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The experimentally determined intensities of x rays due to muonic and pionic atoms formed in gaseous and
liquid helium are analyzed. The analysis is based largely, though not entirely, on some estimates of Auger
rates. A discussion of Stark transitions, some estimates of the time required to slow a recoiling mesonic
atom after it ejects an electron from a nearby atom in liquid helium, and a brief discussion of kaonic x-ray
intensities are also employed. It is concluded that an ap, or an am atom in liquid helium probably becomes
temporarily bound to a helium atom during its cascade to the 1s state. More specifically, it is argued that
the relatively intense muonic Ky line in gas, the relatively faint muonic and pionic Ky lines in liquid, and
the anomalously high XPIKa intensity ratio for pions in liquid indicate that molecular iona are probably
formed in liquid but not in gas by ap, and am atoms with n = 4.

I. INTRODUCTION

The purpose of thj.s paper is to show that molec-
ular-ion formation (MIF} probably occurs during
the atomic cascade that takes place after a nega-
tive muon or pion is stopped in liquid helium.
The molecular ion that we have in mind is corn-
posed of an +p,

" or an &m atom and a neutral
helium atom. The &p, or &w atom, which has a
net positive charge, is composed of an particle
and a negative muon or pion. We shaQ devote
particular attention to the possibility that MIF
occurs when the mesonic atom is in a state with
principal quantum number n = 4.

The possibility that MIF might occur in liquid
helium during the cascade appears to have been
first suggested by Placci et aE.' These authors
measured the relative yields of x rays emitted
by &p" atoms in gaseous helium and found that the
total relative intensity of the Xp line and higher
lines of the X series is significantly higher than
in liquid. They noted that this difference in rela-
tive intensity might be accounted for if molecular
ions af e formed in liquid but not in gas. Pre-
sumably, for some p states with n —4, the Auger
rate would be relatively small unless MIF occurs,
in which case it would be increased to such an
extent that it becomes at least comparable to the
radiative rate.

Some of the calculations that we shall describe
in this paper require, some knowledge of the struc-
ture of the molecular ion. The molecular ion is
similar to the HeH' ion, ' the essential difference
being that the helium atom is bound to a small,
positively charged mesonic atom instead of a pro-
ton. Except for differences due to its larger
mass, the mesonic atom behaves chemically like
a proton. We shall require a more or less de-
tailed knowledge of the electronic structure of the

molecular ion, but we shall not need to know very
much about its rotational and vibrational motion.
To the extent that the Born-Oppenheimer approxi-
mation is valid, the electron wave function and the
interatomic potential for the molecular ion should
be essentially the same as for the HeH' ion.

Some approximate Auger rates are computed in
Sec. II. The discussion in Sec. II is devoted pri-
marily to the intensities of the Ky lines due to
&p, and «atoms in liquid and gaseous helium.
The results obtained in Sec. II support the conjec-
ture of Placci et al.' that MIF occurs in liquid
during the cascade. Section III is concerned with
the implications of the anomalously high experi-
mental value of the Kp/Kot intensity ratio for
O.m" atoms in liquid helium. ' ' It is argued that
this result, too, indicates that MIF probably oc-
curs in the n= 4 level. Furthermore, it is sug;-
gested that irreversible Stark transitions (IST)
are likely to play a role in any explanation of this
anomalously high ratio. It is shown'in Sec. IV
that an 0| p, or +m' atom, after acquiring a rela-
tively large recoil kinetic energy when it under-
goes Auger deexcitation, is very likely to be
slowed sufficiently rapidly in liquid helium to per-
mit the occurrence of IST. It is argued in Sec. V
that data on the +E atom' are compatible with the
occurrence of IST and MIF in np, and ar atoms in
liquid helium. Finally, some further experimen-
tal work is suggested in Sec. VI.

II. AUGER RATES

In this section we shall estimate mesonic Auger
rates for a molecular ion of the type described in
Sec. I. Rates will also be estimated for the exter-
nal Auger transitions tbat can occur when a posi-
tively charged mesonic atom collides with an or-
dinary atom in liquid helium. The particular
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Auger transitions that will be considered are re-
stricted to dipole transitions in which the changes
in the meson quantum numbers are ~g = &l = -1.
We shall compare the computed Auger rates with
the rates for radiative transitions, and we shaQ
conclude that the measured intensities of the mu-
onic and pionic Ey lines relative to the Ee and
XP lines indicate that molecular ions pre probably
formed in liquid helium by a'p, and +w atoms with
p= 4. The notation that will be employed was
chosen so as to coincide as much as practicable
with the notation employed in some earlier work
on a related problem. '

Ax = 0.655, A2 = 0.293
cp &R & 1.6ap,

Z, =1.93, Z, =1.46

A, =1.00, A, =O.O
1.6ap &R.

Z = 1.69,

(2.3a)

(2.3b)

We also assume that internuclear separations less
than 1.0ap are not possible because the molecular
potential, which is discussed in somewhat more
detail in Sec. IIIB 2, becomes highly repulsive
for these values of R.

The final electron wave function is assumed to
be given with sufficient accuracy by

+~= (I/M24. (I)4;(2)+ P.(2)4;(I)), (2.4)

@,(r„)=R„,(r„)Y,„(r"„),
(r„)=It„,),(r„)Yi,„,(r-„),

(2.1a)

(2.1b)

where r„is the position of the meson with respect
to &b. In each of the instances considered in the
present paper, the mean orbital radius of the me-
son is small compared to the internuclear sepa-
ration.

The unperturbed initial and final electron wave
functions are assumed to be eigenfunctions of the
Hamiltonian for two electrons moving in the com-
bined field of an & particle and a proton. The
nuclei are spaced a distance R apart. In the cal-
culation described below, the exact electron wave
functions are replaced by approximate functions.
The initial electron wave function is assumed to
be given approximately by

+& =&,4.(1)4.(2)~&.tk.(I)4,(2)+ 4.(2)4,(I)], (2,2)

where P, and g, are 1s hydrogenic wave functions
centered, respectively, on &, and &b. The effec-
tive nuclear charges for P, and t/r~ will be denoted
by Z, and Z, . The amplitudes A, and A, and the
effective charges Z, and Zb depend on R. An ap-
proximate wave function of this form was employed
many years ago by Coulson and Duncanson' in an
investigation of the HeH' molecular ion. They
found the equilibrium internuclear separation for
this ion to be R,= 1.43ap where ap is the hydrogen
Bohr radius. The amplitudes and the effective
nuclear charges for R=Rp were found to be A,
= 0.655, A2 = 0.293, Z, = 1.93, and Z b

= 1.46. For
our purposes, it is convenient to make the simpli-
fying assumption that

A. Vfave functions

It is convenient to refer to the n particle to
which the meson is not bound as &, and the one
to which it is bound as o.'b. The initial and final
meson wave functions are given fairly accurately
by hydrogenic functions for a negative meson
bound to a free & particle. These wave functions
will be denoted by

where p, is a 1s hydrogenic function centered on
&„andPg is a distorted plane wave describing an
ejected electron with wave vector k. The effective
nuclear charge for P, will be denoted by Z,. In
principle, the function gg is distorted by &„by
the net positive charge of the atom composed of
the meson and &b, and by the remaining electron.
jn practice, we shall approximate it with an ordi-
nary Coulomb distorted plane wave, which we shall
write in the form

Pj(r,)= pi~ e "&E~(kr, ) Yg „($)Y~„(r",), (2.5)
e L, N

where OL is a Coulomb phase shift and EL is a
regular Coulomb wave function. Depending on
whether the overlap with the initial electron wave
function involves g, or g~., it will be assumed that
g„-is centered on c', or c.'~ and has an effective
nuclear charge denoted by Z~, or Z». It seems
likely that a large error is not introduced by any
of these approximations because, as discussed
in somewhat more detail below, the computed
Auger rates for the particular states considered
here are not very sensitive to reasonable varia-
tions in the assumed values of Z, Z~„andZ».

B. Computation of rates

The perturbing interaction can be written

H =H +H2,

where
2 g2 g2 g2

II,' = + —
q

&ah &a~ R

8 8 8 8B'=
2

+—
&2b

(2.6a)

(2.6b)

(2.6c)

The subscripts 1 and 2, a and 5, and p, refer,
respectively, to the electrons, to at, and n„and
to the meson. Only the terms e'/r» and e'/r2„can
be responsible for Auger transitions. If, in a
calculation of dipole Auger rates, the electrons
and the meson are all described in a coordinate



system centered on &„the interactioris H,
' and

H,' can be replaced by expressions of the form

+e P
(2.7)

~()))= —'"-,-&", (n. »- p f ~M~ ~()()),
m, m

(2.9)

where m is the mass of the electron. The integra-
tion is over all directions of the wave vector k.
The matrix element in E(l. (2.9) is given approxi-
mately by

M —M~+ M2+ M3,

where

(2.10a)

However, in some instances it is more convenient
to describe the electrons in a coordinate system
centered on &, while describing the meson in a
system centered on &„in which case H,' and H,'

can be replaced by- approximate expressions of the
form'

e' 4n.

-3)', (r„)1', (0,)). (2.8)

The preceding expression is fairly accurate if the
internuclear separation R is large compared to the
mean orbital radius Of the initial electron.

For a fixed value of R, the Auger rate is given
by

The angular part of Sk, can be evaluated analyti-
cally, and its radial part can be evaluated numer-
1cally o

It can be shown that

y(R) = y"'(R)+ y"'(R)+ y"'(R), (2.11)

where y"', y'", and y"' are, respectively, the
rates obtained by assuming that M=M„M=M„
and M =M, . Each of the interference terms
2 Re(M, M,*), 2 Re(M,M,*), and 2 Re(MPI,*) in the
expression for ~M ~' gives a vanishing net contri-
blltlon 'to y. Each of the terms in EQ. (2.11) ls
proportional to the square of the radial dipole
matrix element

a, '
&n 1, I -l~r-~n, I&

R„,, ,R„,r'„dr„, (2.12)

y"'= 2(A,S,+ Ap, )'(R/a, ) 'Z,'BI2,

y&2& = (Ap )'z'RI'

y&» = (A~'/S )2Z3IBP

(2.13a)

(2.13b)

(2.13c)

where m„is the reduced mass of the meson and
an + particle. The preceding equation can be re-
garded as the definition of the dimensionless ma-
trix element (n —1, l —1~r ~n, l) that appears in
one of the equations given below. The three terms
in Eq. (2.11) are given by"

M, = W2( A, S, +A@~)

re f ro Hab are g
r d7

(2.1Ob)

=-'(')' "'(")' "

I e'+i ~&e exp
- are dX.

(2.1M)

(2.13e)

M, = &2AP~,

j r~ Hbb b re

(2.10c)

Ib= E,(kr, ) Z(,r, dr,

e 0 e exp a e e

(2.13f)

re f rp Hbb b re 5 rv d ed

(2.10(i)
K'=S ~ r r —cos8 d&

+e
(2.13h)

Sa= c re a re d7ey (2.10e)

c re b re d~e~ (2.1of)

ka= ~ re are (2.log)

The evaluation of S, is trivial. The two-center
overlap integral Sb can be evaluated analytically. "

As mentioned previously, the nuclear charges for
the Coulomb wave functions in the expressions
for I„l„andIk, are, respectively, Zk„Zkb, and

Zk, . In the expression for K,', the origin of the
electron coordinate system is o.'„and &, is situ-
ated on the positive z axis. An explicit expres-
sion for the integral K,', which can be evaluated
analytically, is given elsewhere. "

The Auger rate for a molecular ion should be
given approximately by y(R, ), where R, is the



equilibrium internuclear separation. We shall
assume that R,= 1.43m„which is the value deter-
mined in Ref. 8. If a molecular ion has not been
formed, and if the motion of the mesonic atom
relative to a nearby helium atom can be treated
Classically, the collisional Auger rate should be
giv'en approximate1y by

rA 4m' y R R2dR
~o

(2.14)

where N is the number density of helium atoms.
Arguments are given in Ref. 7 to support the
adequacy of Eq. (2.14).

It will henceforth be assumed that

y(R, ) =y"'(R, ), (2.»)
because, as discussed in mire detail below, the
terms y"'(R, ) and y"'(R,) are found to be rela-
tively small for the low lying states considered
in the present paper. " Table I list some values
of y "(R,) for molecular ions formed with muons,
pions, and kaons. Kaon rates have been included
because some experimental work on the nK
atom, ' which will be discussed in Sec. V, appears
to be relevant to some additional material on the
cascade in & p, and @~ atoms that will be pre-
sented in Sec. III. Table I also lists approximate
values of the collisional Auger rate in liquid heli-
um obtained using the relation

I'" =4m'Agg y(2'{R)R'dR

with N= 1.9 && 10" cm '. In computing y"'(R, ) and
I'„'„',the amplitude A., and the effective nuclear
charges Z, and Z, were assumed to be given by
Eq. (2.3). It was also assumed that Z, = 2.0 and

Z~, = 1.46. Table I also lists values of the total
radiative rate y,d.

C. Discussion of approximations

Before attempting to relate these computed
Auger rates to the experimental results, it seems
appropriate to discuss some of the approximations
that have been made. The rates y~" and I'„"„',can
be interpreted as being due to the ejection of an
electron that is initially in the atomic orbital P~.
For a molecular ion, the best values of the ampli-
tude and effective charge for this orbital are
probably A, = 0.293 and Z~= 1.46, as determined
in Ref. 8. But for a collision between a positively
charged mesonic atom and a neutral helium atom,
the assumption that A., and Z, may be adequately
approximated by Eq. (2.3) is merely a guess
which, we believe, cannot be given any further
justification without an excessive amount of cal-
culation. In the case of the ejected electron, as-

y"&(R)R2dR (2.17)

Calculations were performed for a number of rep-
resentative instances spanning the range of values
of k relevant to "Sable I. As in the calculation of
y("(R,), the amplitudes A, and A, and the effec-
tive charges Z, and Z, were assumed to be given
by Eq. (2.3). It was also assumed that Z, = 2.0
and 1.0 —Z~, —1.93. It was found in each instance
that I'„"„',/I" ~'„',c 0.01. This ratio decreases as the
energy of the ejected electron increases. We con-

suming that the effective charge is Z»= 1.46, as
we have done, is a way of roughly taking into ac-
count the distorting effect of the singly ionized
helium atom that, in the final state, is situated
a distance R from the positively charged mesonic
atom on which P~ is assumed to be centered. How-
ever, in the region of largest overlap between P„-
and P~, the most appropriate value of Z» may
very well be less than the particular value that
we have chosen. For the states considered in
Table I, it was found that employing an effective
charge for the final electron within the range 1.0
«Z» &1.46, while keeping Z~=1.46, causes the
computed values of y"' and I"„",', to be smaller,
but by only -5%%up at most. For a given value of
Z» within this range, the magnitude of the de-
crease becomes smaller as the energy of the
ejected electron becomes larger.

For given values of R, Z,', Z„„andZ», the
ratios y"'/y(" and y("/y"' depend only on the
wave number k of the ejected electron. Values of
the neglected terms y('~(R, ) and y('~(R, ) were
computed for a number of representative transi-
tions spanning the range of values of k relevant to
Table I. In each instance it was assumed that the
amplitudes 4, and A, and the effective nuclear
charges Z, and Z„allof which depend onR, are
given by Eq. (2,3). It was also assumed that Z,
=2.0. In each instance it was found, for 1.0«,Z~,
«1.93, that

y(1)(R )/y(2)(R ) g 4 && 10-&

y('&(R )/y"'(R, ) s 2x10,
where y"'(R,) is the rate given in Table I. These
ratios decrease as k increases. Therefore, to the
extent that the initial electron wave function can
be adequately represented by the function +, speci-
fied in Eqs. .(2.2) and (2.3), y"'(R, ) is probably
a fairly accurate approximation to the ~n= A = -1
Auger rate for a molecular ion with relatively low
So

The contribution to the collisional Auger rate
due to the term y"'(R) was also found to be rela-
tively sm@ll. This contribution is
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3.3
2.2
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0.071
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7.5
4 9
3.0
1.6
4.0
2.4
1.4
0.69
1.0
0.51
0.22
0.14
0.047

3.5
2.1
1.2
0.61
0.99
0.51
0.22
0.15
0.052
0.0050

2.0
1.2
0.69
0.34
0.54
0.28
0.12
0.081
0.028
0.0026

0.41
0.27
0.18
0.11
0.060
0.15
0.088
0.051
0.025
0.037
0.019
0.0081
0.0050
0.0017

0.14
0.23
0.46
1.4
0.44
0.89
2.6
2.1
6.1

20

0.18
0.30
0.61
1.8
0.58
1.2

2,7
8.0

26

0.23
0.34
0.57
1.2
3 4
0.58
0.97
2.0
5.7
1.9
3.8

11
8.8

26

I

elude that, for the relatively l.ow-lying states be-
ing considered in the present paper, I'„"„',may be
neglet'. ted. Although we have performed no fur-
ther calculations involving y"'(R), we assume that
a similar conclusion is justified concerning the
term

r „"„',=4~+ y") a
ao

The semiclassical expression specified by Eq.
(2.14) for the collisional Auger rate was used in
Ref. 7 for states with large n in order to avoid
the large overestimates that might result if the

(2.l8)

TABLE I. Auger and radiative rates for ep", nx-, and
atoms. The estimated Auger rate for an atom bound

in a molecular ion is y (Ro), where Ro= 1.43go is the
assumed value of the equilibrium internuclear separa-
tion; the estimated collisional Auger rate for a free atom
in liquid helium is I'~~; and the total radiative rate is
+FRCl

(Ro) r„„,(2) (2)
+rad

Atom g E (10 sec ) (10 sec ) (10 sec

Born appxoximation is employed. As it happens,
the rate obtained using the Born approximation is
not; very different from that obtained using Eq.
(2.16) for each of the relatively low-lying states
considered in the present paper. We have com-
puted approximate values of I'„", ', which is the
rate for &n = &l = -1 collisional Auger transitions
obtained using the Born approximation. A detailed
description of this method of calculating Auger
rates, which was first employed in this type of
p-roblem by Russell and Shaw, '4 has been given by
Leon and Bethe." For each of the states con-
sidered in Table I, it was found that the ratio of
the Born rate to the semiclassical rate lies in the
interval

l m f'n-i, l-l/P(2) m 2
no 1 Agg

This ratio increases as n increases. The differ-
ence between the values of I""„",

' ' and I"„",, does
not appear to be large enough to affect significant-
ly any conclusion regarding the relative importance
of eollisional Auger transitions and radiative tran-
sitions or the relative importance of eollisional
Auger transitions and molecular-ion formation.
We should also add that in view of the rather dif-
ferent ways in which I'"„",

' and I'„"„',are com-
puted, the agreement betweeD these two rates is
surprisingly good.

D. Comparison with experiment

Our estimated Auger rates are in accord with
the conjecture of Placci et at.'.' that MIF occurs
during the cascade in liquid helium. As we have
already mentioned, this conjecture was prompted
by the fact that the total relative intensity of the
muonic Ey line and higher lines of the K series is
significantly higher in gas than in liquid. Of
course, it could be argued that this difference in
intensity can be accounted for by the collisional
Auger rates, which should be much smaller in gas
than in liquid. But if our estimated colljsional
Auger rate for 4p muons is at aQ reliable, this
possibility is ruled out. Compared to the total
radiative rate for 4p.muons, the collisional Auger
rate I A'„,in liquid is nearly 12 times smaller.
But the molecular rate y~2) for 4P muons is more
than twice as large as the radiative rate. There-
fore, it seems reasonable to conclude that molecu-
lar ions are probably formed in liquid by & p
atoms in the 4P state. The comparatively high in-
tensity in gas of the Ky line and higher lines of the
X series can be accounted for by the fact that MIF,
which should require a ternary collision, is far
less likely to occur. We note that if an & p. atom
in the 4p state is likely to undergo MIF in liquid,
then so should an o.'p, i'q any state with n= 4 and

I
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E»2 because none of these other states has an
estimated atomic deexcitation rate, I'„"„'+ y„d,
larger than that of the 4P state. For the same
reason, an &r atom with n= 4 and E» 2 should
also undergo MIF in liquid, provided nuclear ab-
sorption caused by Stark mixing is unimportant in
the n = 4 level. It is also probable that MIF is im-
portant for 4P pions because the estimated total
rate for atomic deexcitation or nuclear absorp-
tion" is only about twice as large as the estimated
atomic deexcitation rate for 4p muons.

The difference between the relative intensities
of the muonic Kp line in liquid and gas is not the
orQy experimental indication that MIF occurs
during the cascade in liquid. Even if x-ray data
for muons in gas are not taken into account, x-
ray data for muons and pions in liquid can still
be interpreted as indicating that MIF occurs in
the n= 4 level. A discussion of some of the impli-
cations of the data for liquid will be given in Sec.
III; but for the time being, we merely cite an
analysis by Backenstoss et a/. ,

' who employed
the collisional Auger rates defined by Eq. (2.14)
and found that their x-ray data, especially their
muon data, can be fitted fairly well if each value
of I"„„,is multiplied bya factor of 57. The need
for this factor of 57 is due to the relatively small
obsexved yields of the Kp and K5 lines. The
molecular rates in Table I are uniformly larger
than the collisional rates by a factor of about 28.
Since the approximations made in computing y",
particularly the use of the initial electron wave
function 4'„could have resulted in that rate being
too low by a factor of 2, we believe that the data
analysis reported in Ref. 5, together with our
molecular Auger rates, can also be interpreted
as indicating that MIF occurs in liquid helium.
But even if MIF is assumed to occur, this data
analysis, which specifically excludes the possi-
bility of any sort of Stark mixing in low-lying
principal levels, "does not give an entirely satis-
factory explanation of the muonic and pionic x-ray
data because it does not account for an anomaly
connected with the IQ/An intensity ratios, partic-
ularly the pion ratio. This anomaly, which was
recognized in Ref. 5, will be discussed in Sec.
III, where various kinds of Stark transitions will
be considered.

III. EPjKn INTENSITY RATIOS

A. Experiments

This section is concerned with an anomalous
feature of the K-series x rays due to e p, and

atoms in liquid helium. The ratio

p-I g/I„„,

where I~ and I~~ are the intensities of the K& and
KP lines, has been found to be much higher for
pions than muons. X-ray yields for these atoms
have been determined by three groups, and all
three experiments are in essential agreement with
one another. The first experiment was performed
by Wetmore et aL' Their results were later con-
firmed by Berezin et al.' and, more recently, by
Backenstoss et a/. ' We shall quote only the re-
sults reported in Ref. 5, which is the experiment
in which the KP line was most clearly resolved
from the higher lines of the K series.

Backenstoss et a/. ' have found the Kp/If'n inten-
sity ratios for muons and pious to be p„=0.54
and p, = 1.24, respectively. If radiation is assumed
to be the only important process for excited states
with n —3, a ratio p& 0.44 indicates a 3p population
higher than statistical. Of course, nuclear absorp-
tion, not radiation, is the dominant process for
low-lying pion s states, and it has been found to
be competitive with radiation for pion p states. ~'
But it is difficult to account for the high value of

p, in terms of the pion-nucleus interaction alone
because, as is easily shown by a straightforward
calculation, the rate of nuclear absorption for
p-state pions relative to the rates of both nP-1s
and total x-ray emission slowly increases as n
increases. Furthermore, if all s-state pions
are assumed to undergo nuclear absorption, and
if p-state nuclear absorption is assumed to be
negligible, a statistical distribution of pions among
the 3p and 3d states leads to the intensity ratio
p, =0.53, which is still much less than the experi-
mental value.

We believe that Stark transitions, "particularly
irreversible transitions to states with lower orbi-
tal angular momentum, are partly responsible
for the experimental values of p. A largely quali-
tative discussion of various kinds of Stark transi-
tions is given in Sec. III B. But because Stark
rates are difficult to estimate reliably, we shall
not attempt in this paper to give a quantitative
explanation of the XP/Ka intensity ratios. How-
ever, we shall argue that the anomalously high val-
ue of p, indicates that MIF probably occurs in the
n= 4 level, no matter what is the correct explana-
tion of the intensity ratios.

The anomalously high experimental value of p,
indicates that the 3P state of the &~ somehow ac-
quires a relatively high population. A pion can
reach the 3p state only by a transition from a d
state. This should be either the 3d state or the
4d state because Auger ejection. , which we believe
to be the dominant means, of deexeitation for all d
states with n»5, is generally accompanied by the
smallest possible change in n, while x-ray emis-
sion, which is the only other means of deexeita-
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tion, is usua11y accompanied by the largest.
The possibility that most Sp pions come from the

3d state will be discussed later on, in Sec. IEIC.
For the moment, we shall assume that most of
them come from the 4d state. This assumption,
together with the, observed value of p„requires
deexcitation from the 4d state to proceed largely
by Auger effect rather than by radiation, because
the rate for 4d- 2p x-ray emission is 3 times
greater than the rate for 4d- 3p x-ray emission,
which means that a substantial amount of radia-
tive deexcitation from the 4d state would result in
a KP /Kn ratio much smaller than the experimental
value. It then follows from Table I that MIF
should occur in the n= 4 level if most 3p pions
come from the 4d state, because the molecular
Auger rate y "for a 4d pion is -6 times larger
than the total radiative rate y„d,w'hereas the col-

. lisional Auger rates I'~'„',is -4 times smaller
than y,~~. This conclusion would hold no matter
what causes the pions to go to the 4d state in the
first place. We note in passing that one possible
explanation of a relatively large 4d population is
the occurrence of irreversible Stark transitions,
which are discussed in Sec. III B.

B. Stark transitions

l. Energy splittings

Besides depending on an electric dipole matrix
element, the probability of a Stark transition can
also depend on the energy splitting between the
states involved. Table II gives values of the energy
splitting

&)& y, ~

This is the splitting between states belonging to
the same principal level and diffetimg in orbital
angular momentum by one unit. The computation
of the binding energy E, &

for a state with /~ 1 in-
cluded the effects of vacuum polarization and rela-
tivity but omitted all other corrections, including
those due to strong interactions and finite nuclear
size. Corrections to s-state binding energies due
to strong interactions and finite nuclear size have
been included in the calculation of np-ns splittings.
The n dependence of these corrections is n"'. In
the case of the o p. , finite nuclear size effects
were computed using the correction to the 2p-2s
splittings given by Campani. " We have assumed
that Campani's result is due oniy to the 2s state.
In the case of the &m, nuclear size corrections
were found using a result computed for the 1s
state by Backenstoss et a/. ,' while the contribu-
tions of strong interactions to energy shifts were
found using the value determined experimentally
for the ls state by the same authors. Table II

TABLE Q. Energy splittings and rms Stark matrix e$e
ments for transitions of the type (n, l, g) (n, l —&,.g )- The
splitting. is defined by ~=E) g Ef f gt The matrix
element M„was computed using the field strength g„
=25 x 108 &/cm.

Atom Transition (eV) (eV)

4'/2 —4d5/2
4f5/2 '4d5/2

4f5/2 —4d3/~

4d5/2 4P3/2
4ds/2 4P3/2
4d3/2- 4Pi/2
4p3/2 4sg/

4pg/2 4sg/2
3d5/2 3P3/2
3d3/2 3P3/2
3d3/2 3P1/2
3P3/2 3sf /2

3sf/2
2ps/2 2s~/2

2' /2 2sf /2

5r- 5f
5f 5d
,5d 5p
5p 5s
4f~ 4d
4d~ 4p
4p ~4s
3d 3p
3p ~3s
2p ~2s
6Q 6g
6g -6f
6f 6d
6d 6p
5g~ 5f
5f 5d
5d 5p
4f~4d
4d~4P
3d 3p

0.009
0.006
0.012
0.052
0.046
0.064
0.183
0.164
0.125
0.110
0.154
0.437
0.394
1.52
1.37

0.002
0.012
0.053

-0.46+ 0.18'
0.022
0.105

-0.89+ 0.35'
0.255

-2.11+0.83'
-7.1 + 2.8j

0.024
0.066
0.146
0.278
0.118
0.259
0.485
0.532
0.963
2.331

0.228
0.051
0.191
0.250
0.102
0.228
0.255
0.255
0.121
0.049
0.110
0.140
0.140
0.057
0.057

0.218
0.285
0.315
0»308
0.151
0.191
0.195
0.092
0.107
0.044

0.090
0.120
0.137
0.144
0.067
0.088
0.097
0.047
0.059
0.028

also lists values of a matrix element M„that will
be defined later.

Except where a pion s state is involved, most
of the splittings listed in Table II are due largely
to vacuum polarization, with relativity and finite
nuclear size, particularly the latter, being com-
paratively unimportant. The contributions of
vacuum polarization and relativity to &E are of the
same sign and are such that the state with the
lower orbital angular momentum is the more
tightly bound if these are the only contributions
that must be considered. Finite nuclear size
effects for s states are, by themselves, not large
enough to reverse this tendency. The np-ns split-
tings of the +m" can be regarded as exceptional
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because the nuclear interaction causes the ns
state to be less tightly bound than the np state.
We note that the energy splittings listed in Table
II decrease in magnitude as either n or l in-
creases. We also note that for given values of
n and l in Table II, the pion splitting is roughly
twice as large in magnitude as the muon split-
tings, unless s states are involved, in which case
the relative difference is even greater.

h „=25 x 10' V/cm. (3.3)

This is the strength of the field at a distance
1.43a, from a He' ion. This distance is approxi-
mately the equilibrium internuclear separation
in the HeH' molecular ion. ' Besides energy split-
tings, Table II also lists values of M„,whiqh is
the vms matrix element of the Stark interaction.
e8„~r„between initial meson states with orbital
and total angular momentum l and j and final
states with l' and j'. It is defined by

I„=(2j+ 1)

( (j', 1', m'
(
88„.r„)j, l, m) )

'. (3.4)

Stark transitions are also possible when an
or an &m coQides with a neutral helium atom but
does not eject an electron. The electric fieM re-
sponsible for such transitions may have values
much smaller than S„because, for most inter-
atomic separations, the nuclear charge is much
more effectively shieMed in a helium atom than
in a He' ion. An estimate of this electric field
can be easily obtained. Since the relative motion
of the two atoms is comparatively quite slow, the

2. Types of transitions

Stark transitions can be classified in several
ways. We shall first discuss recoil and collision-
al transitions. We shall then discuss irrever-
sible transitions.

Recoil transitions are the Stark transitions that
may take place immediately after the occurrence
of an Auger transition -in which an & p or an o.7t

ejects an electron from a nearby helium atom.
Prior to electron ejection, the mesonic atom and
the helium atom may have been bound together in
a molecule, or the two may have only been collid-
ing with each other. In either case, the electron
moves rapidly away within a time «10 "sec, and
then the mesonic atom, which was left behind in
the relatively intense fieM of a He' ion, begins to
recoil.

Later on, in order to simplify a calculation, we
shall assume that the electric field responsible
for a recoil transition can be adequately repre-
sented by a square pulse of magnitude

electron wave function depends almost adiabati-
cally during the collision on the positions of the
nuclei, with the result that a quasimolecular
structure is temporarily formed. The electric
field responsible for collisional Stark transitions
is essentially the same as the electric field gov-
erning the motion of the mesonic atom relative
to the helium atom. This field can be given in
terms of the gradient of the potential between the
two atoms. This potential should not be very
different from the molecular potential for the
ground 'Z state of the HeH' ion. The molecular
potential for this ion is given approximately by
the Morse potential

U(E) - U (e-2&&~0&%%d 2e-&&-so&%%d)

where

U, = 1.S5 eV, Ro= 1.44a„a=0.625a, .
The numerical values of the parameters UO, R„
and a were obtained from some calculations by
Michels. ' Figure 1(a) shows the Morse potential
U. Figure 1(b) shows the electric field at the
mesonic atom obtained by differentiating U. At
R = a„which is for zero impact parameter approx-
imately the distance of closest approach at the

. energies we shall consider, the field strength is
-25 x 10' V/cm. Therefore, to the extent that the
curve in Fig. 1(b) is accurate, we can regard h„
as an approximate upper limit to the electric field
strength encountered during a collision. But it
must be borne in mind that, as pointed out by
Mueller et al. ,

' the use of an approximate poten-
tial to compute the electric field may lead to
gross inaccuracies at low values of R.

We have already noted that the binding energies
of states with the same n generally increase as
L decreases. We believe that the anomalously
high value of p, .which indicates an unusually
large number of Sp pions, is partly due to the
occurrence of irreversible Stark transitions"
(1ST) in the n= 3 or the n = 4 level. A Stark tran-
sition between two nearly degenerate states of a
mesonic atom is irreversible if the binding energy
of the final state is larger in magnitude than that
of the initial state and if the atom emerges from
the collision with a laboratory kinetic energy
less than a certain value E„,= 2~ &E~, where &E
is the splitting. Of course, the preceding state-
ment is correct only if

~
&E~ is much greater than

the mean kinetic eriergy of the helium atoms with
which the mesonic atom subsequently collides,
but this condition is satisfied in liquid hebum by
&p" and +~" atoms with n «4. Because the mass
difference between an & p.

" or an n~ and a helium
atom is relatively small, IST can occasionaQy
occur even if the initial laboratory kinetic energy
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tions. Although we shall be concerned primarily
with recoil transitions, some of the discusgion
will be.applicable also to collisional transitions.

In discussions of Stark mixing it is frequently
assumed for the sake of simplicity that classical
mechanics can be employed to describe the motion
of the mesonic atom relative to the other atom or
molecule with which it interacts. We shaD make
this assumption. In principle, the use of a classi-
cal trajectory permits the amount of Stark mixing
to be estimated by solving a time-dependent
Schrodinger equation, with the mixing being caused
by the time-dependent dipole interaction

H'(t) = eX(t) ~ r„', (S.V)

where 7 is the electric field due to the other atom
and r„is the meson coordinate. In practice, the
use of a realistic trajectory entails a lengthy and
complicated calculation, particularly if there are
several states among which mixing can occur.
For this reason, roe shaQ make some further
simplifications. %e shall assume 8 has a fixed
direction and a time dependence that is a square
pulse. %'e shall also assume that Stark mixing
occurs between only two states.

%e consider a simple system consisting of two
states. " The time-independent orthornormal wave
functions for these states, which are eigenfunc-
tions of a Hamiltonian Ho, are denoted by II, and

g,. These states have real energies E, and E,
that may or may not be equal. The wave function
for this system wQl be denoted by

I I I I
1 2 3 4
INTERATOMIC. SEPARATION

(Bohr Radii)

fI (t)y e lsgtA + f1 (t)y e J$2g/h (3.8)

%'e assume that the amplitudes B, and B, at t= 0
are

FIG. 1. (a) Morse potential for HeH+ ion. (b) Electric
field obtained by differentiating the Morse potential. fI,(o)=o, a,(o)=1, (3.9)

of the mesonic atom is fairly high. It is only
necessary that the c.m. scattering angle be suffi-
ciently large. However, IST shouM become rela-
tively probable only when the mesonic atom has
been slowed to an initial laboratory energy not
too much greater than E, . Some ca1culs, tions
that will be presented in Sec, IV indicate that this
condition probably;becomes fulfilled in the case
of certain low-lying states of the p and +r"
atoms. A transition is sure to be irreversible if
the initial laboratory kinetic energy is less than
a certain value E, ~—,',Sj IB practice IST shoQM
occur only as a result of collisions, not recoils.

3. Rough es~A.s

In what follows, we shall obtain some very
rough estimates of probabilities for Stark transi-

and we further assume that the subsequent be-
havior of the system is deterinined by the HamQ-
Coman

H =Ho+ B', (s.lo)

where H', which causes mixing between P, and P„
is a time-independent interaction with matrix
elements

Qr, IH'~ rP,&=M (3.11a)

&y, [H') y, &=&II, (H'( ~I,& =O. (S.1lb)

The time-dependent Schrodinger equation

(s.12)

for this simple system can be solved analytically.
The probability of the system being in the state
P, at time t is
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(a, (f)( = (M/e( ~ sin(f/~),

where

g[ ~M
~

2~ (Lgg)2]-z/a

QE-E E

(3.13)

If t»7, it may be convenient to speak of the aver-
age value of ~B,(t)~2, which is given by

(3.i6)

TABLE III. Rough estimates of Stark mixing due to the
sudden application of an electric field of strength g„
=25 x 108 V.jcm.

Depending on the relative values of M and &E,
the average mixing probability can be quite small
or as large as 50%%up.

Table III lists some values of (~8 ~'„)and t„/7'„,
where

g„=2.5 &&10"sec. (3.IV)

The quantity (~ &
~
„')is a very rough estimate of the

probability of a recoil transition. It was computed
using Eq. (3.16), with M replaced by M„.Imag-
inary parts of energy splittings were ignored. The
quantity 7'„was computed in a similar fashion
using Eq. (3.14). We note that inserting values
of the rms matrix element M„in Eqs. (3.14) and
(3.16) is a somewhat arbitrary procedure because
these two expressions were obtained using a model
with only two states. If the mesonic atom and a
He' ion initially have zero relative velocity and
are separated by a distance B,= 1.44m„ the quan-
tity „fedfi endin Eq. (3.17) is the length of time
required for the recoil to increase the interatomic
separation to &2R„atwhich point the perturbing
electric field has dropped to half its original val-
ue.

It is obvious from Table III that the relative
values of &E and M„cause the average mixing
probability, as defined by Eq. (3.16), to have a
wide range of values for low-lying states. Fur-
thermore, for given values of n and l, the value
of (~B~„')tends to be lower for pions than muons,
in some instances by a relatively large amount.
This should also be true of the rates for collision-
al Stark transitions. " We must emphasize, how-
ever, that the transition probabilities in Table III
should not be taken at face value, if only because
the values of f„/r„indicate that a time-averaged
mixing probability may not be entirely appropriate
in every instance. But even though the interpreta-
tion of the transition probabilities in TaMe III is
subject to some uncertainty because of the various
approximations that have been made, it seems
reasonable to argue that these probabilities, to-
gether with Eq. (3.16) and the relative values of
&E and M„in Table II, strongly suggest that re-
coil Stark transitions with increasingly larger
changes in / shouM become probable as n becomes
larger, since the transition matrix elements be-
come larger while the energy splittings become
smaller, thereby making possible dipole transi-
tions of increasingly higher order. In particular,
the transition probabilities in Table III suggest
that recoil transitions with relatively large
changes in / might very well occur in all levels
with n —4. In fact, it even seems entirely likely
that, with the axis of quantization paraDel to the
vector separation between the mesonic atom and
the He' ion, a recoil would result in a uniform
population of all states of a level with n ~ 4 that
have the same magnetic quantum number. This
means that recoils would cause the 4p states of the
o.'p to acquire between 13% and 31% of all n = 4
muons.

Atom Transition

4f7(2 —4ds/2
4ds(2 —4Ps/2
4ps(2 4sg (2
3ds/2 3Ps/2
3Ps/2 3~i(2
2ps(2 2si /2

Ga- Gf
Sf 5d
Gd Gp

5p Gs

4f-4d
4d 4p
4p ~4g
3d- 3P
3P~ 3s
2P~ 2g

0.50
0.49
0.44
0.39
0.14

3 x 10-s

0.50
0.50
0.50
0.32
0.50
0.46
0.08
0.17

5x10 s

8 x10-s

0.9
1.0
1.0
0.5
1.0
2.9

0.8
1.1
1.2
1.5
0.6
0.8
1.8
0.6
4.0

13+2

C. 3d ~ 3p pion transitions

We now assume that the large 3p pion population
implied by the high experimental value of p, is due
mostly to transitions from the 3d state rather than
the 4d state. Such transitions, if indeed they do
occur in the 0'm, would surely have to be Stark
transitions. We shall argue that the occurrence
of Sd-3P Stark transitions in the m, together
with the experimentally determined value of p„and
the observed intensities of the muonic and pionic
Xy lines, would imply the occurrence of MIF in
the n=4 level.

Our arguments wQl depend, among other things,
on two assumptions. One of these assumptions
is that most of the muons and pions that ultimate-
ly are responsible for either a Kn or a KP x ray
first pass through the n= 4 level. We believe that
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the seal reason why they pass through the n= 4
level is that MIF also occurs in the n= 5 level,
thereby causing deexcitation to proceed by mole-
cular Auger effect, which obeys the selection rule
&n= -1. The reason why we be1ieve this is that
it is difficult to imagine MIP not occurring in the
n = 5 level if it occurs in the n = 4 level, since our
estimated values of the atomic deexcitation rate,
I „"„',+ y„~,are hot very different for these two
levels. But if our argument that MIF occurs in
the n=4 level is to be logical, it is necessary that
it not depend crucially on the preceding explana-
tion of why Auger deexcitation occurs in the n= 5
level, since this would be essentially equivalent
to assuming what we are attempting to prove. For
this reason we note that the rates in Table I indi-
cate that collisional Auger effect, which also obeys
the selection rule &n= -1, should be more prob. -
able than x-ray emission for muons with n= 5 and
l ~ 2 and pions with n = 5 and l ~ 3. In fact, in most
of these instances it would appear to be much
more probable. We also note that it is found ex-
perimentally that the muonic and pionic K6 lines
are very faint in liquid helium, ' which means that
radiative transitions from the 5P state are unim-
portant in both the muon and the pion cascades.

These low K5 yields, together with the rates in
Table I, also indicate either that MIF occurs in
the 5p state or that the relative number of n= 5
mesons that undergo deexcitation to a lower prin-
cipal level from this state is considerably smaller
than the statistical weight of the state. (For future
reference, we note that if MIF occurs in the 5p
state of the p. , it should also occur in the 5s
state because the radiative rate is 15 times smal-
ler in the 5s state. ) It only remains to establish
that radiative transitions from the 5d state of the
o.'m and the 5s state of the np do not play major
roles in the cascades in these atoms.

Though there is no direct experimental evidence
regarding x rays from the 5d state of the O.r, the
anomalously high experimental value of p, strongly
suggests that such transitions are not of major
importance in the pion cascade, since radiative
transitions from the 5d state are 2.8 times more
likely to go to the 2p state than the 3p state. Fur-
thermore, the total radiative rate for 5d pions is
slightly less than the estimated rate given in Table
I for collisional Auger effect. If radiative transi-
tions from the 5s state of the & p, are to play a
major role in the muon cascade, not only must
this state have a population much greater than
statistical, it must also have an effective Auger
rate that is not substantially larger than the radia-
tive rate, which would probably be possible only
if MIF does not occur. Although we are unable to
prove conclusively that either of these conditions

is not fulfilled, we believe that the near absence
in botk the e p. and the m of radiative transitions
from the 5p state, which is statistically more
favored than the 5s state and which has a much
higher radiative rate, strongly indicates that
x-ray emission from the 5s state of the & p. should
be unimportant, either because very few muons
ever find their way to this state or because MIF
occurs, thereby causing deexcitation to proceed
by molecular Auger effect. It therefore seems
reasonable to assert that our assumption about
muons and pions passing through the n= 4 level is
not only correct but also does not depend crucially
on MIF occurring in that level.

Our second assumption is that p. and &r atoms
with n= 4, after undergoing recoils following Auger
deexcitation from the n= 5 level, but before under-
going collisions with nearby neutral helium atoms,
have P state relative populations somewhere be-
tween 13% and 31%. The rough estimates in Sec.
III B, which indicate that n = 4 recoil mixing is
highly probable in both the &p, and the nr, sup-
port this assumption.

For the moment, we shall make the additional
assumption that n = 4- 2 transitions are unimpor-
tant in the n p. . Later on, we shall relax this
particular requirement. For reasons outlined
below, we now assert that if n= 4- 2 transitions
do not occur in the o'. p, and if 3d- 3p Stark tran-
sitions are largely responsible for the high value
of p„the much lower value of p„cannot easily be
understood unless (i) MIF occurs in the n=4 level
of the np or (ii) IST occurs in the n= 3 level of
both the & p and the aw . (Later, we shall argue
further that the occurrence of IST in the n= 3
level, together with the observed Ky intensities,
would also imply that MIF occurs in the n= 4
level. ) The relative values of p„and p, indicate
that a much higher proportion of muons that pions
passes through the 2p state. Since the discussion
in Sec. III B indicates that I- 3P transitions
should, if anything, be more probable for muons
than pions, it would appear that the only transi-
tion from the n= 3 level that could account in a
consistent way for the relatively large 2p muon
population is the 3s-2P transition. But the 3s
state of the + p can become heavily populated
only by Auger transitions from the 4p state or by
Stark transitions from the 3P state. . The rates in
Table I indicate that 4P - 3s Auger transitions
could not compete with 4p- 1s radiative transi-
tions unless MIF occurs in the n=4 level, which
is what we are trying to establish. Therefore,
further consideration need be given only to the
implications of 3p- 3s Stark transitions in the

Because the 3s state has a low statistical
weight and a low radiative rate compared to other
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states of the n= 3 level, we assert that the only
way in which both the 3s state of the p, and the
3p state of the &~ could, by means of Stark transi-
tions, acquire the populations necessary to account
for the experimental values of p„and p, is by
IST.

If IST occurs in the n = 3 level of both the o' p.

and the &m, there are reasons why it surely must
also occur in both of these atoms in the n= 4 level.
First of all, some calculations that will be pre-
sented in Sec. IV indicate that if recoiling mesonic
atoms with n= 3 are slowed quickly enough to
velocities at which Stark transitions are likely to
be irreversible, the same should be true of atoms
with n= 4. Furthermore, the radiative and colli-
sional Auger rates in Table I and the energy split-
tings and matrix elements in Table II indicate
that if 3p muons. and 3d pions are likely to undergo
Stark transitions, the same should be true of
muons with n= 4 and l ~ 1 and pions with n= 4 and
I~ 2. But if, as we have assumed, between 18%
and 81% of all mesonic atoms with n= 4 are in the

4p state before they begin to undergo collisions
with ordinary helium atoms, and if IST is highly
probable in the n = 4 level, it would seem that both
the muon and the pion 4p states —or, if not both,
then at least one or the other —should then acquire
a much higher population. However, the Ky line,
which accounts for 84% of all radiative transitions
from the 4p state, is observed to have a relatively
low intensity for both & p, and &~ atoms. The
measured KZ/(Ko. '+Kp+KZ) intensity ratio is 0.07
for muons and 0.16 for pions. ' By way of compari-
son, we note that if mesons are assumed to be
distributed statistically in the n= 4 level, and if
only radiation and strong interactions are assumed
to be important in the subsequent cascade, this
ratio is 0.16 for muons and, depending on the
relative rates for nuclear absorption and radia-
tion in p states, between 0.15 and 0.18 for pions.
The occurrence of IST in the n= 3 level wouM not
greatly affect these numbers. And -the occurrence
of some sort of Auger process in the 3p state
and/or the 4d state would only tend to increase
these numbers. Therefore, since the 4P collision-
al Auger rates in Table I are an order of magni-
tude or more smaller than. the radiative rates,
the observed Ky yields would appear to be incon-
sistent with the occurrence of IST in thy n= 3 level
unless MIF occurs in the 4p state, thereby per-
mitting 4p muons and pions to proceed to the 3s
state at rates comparable to or somewhat larger
than the 4p - 1s radiative rates. Finally, it is
worth noting that the preceding arguments depend
on the assumption, made earlier on, that prac-
tically all muons and pions that ultimately contri-
bute to the Ke or the KP intensities first pass

through the n= 4 level.
We shall now relax our requirement that n= 4- 2 transitions be unimportant in the p. . In

other words, we shall consider the possibility
that the comparatively high number of.muons
passing through the 2p state might come largely
by radiative transitions from the 4s or the 4d
state. If they come from the 4s state, which has
a low statistical weight and a low radiative rate
compared to other states of the n= 4 level, the
occurrence of IST in the n=4 level would be
strongly implied because it would be very diffi-
cult to account otherwise for a high 4s population.
And for reasons outlined above, the occurrence
of a substantial amount of IST in the n= 4 level
would in turn strongly imply the occurrence of
MIF if the experimentally observed muonic and
pionic Ky intensities are to be understood. How-
ever, the occurrence of MIF in the n=4 level
would certainly not be implied if the relatively
large 2p muon population is due largely to transi-
tions from the 4d state. But the relative values
of the radiative and collisional Auger rates in
Table I indicate that such transitions would be
even more probable for pions than muons, which
would make it very awkward to account in a con-
sistent way for the fact that p, is found experi-
mentally to be much higher than p„.Since Stark
mixing, including IST, is most unlikely to be less
probable for muons than pions, we can think of no
reason why pions should be much less likely than
muons to be in the 4d state. It would therefore
appear that 4d-2p transitioris are unlikely to be
of crucial importance in the n p, .

IV. SLOKING OF MESONIC ATOMS

It was suggested in Sec. III that IST might occur
in both the & p, and the &m-. As noted in Sec. III B,
a necessary condition for IST to be relatively
probable is that the laboratory kinetic energy of
the mesonic atom not be too much greater than
2

~

&E), where
~

&E
~

is the energy difference be-
tween the two states involved. However, in most
instances the atomic deexeitation process preced-
ing a collisional Stark transition should be some
sort of Auger transition that is followed immedi~
ately by a recoil during which the mesonic atom
acquires a laboratory kinetic energy much greater
than 2~DE~. Therefore, if 1ST is to be at all like-
ly, the mesonic atom must be moderated to suffi-
ciently low energies before it has much oppor-
tunity to undergo radiative deexcitation, collision-
al Auger deexcitation, or MIF. Rates for radia-
tive and Auger deexeitation were estimated in Sec.
II. But we have not attempted to compute the rate
at which molecules are formed. Instead, we shall
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assume somewhat arbitrarily that MIF is unlikely
to occur, except at energies rather lower than
2~ &E ~. Some brief rema, rks concerning the MIF
rate will be made in Sec. VI. In what follows, we
shall assume that for a given initial state, IST
might be likely to occur only if the mesonic atom
is slowed to a sufficiently low energy in a time
rather less than

(4.1)

where y„~and 1"„"„',are the rates for radiation and
collisional Auger effect given in Table I. In order
to establish conclusively that this condition is ful-
filled, it would be necessary to know the differen-
tial cross sections for scattering of & p, and &w

atoms by helium atoms at all laboratory energies
less than, say, 20 eV. We have not attempted to
compute these cross sections. Instead, we shall
demonstrate that if these cross sections have
what we assert are reasonable values, & p. and

atoms should indeed be slowed quickly enough
to velocities favorable for IST in the n = 3 and the
n= 4 levels.

A Monte Carlo method was employed. to simu-
late the moderation of recoiling mesonic atoms in
liquid helium. Several very similar calculations '

were performed. The purpose of each calculation
was to determine the time dependence. of the rela-
tive population of mesonic atoms with laboratory
kinetic energies less than a suitably chosen value
comparable to one of the n= 3 or n= 4 splittings.
A large population of mesonic atoms was employed
in each calculation, and it was assumed that each
of these atoms has the same initial laboratory
kinetic energy at time t=0. This initiaI energy
will be denoted by E,. The subsequent slowing
of the mesonic atoms was assumed to be caused
by purely elastic collisions with helium atoms,
which were each assumed to have zero initial
laboratory kinetic energy. We note that because
Stark transitions may occur during actual colli-
sions and because such transitions result in a
change in the energy of relative motion, the as-
sumption that the scattering is purely elastic is
not entirely justified, particularly at relatively
low energies. Two other simplifying assumptions
were also made: The scattering was assumed to
be isotropic in the c.m. system; and the total
scattering cross section, which will be denoted
by 0, was assumed not to depend on the energy
of relative motion. These last two assumptions,
though not very realistic, provide a convenient
starting point for further discussion.

Although our simulation of the slowing of a
mesonic atom did not take into account the change
in the c.m. kinetic energy that must accompany a
Stark transition, such a change should be taken

into account in determining whether or not a
particular Stark transition occurring at a given
energy is likely to be irreversible. If the rela-
tively small mass difference between the mesonic
atom and a helium atom is neglected, the follow-
ing two remarks hold for collisional Stark transi-
tions to a state with lower energy. (i) If the in-
elastic scattering associated with a Stark transi-
tion is isotropic in the c.m. system, there is at
least a 50% probability that the transition will be
irreversible if the laboratory kinetic energy of the
mesonic atom before the collision satisfies the
condition E 3~ &E—I. (ii) If the laboratory kinetic
energy of the mesonic atom before the collision
satisfies the condition E» —', ~

&E~, there is a 100%
probability that the transition will be irreversible,
even if the inelastic scattering in the c.m. sys-
tem is not isotropic. Accordingly, the Monte
Carlo calculations determined, for given values
of E„o,and

~
&E~, the time dependence of the

relative populations of mesonic atoms satisfying
the conditions

E 3[~ED, (4.2a)

(4.2b)

Some numerical results are shown in Fig. 2 for
& p" and «atoms with n= 3 or n= 4. Each curve
is a best fit to the results of a Monte Carlo calcu-
lation. Each of the curves is associated with a
particular Stark transition and is labeled by the
initial state. In each instance the final state,
which is lower in energy than the initial state,
has orbital and total angular momenta l' and j'
that are related to those of the initial state by
l'= / —1 and j'=j —1. Each curve shows the time
dependence of the relative population of mesonic
atoms with laboratory kinetic energy E» 3~ &E ~.
The unit of time for each curve is the value of
7', for the initial state. In each instance the scat-
tering cross section is assumed to be o = ma'„and
the laboratory kinetic energy of each mesonic
atom at time t= 0 is assumed to be E,=0.7 Ry
= 9.5 eV. This value of E, is approximately the
recoil energy acquired by the mesonic atom if, at
the moment the recoil begins, the internuclear
separation is equal to the equilibrium separation
in the HeH' molecular ion. All of the curves in
Fig. 2 have a rather similar appearance, which
indicates that most atoms with n= 4 should be
slowed quickly enough if the same is true of atoms
with n=3, and vice versa. Furthermore, if the
asssumptions that have been made about the dif-
ferential scattering cross section were realistic,
these results would indicate that the mesonic
atoms should indeed be slowed quickly enough to
permit the occurrence of IST.
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FIG. 2. Slowing of np and nw atoms with s =3 or s =4 to energies ~ 3(B,EI.

The extent to which a particular curve in Fig.
2 would change if the assumed value of E, is
varied should depend on the values of

~
&E~ and

Among the transitions considered in Fig. 2,
there is a tendency for the value of &, to decrease
with increasing

~

&E~, which accounts for the
generally similar appearance of all the curves,
despite the rather wide range of values of

~
/LE I.

The 4f-4d transition of the &II has nearly the
smallest value of I&EI, while the 3d-3P transi-

tion of the o.m has nearly the largest. The extent
to which our results depend on the assumed value
of E, was investigated for these two transitions.
As before, it was assumed in each instance that
o = mao2. It was found for both transitions that as-
suming that E, = 0.5 Ry or E, = 1.0 Ry results in
a curve that scarcely differs from the one obtained
assuming that E& = O.V Ry. We therefore conclude
that none of the curves in Fig. 2 is likely to be
changed significantly by reasonable variations in
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not calculated the cross sections for scattering
of n p, and er. atoms by helium atoms, we are
unable to state conclusively that this condition is
satisfied. But there are some calculations of the
scattering of protons and Li', ions by helium atoms
that would seem to indicate that this condition is
satisfied. '~'" These calculations, though con-
cerned largely with scattering at fairly small
angles, suggest that (-,'ao) sr is probably a con-
servative underestimate of the actual differential
cross section for scattering of a positively charged
mesonic atom with E& 20 eV. For this reason,
we believe there is little reason to pursue the
matter further.
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PIG. 3. slowing of 4f and 3d 0.7t atoms to energies

the assumed value of E,.
The curves in Fig. 2 shaw only relative popula-

tions with laboratory energy E~3~&E~. Figure
3 shows relative populations with E~',

~
&E~. The

curves in Fig. 3 pertain to the 4f-4d and Sd- Sp
transitions of the +m . As in Fig. 2, these results
were obtained assuming that o = ma', and E,= 0.7 Ry.
These results indicate that the additional amaunt
of time required to slow the mesonic atom from
an energy at which a Stark transition is only fairly
likely to be irreversible to an energy at which it
is certain to be irreversible is generally rather
smaller than w, .

It only remains to discuss the assumptions,
made in obtaining each of the curves in Fig. 2,
that the scattering is isotropic in the c.m. sys-
tem and that the total scattering cross section is
independent of energy and given by o = ma~. We
first note that if the scattering is independent of
angle and energy, the time scale for the slowing
of the mesonic atoms varies inversely with o. We
further note that any increase in the assumed
value of the differential cross section at any angle
and at any energy would tend to decrease the esti-
mate of the time required to slow an atom to a
very low energy. Therefore, since the results
given in Fig. 2 indicate that the mesonic atoms are
slowed quickly enough if o = wa'„ it would suffice
to show that the actual differential cross section
is at least as large as (—,'aQ sr at all angles and at
all energies belaw, say, 20 eV. Because we have

V. KAONIC X RAYS

Any interpretation of muonic and pionic x-ray
data must be compatible with kaonic x-ray data.
If IST and MIF occur in & p, and +r atoms, it
seems possible that these effects might also occur
in the &K . The mo'st thorough experimental in-
vestigation of kaonic x rays in liquid helium is that
of Wiegand and Pehl. ' In agreement with the P-
state nuclear absorption rates derived by Mazur
et al.' from scattering data, no K-series lines
were observed in this experiment. The absolute
intensities of the L&, I P, and Ly lines were
found to be 0.092, 0.052, '

and 0.024, respectively,
with a relative error -20%%uo in each instance. Ab-
solute intensities as such are probably not rele-
vant to the present discussion because the possi-
bility of nuclear absorption in high s states due
to Stark mixing cannot be ruled out. ' Consequent-
ly, we shall only concern ourselves with the LP/
L& and Ly /L~ intensity ratios. We shall argue
that these intensity ratios are entirely compatible
with the occurence of IST and MIF in the +K .

The experimental intensity ratios are given in
Table IV, where they are denoted by I~~/I~ and
I»/Iz,„.Table IV also lists calculated intensity
ratios obtained assuming that the kaons first have
a statistical distribution in some level with princi-
pal quantum number n, and then, in the subsequent
cascade, are subject only to radiative transitions
and nuclear absorption. Nuclear absorption was
assumed to take place only in s and p states.
Radiative transitions originating in s states were,
of course, neglected. The n dependence of the P-
state nuclear absorption rate is n '(l -n '). lt
was assumed that the 2p nuclear rate is 5 & 10"
sec ', which is not too much less than the two
possible values determined in Ref. 26. The 2p
nuclear rate can be varied by a factor of 10 with-
out causing the calculated intensity ratios to
change significantly.

The kaon data are incompatible with a statistical



J ~ E ~ RUSSELL 18

TABLE IV. Intensities of the kaonic I.p and L,y lines
relative to that of the I.e line.

Method of
determination

VI. DISCUSSION

Although we have concluded that MIF probably
occurs in the n= 4 level, we have had little to say
thus far about its rate. In order to obtain a fairly
reliable estimate of a rate for the reaction

He+ He+ mesonic atom -He+ molecular ion,

Experiment
Calculation" Sf

5
6
7

0.57

0.14
0.12
0.10

0.26

0.24
0.04
0.03

C. E. Wiegand and R. H. Pehl, Phys. Rev. Lett. 27,
1410 (1971).

"The kaons are assumed to be initaDy distributed
statistically among the states with principal quantum
number n~. Only radiation and nuclear absorption occur
in the subsequent cascade. Only nuclear absorption is
possible in s states. The 2p nuclear rate is 5 && 10~ sec

initial distribution followed by a cascade in which
only radiation and nuclear absorption are possible.
The relatively large experimental value of the
LP/L+ intensity ratio calls to mind the relatively
large value of the pionic KP/Kct ratio. Just as the
pion ratio indicates that the 3p state of the am

has acquired a relatively high population, the
kaon ratio suggests that there is some mechanism
causing the 4d state of the &K to acquire a rela-
tively high population. The LP/L& ratio is there-
fore entirely compatible with the occurrence of
IST in the eE . We also note that there should be
little effect on this intensity ratio if nE atoms
undergo MIF, because the molecular Auger rate
in Table I for the 4d state is -7 times smaller than
the radiative rate.

If IST somehow causes the 4d state of the &K
to acquire a largk population, it seems reasonable
to suppose that it might also cause the 5d state to
acquire a large population, possibly even larger
than that of the 4d state. But the experimental
Lp/Le ratio is not nearly as large as the LP/L&
ratio, even though the 5d- 2p transition accounts
for almost as large a fraction (66%) of the radia-
tive transitions from the 5d state as does the
4d- 2p transition (75%) from the 4d state. This
could be accounted for by the deexcitation rates
in Table I, which indicate that the 5d-2p radia-
tive transition; unlike the 4d 2p transition, may
face serious competition from a molecular Auger .

transition. We therefore conclude that the Ly/
Ln ratio is entirely compatible with the occur-
rence of both IST and MIF in the X .

it appears necessary to consider a large number
of reacting atoms initially in, a state of thermal
equilibrium. " %e have not attempted such a cal-
culation because we are unconvinced that the me-
sonic atom has already been slowed to thermal
velocities when this reaction takes place in liquid
helium. However, we note that when MIF occurs
in liquid in the n= 4 level, it should occur at a
rate greater than, say, 3~ 10" sec ' because the
deexcitation rates in Table I indicate that radiation
or collisional Auger effect would otherwise occur
instead. But we further note that this approximate
lower limit need apply only to atoms that have
been slowed to velocities that are relatively low,
though not necessarily thermal. In other words,
it is entirely conceivable that the MIF rate might
be substantially smaller at higher energies. An
MIF rate that decreases with increasing kinetic
energy of the mesonic atom would be entirely
compatible with some estimates of the tempera-
ture dependence of atomic recombination rates."

Our inability to arrive at a single, well estab-
lished explanation of the Kp/Ko. intensity ratios is
due to our inability to obtain accurate estimates
of the rates for Stark transitions and MIF. But
whatever these rates are, they should depend on
the density of the helium. In liquid, the density
dependence of either of these rates might be com-
plicated because of many-body effects; but in a
dilute gas, and for given values, of the temperature
of the helium and the kinetic energy of the mesonic
atom, the rate for a Stark transition should vary
linearly with the density because only binary col-
lisions should be important, while the rate for
MIF should vary quadratically because ternary
collisions should be required. In view of this,
it would be desirable to have measurements of the
pionic KP/Kn intensity ratio in gaseous helium.
X-ray measurments have already been made for
muons in gas, ' but such an experiment has not, to
our knowledge, been performed with pions. A
determination of the pressure dependence of the
pion ratio would be especially interesting, particu-
larly if very high. pressures could be employed,
as they have been in some muonic x-ray experi-
ments. ""However, even a single measurement
at a relatively low pressure would be useful be-
cause it is difficult to believe that MIF in the n=4
level couM compete with radiative transitions in
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gas at, say, 8 atm, where the density is -100
times smaller than in liquid. Furthermore, 3d

3p Stark transitions should also be less probable
at such a pressure. Therefore, if the arguments
in Sec. IG are correct, it seems most unlikely
that the pionic KP/Xa intensity ratio would be
nearly as high in a relatively low-pressure gas as
it is in liquid.
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