of (3'oj on(3'ssjis negligible.
Experimentally we observed that ~p» is differ-

ent for polarization and depolarization experiments.
Therefore we introduce two time constants:
when the microwaves are on, and &p» when they
are off. This difference reflects the fact that the
solid effect competes with dynamic cooling as a
DNP mechanism.

In order to reach the highest possible polariza-
tion and a good signal-to-noise ratio for these ex-
tremely weak resonances, the measurements were
performed at a crossing point of two ESR lines with
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Fig. 7 we show the best fit to the experimental data
which yields viz =30 sec for our sample.

In a modified version of this experiment, we
started from the polarized state. At & =0, we
saturated(~) with a short rf pulse and observed
the subsequent repolarization of (&o) while keeping
the microwaves on. Equation (2.8a) still holds with

Pss =P ss. The best fit for our sample is obtained
again with the same time constant Tpzg as above.
It is depicted in Fig. 8.

In a second experiment, we polarized f &o), in-
itially. At & =0, the microwaves were turned off,
and we observed then the time evolution of Po.
The depolarization of (&o) is described by

FiG. 6. Modified-heat-reservoir model for the des-
cription of the spin dynamics of ~O: The ~O system is
coupled tp an extended-interaction reservoir consisting
of the electronic dipolar interaction and the nuclear YAl

Zeeman system.

"Po
(Po Pss)—et &gpss

and

(2.10a)

=60. 4'. For this orientation and with 0& =1.6 K,
the polarization time of the interaction system is
60 sec, its depolarization time 240 sec.

In a first experiment, we started from a state
of thermal equilibrium with the lattice (Po =Pss
=P~). Thus, the polarization of (&o) is described
by

Pss =(Pss -Pi)e """+Ps.

For Tpss «d,„~,the solutions are

Po =A,'e '~'oss+A'e, '~'desss+P.

Pss =(Pss Pc, ) s' ss+Pg„

(2.10b)

(2.11)'

dpo 1=-,Mw (Po-Pss), (2.8a)
with

where the interaction system evolves according to

A'=Ps —P -A' A'-
S o I 4~ 4= 0

T~epSS GPSS
(P4 —P~).

Pss =(Pss —Pr, )(1 - e ' '"'")+Pr, . (2.sb)
CII
CV

I

Pss being the ultimately reached inverse spin tem-
perature of the extended-interaction system under
stationary DNP conditions For ~ pss ~ 7poJss

solutions are

Po=A, e '~ oss+A e ~'po~ss+P.
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exponential curve with the time constant 7p ass In
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for B0=1.1 T, 8L,-—1.6 K, and =60. 4
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FIG. 9. Measured and fitted depolarization curve of
0 o $90=11 T 8m=i 6K, and 8=60.4'. -

For &p» = Td ~g we expect a single exponential de-
polarization curve with the time constant 7d„~&.
Figure 9 shows the best fit of (2.11}to the experi-
mental results. The obtained time constant &o»
=260 sec is consistent with theoretical esti.-
mates "'"

In the last and crucial experiment we started
from the polarized state again. At & =0, after
turning off the microwaves, we saturated f &o)
with a sharp rf pulse. %e then observed the re-
polarization of (&oj followed by the depolarization.
This observation proves unambiguously that the
highly ordered compound interaction system in-
deed polarizes (&o} by thermal cooling and, hence,
also governs the final relaxation towards the lat-
tice temperature, as shown in Fig. 10. The ex-

perimental data can be fitted with the time con-
stants found above.

4. Nuclear-spin temperuture

In the analysis of all the experiments discussed
in this section, we supposed the existence of a
thermodynamic equilibrium or qupsiequilibrium
within the nuclear-spin systems, each having a
defined spin temperature. In a highly polarized
Zeeman state, this temperature can be calculated
from the relative intensities of the quadrupolar
split NMR lines, if the population number obeys
the Boltzmann law and if nonlihearities can be ob-
served. This is the case for "Al under stationary
DNP conditions. To the nonlinear line intensities
of Fig. 11, a Boltzmann distribution can be fitted
which then leads to the quoted spin temperatures
of ~ 5 mK for a ruby crystal with =60. 4', O™~

=1.6 K, and &0=1.14 7. Similarly, the spin tem-
perature of "P was measured to either + 5 mK for
a sample under similar conditions.

III. NMR LASER DYNAMICS

In this section we examine the dynamic behavior
of the solid-state NMR laser, both experimentally
and theoretically. In contrast to the coherent rad-
iation sources in the optical and microwave range,
the output of the ruby NMR laser is strongly in-
fluenced by the energy-transfer characteristics of
the coupied spin systems, particularly in the Q-
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FIG. 11. VA1 NMB signals of the five 4m = +1 tran-
sitions with Bo-—1.1 T, ~~—-1.6 K, and 3= 60.4'. The re-
lative signal intensities correspond to:a spin tempera-
ture of + 5 mK in the upper and —5 mK in the lower pic-
ture.

switched p mode. Hence, the results of Sec. II
are essential not only for a qualitative understand-
ing of the NMR laser dynamics but for a quanti-
tative description as well.

Again, we base our considerations on the heat-
reservoir model. The dense "Al Zeeman reser-
voir of Sec. IIA, however, is divided up into five
(in general different) subsystems of fictitious spin-
& particles. In a quasiequilibrium state, each sub-
system can be characterized by its own tempera-.
ture and heat capacity. These reservoirs f 3'», ,)
correspond to the five & =~1 NMR transitions of
the I =& "Al nuclei which, due to electric quadru-
pole effects, have different NMR frequencies &.

A. NMR-laser-active spins

We have shown in Sec. IIC 4, that a negative nu-
clear-spin temperature of some millikelvin can
be obtained in Al, O, :Cr" if a microwave pump
heats the electronic dipole-dipole reservoir (~„),
which causes negative DNP by thermal contact.
The populations of the nuclear-spin states are thus
inverted, and the nuclear magnetization is opposite
to the static field.

Now, we tune the coil of the LC circuit; to the

FIG. 12. Schematic diagram of the experimental
setup for the detection of the NMB laser signals.
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FIG. 13. Modified energy-flow diagram for the ruby
NMR laser: The nuclear ~7A1 reservoir is split into a
NMR-laser active and a NMR-laser-interactive system
(XA~r) and (RAISE}, respectively. The energy transfer
between the nuclear Zeeman reservoirs stems from the
coupling to the electronic dipolar interaction system.

P

NMR frequency A, of one of the "Al subsystems.
A transverse rotating magnetization M,„mayap-
pear spontaneously, inducing an rf voltage which
can be observed directly on the oscilloscope as in-
dicated in Fig. 12.

A single-mode operation with „=A, is possible
if the longitudinal magnetization M,A„ofonly that
subsystem & to which the coil is tuned, is pumped
below the critical threshold value ~,&

& 0. The
superradiant system with spins performing the co-
herent oscillation is then called the NMR-laser ac-
tive reservoir (3'AIr). The remaining subsystems
with ~ &A, can be lumped together into the NMR-
laser-inactive reservoir {&AIE}. Its spins flip in-
coherently only. However, the stored spin energy
of (3'AIS) can flow by thermal contact via (&ss}'
to f&AIr ) as depicted in the energy flow diagram



680 P. BOSIGER, E. BRUN, AND D. MEIER

for the single-mode NMR laser in Fig. 13.
Multimode operations are also possible if the

respective longitudinal magnetizations of more
than one "Al Zeeman subsystem are pumped below
their (in general different) threshold values.

Since we restrict our present considerations
principally to the single-mode NMR laser, the

. subscript & is dropped. Henceforth, M„M„,and
th

describe the NMR-laser-active spins.

B. Single-mode NMR laser states

Within the framework of a phenomenological
theory, the single-mode NMR laser can be des-
cribed by three macroscopic variables M„M„,
and &„respectively. As remarked above, M,
and &~„arethe longitudinal and transverse compo-
nent of the magnetization of "Al", and &, is the
rotating component of the rf field inside the coil.

We set

B, =B,'"'+F, (t),

dh2„1= gy Mg B~ ——[M„+F~(f)j,
2

dkj, j.' = - y M„B,——(1VI, -M. ),
e

(3.2)

Here &2 is the spin-dephasing time proportional to
the inverse cw NMR linewidth of 'Al". The term
(M,' -M,')/T, represents implicitly the pump and
relaxation mechanisms. The effective magnetiza-
tion M,' to which M,' relaxes, as well as the effect-
ive relaxation time &, depend in a complicated way
on the spin dynamics. They can be related to the
time constants and to the inverse spin temperatures
of the relevant spin-energy reservoirs of Sec. II,
and to the microwave pump power. In general,
M,' is a complicated function of time determined
by the solutions of Eqs. (2.3).

If (3'AP'J corresponds to the central (~, -2) line,
we obtain from matrix-element considerations

the true NMR laser variables fulfill the equations

B, = —~ p, qQM„+Fs(t)

where B,'" is due to the induced voltage of M„, and
Fa(t) is the resonant fraction of the fluctuating
field of the thermal. noise current in the coil.

In accord with experimental facts, we assume
that the precession frequency of M„and therefore
the NMR laser frequency &„is equal to the cw
NMR frequency &. This requires proper tuning
such that &,=1/(LC)' ' is equal to e„.With this
condition, M„and B,'" are 90' out of phase, and
the NMR laser operates in the absorpti. on mode.
If we further assume that the ringing time of the
circuit T, =2//~, is short with respect to all other
time constants of the system (a condition which is
always fulfilled) we have

)B'," (
=—2g qQM„,

dM'

e
(3,1)

B' = =2@, @AM„'+Fs(t),

with ri the filling factor and Q the quality factor of
the coil.

Since the "Al" spins form a fictitious spin-2
system, variables &~, M„,and &, are transformed
to fictitious variables M', M'„, and &,'. We then
postulate that they obey Bloch-type equations
which, in a frame of preference rotating with +„
about &0, are

with the initial condition M, (0) =M„(0)=M„,.
g. $'teady-state oscillations and stability

d'1III 1 ~ N' —M
=2@ '0 'Y

e

(3.3)

Possible steady-state solutions are M, =M„and
M,"=0. Evidently, M,' is stable. To investigate
the stability of M", , we set M, =M„oexp(&&)which,
inserted in (3.3), leads to the condition

0 = —& y, qgyM, —1/T, ~

Thus we can define the NMR laser threshold by

M = —2/gp q@yT &0, (3.4)

and we find immediately that M„=Ois stable if
As we. shall see more explicitly below,

M,"=0 becomes unstable with an exponential growth
of M„, if the NMR laser is pumped below the
threshold value M, . A transition to a new steady
state M„+0 takes place where M„plays the role
of an order parameter. If ~, is close to the
threshold, we can neglect the time derivative
dM, /dt in (3.3). Thus, M, can be eliminated, and
we end up with a single differential equation for
M„.which has the typical form of a dynamic equa-

As a limiting case, we consider a situation where
T, and M, in Eqs. (3.2) have constant values, and
where the fluctuations can be neglected. After
eliminating the B, field in (3.2), we obtain

dM„9
d

"———y.,qQyM, M„—
2



18 RUBY NMR -LASER: A PHENOMENON OF SPONTANEOUS. . .

tion for an order parameter:

a&o

with

n =—+-, y,,qQyM, ,
1

p = ,' u',—n'Q'r'~.
(3.5)

Neglecting again the fluctuations, we obtain the
stable steady-state solution

M„"=+(- o./P)'~2 . (3.6)

The transition from M „=0to M, = + {-o./p)' ', if
M, & Ã, , can be regarded as a disorder-order

.th

transition which resembles in many respects a
second-order phase transition at thermal equili-
brium. In the state ~„=0,the "Al" spins flip in-
coherently due to spin-spin interactions. But the
fluctuating rf field Es(&) initiates an organized mo-
tion of the spins which, in turn, produce the slav-
ing field &,'" . It can maintain a cw NMR laser
oscillation.

To illustrate the analogy with a second-order
phase transition more closely, we introduce the
effective potential

4 = 2 n M2 y ~ P M4„V (3.7)

from which the induced force terms at the rhs of
(3.5) can be obtained by differentiation with re-
spect to the order parameter and multiplication
by -1. The potential is depicted in Fig. 14 for
different values of ~. In going from o.&0 to
n&0, the system passes through the critical
point. For M, =M,', we have 0 =0. This then
can be interpreted as a critical slowing down or
soft mode.

Finally, from (3.6), we can calculate the steady-
state order parameter

Ft:G. 14. The effective potential p = ~ n M„+4pMv4

for n & 0 and n & 0, respectively.

The cw output in function of the pumping power,
as given in our letter, ' is compatible with (3.8)
and (3.B).

To compare the threshold condition with ex-
perimental facts, it is convenient to introduce the
so called radiation damping time &&. For the
central (-,'-, -2}line, in particular, we set

~g =2/Bp, nQrl M, l (3,10)

Tz -2/By, qQy( M, ) (3.11)

or in other words, the system can perform a
superradiant transition with M„+0,if &~
Similar expressions w'ith different numerical fac-
tors can be introduced, if one wants to test the
threshold of the satellite lines.

Thus, in accord with (3.4}, the threshold can also
be characterized by

2 T M —M'''
N', qQyp, , ~ T, M,'" (3.8)

1 5 (dy th 1
M, =—

~ yp„M, =— „Np,„,
B B

with S the partition function, ~ the resonance
frequency, and &, the number of "Al" spins per
unit volume. Thus for P„,—P~&0 we obtain

M =3M'
R i/a

(3.B)

The longitudinal component M,' and ~, can also
be expressed in terms of the inverse spin temper-
ature P» and P,„.In the high temperature limit
we have Tz (psec)

Transition Mo (A/m) T2 (psec) Q = 60 Q = 80 Q = 200

( X 4)

(-2, —2)

( 1. +1.)

(++2, ++2)

(+&2, +&2)

-3.47

-3.12

-2.80

-2.53

-2.28

27.2

30.6

27.2

27.2

38.5 28.9 11.5

26.8 20.1 8.0

26 5 19 9 8 0

33.2 24.9 10.0

58.8 44.1 17.6

TABLE II. Longitudinal magneti2:ation Mo =M~ ~~ and
calculated radiation damping time T~ for different Q val-
ues in comparison to the dephasing time T2 for all five
NMH transitions with $0=1.1 T, 0=60.4, g=0.575, 01.
=1.6 K, and OAT

-6 mK.
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In Table II we give explicit results for the most
negative polarization ~0 ~ ' obtained with our
system, for the dephasing time &2 found from cw
line widths, and for the calculated radiatiop damp-
ing time TS for coils of various Q and the filling
factor p =0.575. Experimentally, these results
are confirmed. Only those modes with && & &2
could actually be excited.

TABLE III. List of time constants for the NMR laser
dynamics of the (2, -

2 ) transition with Bp = 1.1 T, 8
=60.4', @=60, OL=1.6 K, and 0A1=-6 mK.

Tc=1 x10 6 sec
T2 3 x10 sec

T+ = 2.6 x10 5 sec

rD -2 x10 3 sec

TA1psS= 0.8 sec
TA1rSS

= 0.2 sec
Tp 1 A1 60 sec
depA1 240 sec

Damping time of the LC-circuit
Coherence time of the spins 'in the
disordered state

Radiation damping time of the NMR-
laser-active system

Delay time of the first NMR laser
pulse

Coupling time constants

Polarization time
Relaxation time

2. NMR laser transients

If the ruby NMR laser is pumped far beyond
threshold and subsequently tuned with the elec-
trically controlled Q switch, a delayed pulse pat-
tern is the result. Again, we consider the (8 8)
transition and base the quantitative analysis of the
transient signal on the NMR laser equations (3.2).
However, the pump and relaxation term (M, —M, )/
&, has to be cast into a form which explicitly
makes use of the results of Sec. .II. Furthermore,
the fluctuations &8(t) must be re'lated to the Ny-
quist noise of the I t" circuit.

Since the variation of ~, and ~, are small with-
in a time interval &„it is reasonable to express
&~, as a function of the population numbers of the
NMR-laser-active Zeeman states and, hence, as
a function of the inverse spin temperature of the
corresponding heat reservoir. Similarly, I, is
expressed in terms of the inverse temperatures of
the electronic dipole-dipole system. Analytically,
M, and M, can thus be derived from Eqs. (2.4).

The effective mean-square noise voltage of the
coil with the resistance &, which induces NMR
transitions within the linewidth «u&, is ~V„=(2/8)
&~~„&&& with ~„the noise temperature of the cir-
cuit. This noise voltage then induces a fluctuating
transverse magnetization

'- =(9M, yT, )', k,e„q~&„
p. CO 2m2~2l '

with +& the NMR frequency, and & and & the length

2 +p~ o
(6 15Apr, )s r „(PA1 PSS) t

p"„,=, 6M, /AC+15A Ms),

dpA1 ' 1 0
(P A1

—Pss),

dPSS C)(1 1
(p pP

CSS 7A1 SS

(3.12)

CA1

css

1
(Pss PI )

1 r
(PSS-PA1 )-

A1 SS SSL

MW . +s —m
+&(&.&, )'~(~8 —~~)

X [ ~8 PS —(~8 —1d~)P881

P, =P„A=@~,/&„C=~,~a/2l, .
Since a pronounced hierarchy of time constants ex-
ists in our sample, as indicated in Table III, the
nonlinear dynamic equations can be solved with
appropriate approximations in distinct time re-
gimes.

For short times after the tuning pulse to the
Q swl'tch (T„T„,T, « t « 7'A, r88, rA1o88), the solu-
tion has the shape of a single delayed burst. The
characteristic delay time 7& reflects the size of
the transverse spin fluctuations j/i~ induced by the
Nyquist noise of the coil. In Fig. 15, the experi-
mental envelope of the delayed pulse is confronted
with the solutions of Eqs. (3.3) with the parameters
B =1.1T, 1dA =2mx12. 20 MHz, Q =60, q =0.5V5,
&=60.4', eA1 =1/&SPA, =-6 mK, and M„, 10 '
A/m. The peak power amounts to 8 mW.

For intermediate times (TA, rss, &A,o88«««„1,
r~„),the influence of the microwave pump as well
as the spin-. lattice relaxation can still be neglect-
ed. The transient signal is the same whether or
not the tnicrowaves are turned off after the 9-
switch procedure. In this particular time regime
the coupling of (36A10& and(~A1'} tog3css} be-
comes the decisive factor in determining the en-
velope of the superradiant oscillations. Retaining
in Eqs. (3.12) the relevant terms only, the com-
puter reproduces, indeed, the observed pulse se-

and the radius of the coil, respectively. In order
to incorporate the fluctuations into the NMR laser
equations, we postulate that the spin-spin inter-
actions tend to relax M„towards M~ = (M' )' ',
rather than towards zero as it is usually assumed.

Thus by putting the various terms together, we
obtain the following differential equations which
replace Eqs. (3.3):

dM„9&&lip M M 1
dt 2 T2
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FIG. 15. Experimental (circles) and computed
(dashed-line) NMH laser output voltage and computed
z component M~ (solid line) of the magnetization for
the first superradiant pulse (short-time regime) after
tuning to the (2, —~) transition.

quence which finally evolves into a quasistation. ary
spin oscillation. There, f &Ato) and(&Ap) reach
a common spin temperature. Figure 16 shows the
experimental signal together with the computed
envelope (-Ã„)and the time evolution of the longi-
tudinal magnetization I, . Both numerical solu-
tiohs, 1if„and~„wereobtained from Eqs. (3.12)
using the same sample parameters as above and
fitting the time elapsed between the first and sec-
ond pulse with the time constants &«~~ =0.2 sec
a.nd &«0» =0.8 sec of Table III.

Finally, in the long-time regime, where spin
energy is continually radiated away, the level of
the NMR laser oscillation either decreases to a
lower value or decays to zero depending on the
power of the microwave pump. For a large enough
input the ultimate steady-state level of the rf rad-
iation is determined by Eg. (3.8).

In view of the simplicity of the Bloch-type ap-
proach, the agreement between theory and experi-
ment is satisfactory. Especially the result of Fig.
16 can be considered as the direct proof of the ex-
istence of the electron dipole-dipole reservoir and
demonstrates the strong influence of (3'„)on the
spin dynamics in ruby. However, some questions
remain open. In particular, we have no definite
proof yet that the NMR laser signal is purely ab-
sorptive, as is assumed. A dispersive contribu-
tion" can not be ruled out unless the phase of the
rotating component apd of the magnetization with
respect to &'," and its frequency can be measured,
with high enough precision.

C. Multimode NMR laser states

We found further that the NMR laser can be op-
erated also at several of the different NMR fre-

E t..
Ol

le

.Oa
' .'IS .'Sa .4S

TIHQ (s)
.60 , rs

HG. 16. Experimental pulse pattern together with the
corresponding computer solution of Eqs. (3.12) for M„
(M„-V) and M, for the (2, —2) transition for intermedi-
ate times. The first pulse of M„is clipped; its true in-
tensity if shown in Fig. 15.

quencies of the quadrupolar split lines. Here,
- more than one "Al Zeeman subsystem becomes

NMR laser active, either sequentially or simul-
taneously. This is the ease, if the Q is improved
which amounts to an increase of the threshold valueI,. With such a system we produced NMR laser
pulses of 400 V peak-to-peak and a corresponding
power of about 25 W. In the cw 'mode, beats were
observed from which the anticipated difference
frequencies could be determined.

In the p mode, the most striking phenomenon is
the appearance of a delayed multipulse transient
after Q-switch tuning, as shown in Fig. 1V. In
the short-time regime, with Q =150 and the I C
circuit tuned to the central (2, -q) transition while
keeping the other parameters given in Sec. IIB3
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PIG. 17. NMB laser response in the short-time re-
gime with a higher Q value. Instead of one superradiant
burst as in Fig. 15, a pulse sequence is observed cor-
responding to various ~m = + 1 NMR transitions of

IV. CONCLUDING REMARKS

The dynamic properties of the new solid-state
nuclear-spin-flip ruby NMR laser which have
been presented together with a discussion of the

constant, seven pronounced peaks can be seers
which correspond consecutively to the (a, -a),

2y 2 y 2' 2 y ~f2 2y 2y 2y=2, p 2j, 2p
and (a, -a) NMR transit'ions. Preliminary results
of this sort can qualitatively be understood with
an extended set of the Bloch-type equations (3.12).
However, many features of such pulse pattern call
for a more refined theory.

conventional aspects of spin relaxation and DNP
in this systeM can be understood with an appro-
priate set of Bloch-type equations. The spontan-
eous transition of a nuclear-spin system to a col-
lective, superradiant state, where longitudinal
Zeeman order is transformed to transverse spin
order, finds a consistent explanation with regard
to the threshold, the critical behavior near thresh-
old, the ignition by fluctuations, and the transient
pulsation far from the threshold, if only a single
mode is excited. The quantitative description
of the multimode excitation is more difficult,
particularly if mode coupling exists. In this case
a fast transfer of coherence is anticipated which
may lead to complicated interference effects, re-
quiring a density-matrix approach, presumably.

Finally, we remark that such a NMR laser
sh, ould be extremely sensitive to a change of its
parameters and to externally applied perturba-
tions such as pressure, electric fields, ultra-
sound, etc. Since similar properties are expected
to be found in other systems, a wide variety of
new experiments can be foreseen. We hope to re-
port on some of these possibilities elsewhere.
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