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Analytic expressions previously derived for neutral atoms permit the accurate prediction of inner-shell
nonrelativistic dipole photoeffect cross sections for positively charged atomic ions. The simple dependence of
these cross sections on nuclear charge Z and ionic charge Z, results from scaling properties of self-consistent
central potentials in the interior of the atom. Comparisons are made with numerical calculations of the same
cross sections.

I. INTRODUCTION

We wish to present a simple systematic analytic
description of photoeffect from atomic ions based
on the behavior of the self-consistent potential in
the interior of the atom. We employ results of a
previous calculation of screened photoeffect cross
sections from neutral atoms, ' derived using an
analytic perturbation theory which we have devel-
oped for the description of inner bound and conti-
nuum wave functions. "We find that for E- and
I -shell photoeffect cross sections from ions our
analytic expressions agree with single-electron
numerical calculations for essentially all energies
except for a small region near threshold (tens of
eV for the K shell and akeV for the L shell for
neutral and lightly ionized atoms, and substantially
better as the degree of ionization increases).
Further, this analytic approach provides an ex-
planation for the dependence of these cross sec-
tions on nuclear charge Z and ionic charge Z, .

Knowledge of photoeffect cross sections from
atomic ions is of interest in high-temperature
plasma studies, solar physics, and astrophysics.
Because of the practical difficulties in producing
significant quantities of multicharged positive ions
in the laboratory only a few direct Ineasurements
of the photoeffect cross sections for these cases
are available. ' Recently several sample numeri-
cal calculations of ionic photoeffect cross sections
have been reported. ' " However such calcula-
tions, even of large scale, do not necessarily em-
phasize or explain simple regularities which are
present in these cross sections. It is therefore
desirable to consider analytic approximations from
which general systematic trends can be extracted,
such as the dependence on nuclear charge, degree
of ionization, photon energy, etc. One analytic
approach, neglecting energy dependence, has been
reported, '~ and we shall discuss its validity.
While previous discussions have concentr ted pri-
marily on outer shells at energies not too far above
threshold, we are here concerned with inner shells

over a larger range of energies. We reproduce
, and explain some of the general conclusions obtain-
ed from numerical studies.

The basic theory which we employ, as well as
the needed explicit expressions for K- and L -shell
photoeffect cross sections, is given in Refs. 1-3.
Briefly, our approach is based upon the expansion
of the potential in the interior of the atom as a
series of the form

V(r) = ( a/r) [l—+ V, (Ar)+ V2(Ar)'+ V,(Xr)'+ ~ ~ ~ ],
(1)

where g= aZ (a is the fine structure constant and
Z the nuclear charge), here X is a small Z-dependent
parameter characterizing the screening, and the
potential expansion coefficients V~, which will de-
pend both on Z and the ionic Z„are pf order unity.
We choose units such that h= c=M, &o

Given this expansion of the potential, valid at
distances which contribute to the inner-shell photo-
effect matrix elements, arI[alytic forms for wave
functions. and normalizations may be obtained as
series in X. In thy nonrelativistic dipole approxi-
mation the total photoeffect cross section for ejec-
tion of electrons of momentum k from the subshell
specified by quantum numbers p and / is given by

where within this analytic perturbation theory

I&»l'IrI~ 1&I'=(&. /~ &'I@. l'IrI~ l&I

x [l y'V, g'„,(v)

-&'V.X„',(~) —."], (2)

and &k„l'IrIn, l) is the corresponding point Coul
omb matrix element evaluated at the same photon
energy m for ejection of an electron of momentum

(N„,/1P„,)', the bound-state normalization
screening corrections, is the square of the ratio
of screened to point Coulomb bound-state normali-
'zation. The X„„given analytically in Ref. 1, are

1978 The American Physical Society



18 ANALYTIC DESCRIPTION OF PHOTOKFFECT FROM ATOMIC. . .

screening corrections resulting from modification
of continuum normalizations and continuum and
bound-state wave-function shapes; they are simple
elementary functions of &u/T„v=-nl(v/~ T,

~

1)-' '
where the Coulomb bound-state energy T, = -a'/2n. »

In Figs. 1 and 2 we display g'„, and y„', as a func-
tion of &u/~ T, ! for the K and L shells. At high pho-
ton energies the y ~, vanish, so the only effect of
screening in this limit is due to the change in the
bound-state normalizations. This is precisely the
conclusion obtained from the normalization screen-
ing theory of photoeffect. " For lower photon ener-
gies the corrections become quite large. Although
the y», diverge as &/~ T, ! 0, for any physical pro-
cess &o &

~
T,

~

& 0, with T, the screened binding en-
ergy, and the corrections are still finite at thres-
hold. Care must be used to insure the proper ana-
lytic continuation of ~(k,&'~r~n, &)~'is employed
below the point Coulomb threshold. "

The screened bound-state normalizations N„, are
given by
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FIG. 2. Third-order screening corrections g„&.
Otherwise the same as Fig. l.
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where E& is the kinetic energy of the photoelectron
and T, is the bound-state energy.

From Eqs. 2-5 we see that, assuming acceptable
convergence of the various series, a complete
analytic description of screened photoeffect cross
sections is available once the potential expansion
coefficients V, and the screening parameter X are
specified, In the Sec. II we will discuss the be-
havior and determination of these quantities. In
Sec. IH we examine the resulting predictions for
ionic photoeffect cross sections.

II. CHARACTERIZATION OF IONIC

AND NEUTRAL POTENTIALS

FIG. 1. Second-order screening corrections y„~ re-
sulting from modifications of continuum normalizations,
and continuum and bound wave-function shapes, as a
function of the ratio of photon energy to point Coulomb
binding energy. The solid line is the K-shell correc-
tion, the dotted line is the I z correction and the
dashed lines (1 ~ —~, —~ ~ —.) are the Lzz+I-zzz (& &+&,
E l —1) corrections, respectively.

Our work utilizes the self-consistent neutral-at-
om potentials tabulated by Herman and Hkillman";
we generated the needed ionic potentials with the
Herman-Skillman code. Since only the product
X»V» occurs in our expansion of the potential (1)
we must specify A, before we can gjve the V~ which
characterize the potential. %e have observed that
far suitably chosen X(Z) the V„which describe the
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FIG. 3. Screening parameter X as a function of the
nuclear charge Z (solid line). For comparison we give
the Thomas-Fermi (dashed line) choice for A, as well
as the curve X= 0.9nZ ' (dotted line}.

20 40
z

60 80

I.o

0.8

0 0.6
x0

0.4

0.2

0
0

I

I.O 2.0 3.0
I

4.0

FIG. 4. Ratio of screened (HS) to point Coulomb poten-
tials as a. function of Xr. The solid line is for neutral
argon, the dotted line is for neutral tin and the dashed
line for neutral gold.

neutral-atom potentials are largely independent of
Z. This implies that for such X(Z), V(Z, r)/V'(Z, r)
=f(Xr), where V'(Z, r) = -a/r is the point Coulomb
potential —thus depending on Z and on r only as one
universal function of the combination Xr. This is
true by definition for the Yukawa potential Vr/V'
= e""". It is also true for the Thomas-Fermi po-
tential with A, =1.130.Z' '. What we observe isthat
the Herman-Skillman (HS) potentials' exhibit a simi-
lar scaling in the interior of the atom, but rather than
X-Z'~':as in the Thomas-Fermi (TF) model, we
find that for high Z, X -Z ' '. We show in Fig. 3 the
choice for X(Z) we have used in this paper, in

which, for simplicity, since only the product X V~
is defined, we required V, =—constant (0.75) for
neutral atoms. The difference in slope (but not

FIG. 5. First three potential expansion coefficients:
—Vg {solid line), V2 (dotted line), and —V3 (dashed line)
for the neutral atoms. Z is the nuclear charge.

over-all constant) from Thomas-Fermi is signifi-
cant. In Fig. 4 we demonstrate the extent of scal-
ing of V~ /V' with this choice of X, and we see
that within the interior of the atom the ratio is
fairly well represented by a universal curve.

The resulting neutral V~ are shown in Fig. 5.
They are quite constant as asserted, although with
some variation for low Z. [V, =-0.75 was imposed
to determine X, while alternatively we could have
chosen X(Z) to maximize the scaling of V/V' m the
interior of the atom. By requiring V, =—O.V5, the
scaling in the interior region is better for high Z
elements than for low Z elements. ] Given X, the
V~ were determined by a direct least squares fit
to (V —V')/V' over the range 0 & r& X ', keeping
only as many terms (three) as correspond to the
order-of-perturbation theory which we will retain
in our subsequent analytic calculation. This met-
hod differs from that described in Ref. 2: the par-
ticular analytic form used there is not flexible
enough to accurately fit the variations in sequences
of ionic self-consistent potentials. With the pre-
sent procedure, values of the V~ may change some-
what if higher orders in X or a different radial
range is considered, "but the resulting wave func-
tions are a good approximation for any given order
in A. and range. Furthermore, these fits accurately
reflect the changes in the potential shape as the
degree of ionization varies. Since in fact X(Z}
was determined from V„an iterative procedure
was used to determine A. and the neutral V~.

For ionic potentials of nuclear charge Z and de-
gree of ionization Z„we have used X(Z) as deter-
mined for the neutral potentials and then deter-
mined the ionic V,(Z, Z, ). We have noticed that
the ionic V~(Z, Z,}appear to depend only on the
ratio Z, /Z. These results are displayed in Fig. 6,
where a sense of the spread in the V~ for fixed Z, /
Z is given by the error bars; this scaling breaks
'down for low Z. This implies that rV(r)/a is a
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FIG. 7. Ratio of screened to point Coulomb bound-
state normalizations for neutral atoms. The solid line
is the K shell, the dotted line is the L

&
subshell and

the dashed line is the 2p -subshell normalization ratio.
Z is the nuclear charge.

FIG. 6. Ionic potential expansion coefficients: —V~

(solid line), V2 (dotted line), and —V3 (dashed lirie) as
a function of the ratio Z&/Z (of the degree of ionization
to nuclear charge).

function only of Xr and of Z, /Z. "
There are features of Fig. 6 which merit com.-

ment. First, for totally ionized atoms (Z, =Z) the
V„vanish: the potential reduces to the correspond-
ing point Coulomb potential in this limit. For low
degrees of ionization (small Z,/Z) V, and V, are
relatively constant; as Z, /Z increases V, and -V~
decrease and finally for Z, =Z vanish. On the other
hand, -V, decreases slowly for low degrees of ion-
ization and more rapidly for higher degrees of ion-
ization. In our expansion (I) the term containing
V, is the shift in the potential at the origin due to
the exterior charge distribution. Each atomic
electron contributes to this as e'/R, where R char-
acterizes its orbit. The changes in V, when inner
electrons are removed are larger than when outer
electrons are removed, but even outer electrons
contribute to V» as Fig. 6 shows. V, and V, char-
acterize the shape of the potential in the interior of
the atom and hence are mainly determined by the
inner electron-charge distribution. For low de-
grees of ionization, only removing exterior elec-
trons, the shape of the potential in the interior re-
gion of the ion will. be essentially the same as that
of the neutral atom. Thus V, and -V, will decrease
only when inner electrons are removed, i.e., for
highly ionized atoms, ionized into the L shell for
light and intermediate Z, into the M shell for high
Z.

To discuss the photoeffect matrix elements, we
need not only the V~ but also the bound-state nor-
malizations obtained from them via Eq. (3). The

large coefficients (snd relatively poor convergence}
of these series for the. L shell warrants some sep-
arate discussion, based on our knowledge of the V~.
It is apparent from Eq. (3) that these normaliza-
tions do not scale in Z, /Z, as the V, coefficients
are multiplied by factors in X/a. However, for
large Z,./Z the V, are small and Eq. (3} is accept-
able —these highly ionized cases do not deviate too
greatly from point Coulomb values. For small
Z&/Z, V, and V, are relatively constant and so also
the normalizations, which are equal to the neutral
atom values, which we give in Fig. 7. If we use.
Eq. (3}for Z, /Z & 0.6 and the neutral atom values
of Fig. 7 for Z ~/Z & 0.6 we do not make errors in
the normalization of more than 2%.

III. PREDICTIONS FOR PHOTOEFFECT

Once the V~ and the normalizations are tabulated,
photoeffect cross sections can be obtained. And
further, from general features of the V~, general
features of the cross sections can be understood.
From the energy conservation relation Eq. (5) we
see that the major screening correction to the
threshold energy position is due to the V, term.
For a given Z,

~
V,

~

(measuring the. change in po-
tential at the origin due to the presence of atomic
electrons) decreases monotonically and at an in-
creasing rate as the degree of ionization increases,
so that as.the degree of ionization increases the
threshold energy for photoeffect increases mono-.
tonically and at an increasing rate, until the point
Coulomb threshold energy is reached. We further
have seen that for given Z, initially V, and V,
(which characterize screening corrections to the
potential shape in the interior of the atom) remain
.virtually constant as Z, increases from Z, =o.
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Since screening corrections through third order in
X are determined completely by V, and V, [see Eq.
(2)], except for a shift in the threshold energy, the
removal of outer-shell electrons does not appreci-
ably affect inner-shell photoeffect cross sections.
As the degree of ionization continues to increase
the

~

V,
~

drop toward zero, the normalizations tend
toward the point Coulomb values [Eq. (2)], and the
screening corrections tend toward zero [Eq. (2)],
so the cross sections go to their respective point
Coulomb values. We may also note that at photon
energies well above threshold (several times the
binding energy of the subshell from which the pho-
toelectron is ejected) the product A~y~, of Eq. (2)
vanish, and the screening corrections to the cross
sections are entirely due to the changes in the
bound-state normalizations. " In this limit the
ratio of cross sections is

o„,(z, z,.) t'x„,(z, z,) x„,(z') ) ~ ~„',{z,~)
~„,(z', z,') ~ x„,(z) x„,(z', z, ')~ ~„',(z', &)

'

(6)
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FIG. 8. E-shell photoeffect cross sections for various
ions of iron. The cross section is in barns. The pho-
ton energy co is in keV.

At appreciably higher-photon energies this ratio
becomes independent of energy, because in the
high-energy-limit Coulomb cross sections for pho-
toeffect from a given shell have the same energy
dependence, independent of nuclear charge. " If
we fix Z (Z'= Z), the result reduces to

FIG. 9. The L& photoeffect cross sections for various
ions of iron. Otherwise the same as Fig. 8.

~„,(z, z,),t'x„,(z, z,)l
c„,{z,ZI) (K„r(z, Z)) j

so that in- the high-energy limit the ratio of cross
sections in an isonuclear sequence is completely
determined by the square of the ratio of bound-
state normalizations. For low degrees of ioniza-
tion, where the normalizations are essentially the
neutral values (V, and V, constant), the cross sec-
tions remains identical.

Figs. 8 and 9 show the photoeffect cross sections
as predicted by our analytic approach for the iron
isonuclear sequence. Figure 8 displays theE-shell
cross sections while Fig. 9 displays the I z sub-
shell cross sections. We see for the E-shell cross
section that aside from the shift in the threshold
energy the cross sections are virtually identical-
the cross section for Fe~4 differs only by a few
percent from the neutral cross section. For the
LI cross section the cross sections are virtually
identical for Z, &16. As Z, increases beyond 16
(corresponding to the removal of electrons whose
principal quantum number is equal to 2), the cross
sections increase. Thus, as had been asserted by
Manson and others, ' '4 removal of outer-shell
electrons, whose principal quantum number is
greater than that characterizing the shell from
which the photoelectron is ejected, does not have
any significant effect on inner-shell photoeffect
cross sections beyond causing a shift of the thres-
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TABLE I. Comparison of our analytic results for the E; L, and Le+I.
&&&

shells o,„, with
numerical values for the nonrelativistic dipole cross section o'„~, vrith the values of the nor-
malization screening theory gs, and with the point Coulomb values 0'&. T~ is the point Cou-
lomb binding energy, Ta is the Herman-Skillman ground-state binding energy, and ~ is the
photon energy. All energies are in keV. All cross sections are in barns.

State &num

23

63 36

1s
Tc= 7.19
Tg = 5.487

2s
Tg= 1.80
Tg = 0.7049

1s
Tc= 38.2
Tg = 33.75

2p
'c= 9.55

Tg = 6.43

5.497-
8.0

30.0
1.5
2.0

10.0
34.0
37.0
50.0
6.44

10.0
20.0

4.467(4)
1.659(4)
3.947(2)
4.792(4)
2.758(4)
6.564(2)
5.906(3)
4.697{3)
2.12o(s)
6.V49(4)
1.838(4)
2.063(3}

4.388(4)
1.661(4)
3.935(2) '

4.932(4)
2.735(4)
6.6S8(2)
5.8vv(3)
4.vo8(s)
2.1o2(s)
6.596(4)
1.814(4)
2.ovo(s)

4.682(4)
1.vs5(4)
s.ev4(2)
6.546(4)
3.077(4)
6.647(2)
6.015{3)
4.809(s)
2.134(3)
7.232(4)
1.9so(4)
2.115tS)

4.844(4)
1.795(4)
4.112(2)
8.063{4)
4.475(4)
9.665(2)
6.11e{3)
4.892(3)
2.171(3)
9.4so(4)
2.516(4)
2.v5v(3)

hold energy.
We have made extensive comparisons of our ana-

lytic results With single-electron nonrelativistic
dipole numerical results. Because the differences
are small we cannot accurately display the com-
parison in Figs. 8 and S and we present a sample
of this data in Table I. We also give the cross
sections from the normalization screening theory
and the point Coulomb cross sections. Our results
for the K-shell cross sections agree to within 2%
at photon energies of 10 eV above threshold. As
the energy increases our results improve. For low

Z and Z, the corrections due to wave-f uxction
shapes and continuum normalizations are still of
the order of 1% even at five times the binding
energy. As Z and/or Z, increases these effects
decrease. For higher shells our results are not
as good near threshold for low Z and Z,. But as
the energy increases they improve. As the energy,
nuclear charge Z, and degree of ionization in-
crease deviations from point Coulomb results,
other than bound-state normalization efforts,
diminish.

In Table II we show a comparison of our analytic
results with a simpler prescription due to Huebner,
Argo, and Ohlsen, '4 who have proposed an energy
independent Z,«4 scaling of the ionic photoelectron
cross section based upon Kramer's formula. We
show the ratio of ionic to neutral cross sections
for three ions of iron at two energies each. We
display results from our analytic approach, num-
erical calculations and the approach of Huebneg
et aE. Following earlier authors they proposed an
effective Z which would vary from the neutral Z—
effective only if electrons from the same shell

TABLE II. Comparison of the ratio of photoeffect cross
sections from ion to photoeffect from neutrals for three
ions of iron (&; is the degree of ionization). num denotes
the numerical single-particle nonrelativistic dipole re'-
sult, an denotes our analytic theory, and H denotes the
result of Huebner et al. All energies are in keV.

(o'/o'") um (~'/~)- (~'/o")&

4
16
21

16
21

16
21

4
16
21

16
21

4
16
21

2s

8.3

10.3

1.85

3.0

1.8.

5.0

1.00
1.0$
1.02

1.00
1.00
1.02

1.00
1.05
1.30

1.00
1.04
1.25

1.00
1.05
1.38

1.00
1.O4

1.30

1.00
1.00
1.02

1.00
1.00
1.02

1.00
1.05
1.31

1.00
1.04
1.26

1.00
1.05
1.39

1.0
1.05
1.30

1.00
1.00
1.00

1,00
1.00
1.00

1.00
1.00
1.36

1.00
1.00
1.36

1.00
1.00
1.36

1.00
1.00
1.36

were removed. We see that in the cases consider-
ed, Huebner et gl. have no shift for the E-shell
cross section, whereas for Z, =21 the cross sec-
tion for the ion is 2% higher than that for the neu-
tral. For the L -shell cross sections as outer elec-
trons are removed (Z, ~ 16) the ionic cross section
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has increased by about 5% over the neutral value.
For a given Z,- as the photon energy increases the
ratio of cross sections shows a few percent drop.
This energy dependence is not found in the work of
Huebner et al. For energies not too far above
threshold the work of Huebner et al. agrees to with-
in 8% of the numerical values, deviating with in-
creasing energy. Our results, on the other hand,
agree to within 2%%uc and improve as the energy con-
tinues to increase.

This points out that the present theory has pre-
dictive powers for the ratio of cross sections near
threshold even though it does not give an accurate
numerical value for the cross sections in that case.
The reason for this is, as noted earlier, for low
degrees of ionization the coefficients V, and V, are
independent of the degree of ionization.

In summary, we have shown that the analytic
perturbation theory for screened Coulomb poten-

tials may be used to accurately predict inner-shell
nonrelativistic dipole photoeffect cross sections for
positively charged atomiC ions. This illustrates
the general usefulness of this theory in describing
inner-shell processes whose matrix elements are
dominated by the region near the origin. Other
such processes include nuclear radiative electron
capture, ionization in nuclear capture, brems-
strahlung, etc. We have also recently applied the
analytic theory to the study of bound-bound transi-
tion- matrix elements. "
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