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Compton scattering in the presence of coherent electromagnetic ra4sation
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The presence of coherent electromagnetic radiation has a profound effect on the Compton scattering of x
rays from electronic systems. Here, two electronic systems are considered —bound electrons in atoms and an
electron gas. The scattering cross section is expressed in terms of a power series in even derivatives of the
double integral of the electronic-momentum distribution function over il~, the planar momentum vector
perpendicular to k, the momentum transfer to the electron. It is shown that the effect offers an important
experimental technique for measurements of details of electronic-momentum distribution in the scattering
system.

I. INTRODUCTION

Compton scattering of x rays from atoms, mol-
ecules, and condensed matter is a very useful pro-
cess for obtaining experimental information on the
electronic-momentum distr ibution in the system.
Here an x ray scatters at a large-angle off the
sample and knocks out an electron in such a man-
ner that the electronic recoil is much larger than
the binding energy. Under these conditions, the
spectrum of the scattered x-ray photons is related
tog(p ~ h), where g is the double integral of the
electronic-momentum distr ibution function n~ over
p„ the planar momentum vector perpendicular to
k. Here k represents the momentum transfer to
the scattered electron. -

If the system be placed in the cavity of a laser,
we find a remarkable modulation in the differential
scattering cross section by the electric field of
the laser due to absorptions and emissions through
multiphoton processes. In this paper, we demon-
strate this effect by considering two electronic
systems, bound atomic electrons and a free elec-
tron gas. In Sec. II, the case of Compton scatter-
ing from bound electrons in hydrogenlike atoms in
the presence of laser radiation is discussed. Here
we assume that the laser field is small enough so
that the bound-electron wave function is unaffected
by the laser. The calculations are made for large
momentum transfer to the atom, i.e. , the impulse
approximation is used. The two important small
parameters for the scattering process are n =E,/
E~, the ratio of the binding energy of the electron
to the recoil energy; and e'=e'E', /2m~', E„, which
essentially represents the ratio of the classical
kinetic energy of the electron in the presence of
the field to the recoil energy. The cross section
for scattering is calculated under the limitations
that these two parameters be small, and terms
proport, ional to a& and of higher order are neglec-
ted. The results are expressed in power series
in the field as an infinite sum containing even de-

rivatives of the function g. It is shown that the
modulation of the cross section by the laser field
offers an important experimental technique for
measurement of details of the electronic-momen-
tum distribution in the atom.

Ip Sec. III, the scattering system is taken to be
an electron gas. The formulation of Compton scat-
tering from the electron gas in the presence of the
laser field is presented and the inherent difficultie~
present in solving the problem in the presence of
the electron-electron interaction are discussed.
For illustrative purposes, the electrons are taken
to be free and the scattering cross section is ob-
tained as a power series in the field. The results
for the cross section are shown to have importance
for the measurements of the momentum distribu-
tion near the Fermi surface.

Finally, Sec. IV contains a brief discussion of
the results obtained in this paper.

II. SCATTERING FROM BOUND ELECTRONS

Let the incoming x-ray beam be characterized
by the frequency ~, and wave vector k, while the
scattering x ray has corresponding quantities ~,
and k, . We assume the atomic system to be almost
transparent to the x ray, and thus the scattering
cross section is completely characterized by the
energy transfer co =co, —v, and the momentum
transfer k= k, —k, . When the momentum transfer
k is much larger than the typical electronic mo-
mentum the ejected electrons will suffer large re-
coil. It is then that Compton scattering measures
the momentum distribution of the electrons.

Before considering the effect of the laser rad-
iation, we would summarize the basic idea behind
the impulse approximation (IA) usually used' in
calculating the Compton scattering from bound
electrons. Consider for simplicity a one-electron
atom. The scattering cross section is then porpor-
tional to
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where (g) is the ground state of the electron and

( f) the final state, with E, the binding energy and

E& the final-state energy. Il, the Hamiltonian op-
erator for the electron, is given by

H= + V(r) —=Ho+ V(r),
p'

2m

where p is the electronic momentum and V(r) is
the Coulomb potential in which it moves. The
Hamiltonian operator e'~' is expanded as

fH j 4Hot fVt -)HO, P3t /2 ~ ~

(2)

The higher-order terms involve multiple com-
mutators and are higher order in powers of the
time t. An examination of Eq. (1) shows that those
times that are of importance in the integration are
of order oo '-8/E„, wher'e E„ is the recoil energy.
When E„ is much larger than other characteristic
energies associated with the ground state of the
electron, i.e. , typically, n =EJECT«l—, one can
set exp(- —,'[H„V]t') = 1, etc. This results in V(r)
canceling out in Eq. (1) and we obtain,

d de= "((
x

p 5Eq~ —Ep-co . (4)

Here &, and &, are the incoming and outgoing x-ray
polarizations, E~=P'/2m, and P~ is the Fourier
transform of (g). From comparing Eqs. (1) and

(4), it is clear that the IA is the semiclassical ap-
proximation for the scattering process. Here, we
consider the scattering time 5/Ez to be so short
in comparison with the electron period that the x
ray is scattered from a freelike electron moving
with a definite momentum p with probability (f~ (,
which recoils to a state p+ k. The character of
the bound electron manifests itself through (g~('
which is the probability for the electron to find it-
se1.f in a state p.

W'e shall now apply the above theory to the sit-
uation in which the Compton scattering takes place
in the presence of a circula, rly polarized laser
field characterized by a vector potential A(t) taken

dc~ dte'"'(g(e«o~e ~I'e «-o'e"-'(g) ~

2'
(I/)

The integral is now simple to evaluate and the
cross section can be expressed

= e E/o2m(o oE.s (6)

This parameter is the relevant small-field para-
meter in other studies involvin. g interaction of la-
ser radiation with electrons, i.e. , heating of a gas-
eous plasma by multiphoton inverse bremsstrah-
lung' and x- ray absorption in atoms in the presence
of an intense laser field." (In Ref. 3, the effect
of the laser on the absorption cross section is, to
the lowest order, proportional to 8'/T which,
after removing atomic parameters, reduces to
&' used above. )

In what follows, we shall calculate the scattering
cross section under the limitation that the two
small parameters o. and &' be small, and neglect
terms proportional to nz and other higher-order
terms.

In the presence of the laser, the final-state wave
-functions for the electron in the continuum mould
be solutions of the time-dependent Schrodinger eq-
uation,

"1 e ' . syj-—A(t) + V(r) y=t
(2m c &t

Making a transformation to an oscillating coor-
dinate system, ' we let

to be space independent in the dipole approxi-
mation. In principle, the ground state (g) of the
electron would be modulated by the laser. How-
ever if the laser strength is such that its electric
field is small compared to the atomic field experi-
enced by the electron, one can effectively neglect
the modulation of the electronic-bound state by the
laser and simply take the state to be (g). There
would be, however, a small constant shift ~E~ in
the ground-state energy E~ of the bound electron.
This second-order energy shift of the ground state
is obtained as'4

AEo= e'AJ2mc

where Ao Is the laser vector-potential amplitude.
Thus the energy of the ground state becomes E,
+ 4E~ while the time-independent wave function for
the ground state, taken to be the 1S state for a one-
electron atom, is taken to be unperturbed by the
laser.

Qn the other hand, the laser field will greatly
influence the recoiling electron. It is difficult to
obtain in closed form the influence of the laser
field on the fast-moping electron to all orders in
the field. In what follows, we shall consider the
laser field to be sma, ll and obtain the results for
the scattering cross section as a power series in
the field. The appropriate small parameter, intro-
duced before, is the dimensionless field intensity
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One notices that, in Eq. (9), the laser field dis-
appears from the electronic coordinates. The ap-

pearance of the field in the potential term shows
'that, in the coordinate system of the electron, the
ion appears to be oscillating with the frequency of
the field. An exact solution of this equation seems
difficult to obtain. However, we limit ourselves
to energy eigenvalues much larger than the Coul-
omb potential, i.e. , n «1. Hence, the corrections
to the Coulomb potential because of the laser field
are of order o,q and are neglected. Thus we sim-
ply take g functions to be the continuum wave func-
tion. s in the Coulomb fieM and obtain

ie
(t) =expI — t (d' AdT-, d4. 'dr+i j r —iE,t~) I

(1 —e ' ")F(i/qa, l, i(qx —j ~ r))

—= exp
(

—— l & Adr ,—&dT- iE fI lq),mc 2mc 0 '] (10)

where F is the confluent hypergeometric function and E, is the final-state energy. In writing Eq. (10), we
have made approximations to the extent that the gradient operator operates only on e'~' . & operating on.

E gives terms proportional to o.& which are dropped relative to order &. In the same spirit, we shall take
the Hamiltonian H to commute with & ~ A. Thus, the matrix element of transition is written

ie e'A'f
M, q

—— dt (lSI exp[i(E2+ hEO)t]exp(ik ~ r+i(ut) expI- 2 ~ Ada ic2 -I e 'so'
Iq&mc g 2mc2&
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for large recoil energy (n «1) and get .

(12)

df e(o)d(1$ Ie'(Hpl}e'lR Fe '(Hpd
ff

Using the impulse approximation discussed before,
we write

For large recoil, p can be neglected in compar-
ison with k in the modulation term. Performing
the time integration, with ~p as the laser fre-
quency, we get

M;y = dt e'"'p expIi . t
I xpI

x expI —,~
'}(' ~ A dr

I I qtpsc J j

Using a complete set of momentum eigenfunctions
for the state I1$), we take

lls)=g rl
e' ' =1 P Ip),

and obtain

Using the identity

f ie
xexp

l
k A, eeere, l)(mcvp

X &2(p+ k ~q) .

n +dpo
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n

n=

. p+k' }
M, z= dte'"' g exp i t exp it I-

2 +k2 &

M, z
—— dte'"'gexpIi t exp —i tI

iex exp — '. (kep) Adr)inc, b

jnJ 0 inGDpt
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x g2(p+ k Iq) . (14)

xg, (p+k ~q).
The transition probability per unit time is there-
fore obtained,
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and the differential cross section now reads

cf g„„=r'.( 0, e,)

x g lq, ( re a'l(u — — . +nrem)
k p

d2j+2l
8/+2'

gp

where &' =e' E'/2m++„ Is the small parameter
representing dimensionless intensity. For @cop

«E„, it suffices to keep only the lowest order
terms in Scop. Therefore the j summation drops
out to give

, ekX, &
xnan 0 (15) d'o, „„,~ e" d"g(!7)

d dQ
2wro(i, ~ e,) mkM2'~l!' d 240

g p ~ Cf'g

where r, =e'/mc' and g, and e, are the incoming
and the outgoing x-ray polarizations, respectively.

From Kq. (15), it is clear that only the compon-
ent of Ap parallel to k is effective in modulating
the outgoing electron. If k be taken to be along the
z direction, the 5 function becomes independent of
angular variations, aqd the equation simplifies to

tS 0'

d&u dQ

x
p Qp Q Q) -- +gg)p

2m m

(19)

Thus the differential cross section is expressed
as an infinite sum containing even derivatives of
the function g(!I). In the absence of the laser field,
only the 1 =0 term contributes aod the expression
reduces to the usual Compton-scattering formula.

In order to demonstrate the usefulness of the re-
sult given in Eq. (19), we assume that an experi-
mental method of differentiating with respect to
the intensity of the laser beam I-E,' is available
and we can measure

x J'„(y), (16) dI ct 4 s 0

where X. = eEok/m&u~P, with Eo representing the
component of the laser field along ~ direction. . To
present the results in terms of dimensionless
parameters, we normalize the momenta in terms
of the momentum transfer k and the energies in
terms of the recoil energy Es=k'/2m. Letting g
=P,/k, the double integral of I g~ I' over the planar
momentum-in the x-y plane is defined as the di-
mensionl. ess quantity

1
g(n)= ~k P,e, lt, l' (17)

Using the 6 function in Kq. (16) to carry out the

p, integration, the cross section becomes

0 2, 2d„d„=2vro(~i ea

An examination of Eq. (19) shows that the modu-
lation of the differential cross section by the laser
field (to the lowest order in z') is proportional to
the second derivative of g(!i), which is a more sen-
sitive function, in general, to changes in the fre-
quency shift of the outgoing x-ray photon than the
function g{!I,) itself. Thus, many small variations
in g(!I,) which might not be obvious in the g(!i,) vs
qp plot, which'is conventionally used, would be ob-
served much more prominently by studying

d (d'o
p

as a function of q,.
For the 1S hydrogenic state presently being con-

sidered,

x P g'(!!)g(!7)
fl= Oao /8&"j. )/2+ nhcop/28 & (1+a'P'/l! ')'

The infinite sum over n is difficult to perform
analytically. However, for large recoil energy,
h&u, /Ez«1 and one can expand g(q) in a Taylor
series around!I, =——

2 (Sar/E~ 1). For 4'„ fun-ctions,
we use a power-series expansion and the cross
section can be written in a formal double sum-
mation

1

[1+a'( p', +!I'k')/8']' '

Using Kq. (17), one obtains

Q 1
g( l 6 (1 + ~2/~)8'

(20a)

(20b)
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where n=E,/E„= k'/a'k'. A substitution in Eq.
(19) results in

d dQ ' 6 k' ' 4 I&E

0.8

~7(tf~/Es 1)' ——n

[n+-,' (k&u/E„1)'—]
Thus, one gets

(21)

o,4—

d d'o d'g( )riVrlo/n -1
df da dn, „,- dr& „, (1+@'./n)'

Fig. 1 shows a plot of d'g(ri)/dry I„as a function
of qJn' ' For .comparison, g(ri, )/n is also shown

on the same graph. Since both of these functions
are symmetric about gp=0, only positive values of

gp are shown. It is clear that small variations in

g(rjo) from the form given in Eq. (20b) would be
amplified many times in d'

g( r)i/dq'
I „, and thus

can be observed much more accurately.
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HI. SCATTERING FROM AN ELECTRON GAS
0.8

We now consider the effect of laser modulation
on x-ray Compton scattering from an electron gas.
If the frequency of the incoming x-ray beam is
much higher than the plasma frequency, i.e. ,
~, »&~ and E~«h(d, &mc', where E~ is the Fermi.
energy, then the differential scattering cross sec-
tion per unit volume of the plasma is written as"

04 06 08 $Q 1.2

FIG. 1.d g(q)/dye I„o and g(qo)/n plotted as a function
of 7io/n /t for positive values of qo for scattering from
bound electrons.

l

(T
TI2 t- &l2 e-ltd (t-t' )

=r20(C, ~ e,) QQ — dt dt' (a~t(t)a~. ,(t)a~~.„(t')a~,(t')),
p p~ ~ -z'/2 ~p/2

where a~ and a~~ are, respectively, the annihilation
and the creation operators for an electron in a mo-
mentum state p. The symbol () represents, for
zero temperature, the ground-state expectation
value and, for fin. ite temperature, the usual sta-
tistical average. For zero temperature, the ground
state of the electron gas is completely described
by the momentum distribution n~= (a~ta~).

If the gas is assumed non. interacting, n~ is of
course unity for P &P~, the Fermi momentum, and
equals zero for P &P~. In an interacting electron
system, collisions -will produce a smearing of the
distribution.

For large momentum transfer k, Ip+k I, Ip'+k I

»p&. This implies that n~, „=n~,,~= 0. Thus, to a
very good approximation, the fast particle behaves
like a free particle and, in the presence of the
laser field, it will be modulated like a plane wave.
Therefore, we can write

a~, ~(t) =a~, ~exp(-it~„t)

g J„
I

Ao ~ (p+k) Ie ""o, (24)" imcke, 0 )

where &~„= (P+k)'/2m.
Using Eq. (24), one gets

(at (t)a, „(t)at,„(t')a, (t') )

(at~(t)a~, (t')a~, p~p. „)e"I.&'

'tripp

yt J 0 lg / f ff4)pteA t' +k&

vEc@cop

0 p +
I

(sl4lpt'

me@cop j

The operator a~~, „operating on the ground state
of the system creates with probability 1 an elec-
tron of momentum p'+ k (since the state p'+ k is
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unoccupied). The operator a~„must annihilate
with unit probability this fast particle so that the
matrix element vanishes unless P =P'. Therefore,
we obtain,

(ap'(t)a„, (t)ap', „(t')a,.(t'))
= Q'(t)a (t')) exp[-ie, (t —t')]

(eA, pekl) (eA pek)

(a~~(t)a~. ,(t)at, (t') a~, (t') )
= n~exp[i(&, —g~. ,)(t —t')]

A ~ k)( ~I' A k&~
'

& mes(d,
&

'imdfaro)

x exp(il(u, t —is(u, te), (26)

where we have made use of the identity

x exp(in(A), t —im (d,t'). (25)

THe quantity (a~~(t)a~(t')) is difficult to calculate
in the presence of both the electron-electron inter-
actions and the laser field. Even in the absence of
the laser, evaluation'of (a~(t)a~(t')) requires the so-
lution of an integral equation. In the presence of
laser radiation, the problem becomes significantly
more complicated. Since the laser field is periodic
in time, one ends up with infinitely coupled integral
equations because any time-dependent function hav-
ing a Fourier component 0 in the absence of laser
field will now be coupled to all frequency compon-
ents 0+RQpo Tllat treatment is beyond the scope
of the present discussion and will be dealt with in
a subsequent publication. Here, for illustrative
purposes, we calculate the effect of laser modu-
lation on Compton scattering from the electron
gas, taking the electrons to be free. This is cer-
tainly correct for systems having weak electron-
electron interaction and when the effect of the la,—

ser field is much larger than the electron-electron
correlation energy.

Thus, as in Eq. (24), we write

p'
I, mckco,

and obtain

(a,'(t)a~(t')) = (a~a~)e "~""

Substitution of Eq. (26) in Eq. (23) followed by
time integrations results in

=ro(g, ~ j,) ( dpi' 6~(o+n(d, —

~, (t~A~ k
)(

(mc@(00j (27)

g ()i) =- ~ ) P, dP, n~ .

Using the Fermi-Dirac distribution function at
finite temperature,

1

exp[P(p'/2m E~)]+ 1 '— (28b)

wh~~~ P = 1/ks T. E~, the Fermi energy now takes
the place of E~ for the bound electrons so that
c(=Er/E„. Using Eq. (28b) in Eq. (28a), one gets

A comparison of Eq. (27) with Eq. (15) obtained
for the case of scattering from bound electrons
shows that the scattering cross section for free
electrons is obtained from Eq. (15) simply by re-
placing I)t)~ i' by n~, the momentum distribution for
the free electron gas. Thus, following the same
procedure, one would obtain for the cross section
the form given in Eq. (19) with g(q) now written

x exp(im'eg' —in'&ug) .
8(0)=

2 E in[1+ exp[PEz(1 —'0'/c()]]
E

(29)

Substituting in Eq. (25), one gets
A substitution of the above expression for g(g)

in Eq. (19) yields

d 0' ee'

= 2' 20(e, .c,)'mk
2 E 1n(1+ exp[PE~(1 —rP/n)])

,2(rto/~)PE/ exp[ PEP(1 —n'./a)]-
4 1+exp[ —PE+(1 -'q'/o )] (1+exp[ PE~(1 —r1—0/n) JP

(30)
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& (&'o l &'g(n)
dI I,do) dQ& I o

-1
1+exp[-pE~(1 —t)'o/a)]

2(t)', /ct)PE exp[ P-EJ(1 —t)'/u}]
y. + exp[ PE,(1 g,'/n)]P

4O.4t

s.o—

4.0—

2.0—

f.o—

0.0—

0(").)/g

I

0.8
go I

0,0 0.2.
I

0.4
I

1.0O.S

1./a"
d g{n)gq t( and g(q)/c. plotted as a function

of go/0' for positive values of qo for scattering from a
free-e1ectron gas at 7.'= 300'K and Ez= 2.12 eV (corres-
ponding to potassium).

Fig. 2 shows a plot of d2g(t))/dip
~
„as a function

of t)Jn'~', as given by Eq. (81). For 'comparison,
g(q )/n given by Eq. (29} is also shown on the same
graph. Again, only positive values of go are shown
since the curves are Symmetrical about go=0. The
calculations were made for a temperature T
=300'K and E~=2.12 eV (corresponding to Fermi
e'nergy for potassium). One notices that owing
to finite temperature, the jump in g(t4} at the
Fermi surface has almost smoothed out. How-
ever, this jump manifests itself as a 5-function-
type discontinuity in d'g(ti)/dry

~
„curve and would

be noticeable experimentally, even at high tem-
peratures. Thus the effect discussed here sug-
gests an invaluable technique for accurate mea-
surements of the Fermi surface.

It should be noted that the laser light might not
penetrate as deep as x rays in metals because of
the conduction electrons. The mean free path of
optical photons in metals is typically of the order
of 500 A while the effective travel length in and
out for 8-keV x rays &n solids having atoms with

Z-20 is estimated to be around 10000 A. Thus,
for collinear geometry, the range of interaction
of x rays and laser radiation for multiphoton pro-
cess is reduced by an order of magnitude.

rV. DISCUSSION

In the previous sections, we obtained expres-
sions for differential cross sections for Comp)on
scattering of x rays from bound- and free-elec-
tron systems. The results were obtained hs in fin-
ite series in powers of the laser electric field.
The relevant s~all field parameter is given by
a =e E /2m&v E

In order to neglect the modulation of the ground-
state wave function by the laser field, for the
bound-electron case considered in Sec. II, one
requires that the laser field be much smaller
than the atomic field E„,„.A characteristic
field Ec= (2m+2c Ez/e')' ' is the field value for
which e'=1. It is easy to see that the condition
E;«E„, „would be valid for a wide variety of
situations. For example, consider a Nd laser
(&u, = 1.8 x 10" sec '). Taking a value Ez 1keV, ——
one obtains E;-10' V/cm, which can be much
lsmaller than typical atomic fields. In reality',
Imuch smaller laser fields than E, would be suf-
ficient to observe the effect suggested here.

The other small parameter in the problem is n
which e(luals E,/Ea for the bound-electron case
and Ez/Ez for the free electrons. Since for x-ray
Compton scattering Es is typically of the order
of 1 ke7', it is clear that n «1 for the situations
usually encountered.

The results plotted in Figs. 1 and 2 are com-
pletely general with regard to the laser and the
x-ray parameters. For both of the scattering
systems discussed here, the graphs clearly dem-
onstrate that many small variations in the elec-
tronic momentum distribution that barely affect
g(t), ,) would be amplified many times in dag(t))/
dr/ „,.

In conclusion, we have shown in this paper that
the presence of coherent electromagnetic radiation
has a profound effect on the brompton scattering
of x rays from bound electrons and afree-electron
gas. The effect offers an important experimental
technique for measuring details of the electronic
momentum distribution and the Fermi surface.
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