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Bethe cross sections for the excitation of Na-like ions to the 3?P,,, 3P;;,, 4%P,,,, and 4P, states from
the ground state are computed from the relativistic Hartree-Fock wave functions. As the nuclear charge is
increased, excitation cross sections to the 2Py, states are affected far more by relativistic effects than those
to the %Py, states. The asymptotic ionization cross sections for the meutral Na atom and Fe!S* ion are
computed from a sum rule, i.e., by subtracting the sum of discrete excitation cross sections from the total
inelastic-scattering cross section obtained from the sum rule. The ionization cross sections thus obtained are

Tim(Na) = 87%Q2.51{In[B/(1-8Y)] — B*}+ 263) X 1072 cm?’,
Tioa(Fe*) = 87%0.209 {In[8%/(1—B%)] — B} + 1.64) X 102 cm?,

where B is the incident electron or proton speed divided by that of light. The cross section for Na is in

agreement with that calculated by McGuire, but not with the electron-impact experiment by McFarland and

Kinney. The ionization cross section for Fe's* is a factor of 2 to 3 larger than the Coulomb-Born results by
Rudge and Schwartz and by Bely in the asymptotic region.

I. INTRODUCTION

Cross sections for discrete excitations and
ionization by electron impact of highly stripped
ions are of great interest in the diagnosis of hot
plasma, as well as in estimating the energy loss
in fusion devices through impurity ions.! To study
systematic trends of such cross sections along aniso-
_electronic sequence, we calculated the Bethe
cross sections for the resonance transitions of
Na-like ions. It is well known that the Coulomb
attraction of an ion produces a threshold behavior
entirely different from that predicted by the plane-
wave Born approximation (PWBA); for a given
energy transfer, the cross section based on the
Coulomb-Born approximation (CBA) starts at a
finite value, whereas the PWBA cross section
starts at zero.? In spite of this defect of the PWBA
at the threshold, the CBA cross sections merge
into the PWBA cross sections at high incident
energies. Since the Bethe approximation em-
bodies correct high-energy behavior of the PWBA, ®
the Bethe cross sections serve as the asymptotic
limit for the CBA cross sections. In the CBA,
many partial waves are needed as incident energy
is increased. On the contrary, the Bethe cross
section is simple to evaluate, and becomes very
reliable for high incident energies. Since the -
Bethe cross section for a given transition is ex-
pressed in terms of one or two parameters for
arbitrary (but high) incident energies, it is well
suited for use in various modeling studies, such
as the one for power loss by impurities in Toka-
mak devices.? Furthermore, since the Bethe
cross section for an incident electron is the same
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as that for a proton of the same speed, the Bethe
parameters presented here can also be used for
fast protons.

A sum rule exists for the Bethe cross sections, 35
and reliable ionization cross sections can be ob-
tained by subtracting the sum of discrete excita-
tion cross sections from the total inelastic-scat-
tering cross section calculated by the sum rule.®
We calculated additional Bethe cross sections for
excitations of the neutral Na and the Fe'S* ion to
higher discrete states and evaluated the ionization
cross sections by the sum-rule method, which
avoids direct computation of continuum wave func-
tions—a common source of numerical difficulty

‘as incident energy increases. Many papers have

been published on the ionization cross section for
Na, both experimental and theoretical,”™* but
agreement among them is poor. Our result clear-
ly supports one of the theoretical results.

Relevant formulas and notations are introduced
in Sec. II, and the Bethe cross sections for the
resonance transitions are presented in Sec. IIIL
The ionization cross sections are discussed in
Sec. IV, and our results are compared with availa-
ble theoretical and experimental data in Sec. V.

II. THEORY

In the Born approximation, the generalized os-
cillator strength (GOS) plays a central role. For
the excitation of an atom from its ground state
[0) to an excited state |n) by a fast electron of
speed v, the GOS is defined as®

_E, [(]5, %0
fn(K)“ R (jKao)a ‘ ’ (1)
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where K7 is the momentum transfer, E, is the
excitation energy, T; is the position vector of

the jth electron in the ion, a, is the Bohr radius,
and R is the Rydberg energy. The integrated Born

cross section of is given by
4ra2 R [ max"o"“
B _
Op = T/R E (I{)dln(Kao) (2)

0

where T=§m1)2, With m being the mass of the elec-
tron, and where K, and K, are the limits of

the momentum transfer determined from the kine-
matics. The limits are given by

(K min@,)* ~ E3/4TR = Qmin (3a)
and
(Kmm(ao)2 ~4TM?/Rm? = Qax.» (3b)

where M is the mass of the incident particle.

The Bethe cross section o, is the leading part
of an asymptotic expansion of 0 2. It is given in
terms of two parameters A, and B, as®'®

0, = 4T"7R[A1()B] @

The Bethe approximation prescribes a definite
procedure to find a cutoff parameter @, between
@min and Q.. such that the integral in Eq. (2) can
be approximated by the area of a rectangle of
height A, and width 1n(Q,/@,)-2*° Both A, and
@, depend on the GOS only. In fact, A, is given by

(s o

where the optical oscillator strength f, is obtained
from the GOS in the limit K~ 0. The second Bethe
parameter in Eq. (4) is given by

" B,=A,In(4QR%/E2) , , (6)

2

A,=faR/E,=

where B, depends on the excitation energy E,, as
well as on the shape of the GOS through @, Note
that, for dipole-forbidden transitions, A, vanishes

because f, =0; in that case, B, is given by®
K)
B =f f’l( 2
n £ /R ¢InEao)’. (M

The Bethe cross sections can be summed over
for all excitations (including ionization) to produce
the total cross section for inelastic scattering®
in the same form as Eq. (4)

%= 3 0= ;—";’;[Atotl (%)= (®)

(Hereafter, we use 2 m to denote the sum over both
discrete and continuum states.) The constants

A, and B, are calculated from the ground-state
wave function and moments of the dipole-oscillator
strength distribution. The first constant is given

5

R 2
toTi g 0| %)

The second constant is

by

o>/3af, , @)

Big=—2L(-1)+1,-I,+A 14, (10)
where
L( 1>-;(En tn(Z2), an

and I, and I, are integrals defined in terms of the
ground-state wave function. Explicit formulas for
I, and I, are given in Ref. 5. The moment L(-1),
however, cannot be evaluated from the ground-
state wave function alone; one must deduce it from
either experimental or theoretical f values, in-
cluding those for the continuum transitions.

After the Bethe parameters for discrete transi-
tions are calculated for lower members of a
Rydberg series, one can extrapolate them to
higher members of the series by scaling accord-
ing to quantum defects.'® Then, one can sum o,
for all discrete transitions below the first ioniza-
tion threshold

of" = dige:te On s ‘ (12)
and obtain the ionization cross section o, by
subtraction

Oion = Ttot = Tex (13)

ion

The ionization cross section obtained through Eq.
(13) includes all inner-shell excitations that even-
tually produce ions.

For very fast incident electrons (T >5 keV),
relativistic forms of Eqs. (4) and (8) should be
used!®

)
g, = ~—B§——3A,, [In @) 62] +Cu(, 14
and
2,2 2
otot=éz%zog—yAtot[1n<1[_3.32)—ﬁ2]+ctoti’ (15)

where a is the fine-structure constant, B=v/c
with the speed of light ¢, and for both C, and C,,,

C=B-2AIna. (16)

III. BETHE CROSS SECTIONS FOR THE Na SEQUENCE

We calculated A, and B, for excitations to the
3P, /5,32 and 4°P, s, , , states from the ground
state 328”2 for selected members of the Na iso-
electronic sequence from the relativistic Hartree-
Fock (HF) wave functions. Since there is only
one valence electron in Na-like ions, the HF
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TABLE I. Bethe parameters for the 32S—32P, 42P transitions of Na-like ions.

Ion z n E, (Ry) A, B, Ton z 7 E,(Ry) Ap B,

Na 11 3%P;;, 1.434(-1)% 2.26 6.03 Kr?* 36 3%y, 4.179 2.07(-2)  1.76(-2)
32Py, 1.435(-1)  4.5% 1.20(+1) 3Py, 5.126 4.21(=2)  1.82(=2)
42p,;, 2.637(-1)  1.65(-2)  2.07(-1) ' 4%p ;, 4.264(+1)  2.33(=3) =-1.16(-2)
4%Py, 2.637(-1)  3.36(-2)  4.15(-1) 42py, 4.301(+1)  4.10(=3) —2.05(-2)

Mgt 12 3%Py, 3.153(-1) 1.01 2.08 Mo’ 42 3P, 5.221 1.40(=2)  1.11(-2)
32py/, 8.161(-1)  2.01 4.15 32Py, 17.183 2.86(-2)  3.97(-3)
42p,, 17.168(-1) . 1.41(-4)  4.75(~2) 42P;;, 6.260(+1)  1.73(=3) —9.21(-3)
4Py, T.171(-1)  2.23(-4)  9.60(-2) 4%py/, 6.336(+1)  2.91(=3) -1.57(-2)

Al* 13 3%P;;, 4.811(-1) 6.09(-1)  1.08 Xe'* 54 3Py, 17.495 7.47(-3)  5.10(~=3)
32py, 4.832(-1) 1.22 2.15 32Py/, 1.381(+1) 1.56(=2) =8.77(~3)
4%p;;, 1.288 3.03(=3)  1.24(-2) 42P, 1.149(+2)  1.04(-3) —6.15(-3)
4%Py, 1.289 5.74(-3)  2.59(—2) 42Py, 1.174(+2)  1.55(-3) —9.32(=3)

Pt 15 32P;;, 8.038(-1)  3.07(-1)  4.50(-1) ws* 74 3%P, 1.215(+1)  3.36(~3)  1.67(-3)
32P;, 8.110(-1)  6.15(=1)  8.89(-1) 3%Py, 3.960(+1)  7.30(=3) ~—1.40(~2)
42p,, 2,749 6.42(=3) -1.14(-2) 4Py, 2.443(+2)  5.31(-4) =—3.51(=3)
4%py, 2.752 1.23(=2) =2.13(-2) 4%P;;, 2.555(+2)  5.74(—4) —3.92(-3)

Ac™ 18 3%py, 1.278 1.54(-1)  1.90(=1) Au®® 79 3%Py, 1.356(+1)  2.83(=3)  1.27(-3)
3%Py/y  1.302 3.08(-1)  3.69(-1) : 3Py, 5.104(+1)  6.22(=3) =—1.41(=2)
42py;, 5.702 6.75(=3) —1.99(-2) _ 42Py/; 2.864(+2)  4.58(-4) —3.10(-3)
42py, 5.711 1.29(-2) —3.81(-2) , 4Py, 3.018(+2)  4.42(-4) —3.10(-3)

Fel®* 26 3%P;/, 2.540 4.94(-2)  4.89(-2) Th™ 90 3%Py;, 1.703(+1)  1.97(=3)  6.70(~4)
32Py, 2,730 9.95(-2)  8.37(-2) 3%Py, 8.795(+1)  4.46(—3) —1.35(—2)
4%Py;, 1.800(+1)  4.20(=3) =—1.74(-2) . 4%P/; 3.961(+2)  3.38(—4) —2.39(-3)
4%Py/, 1.808(+1)  7.82(-3) —3.25(=2) 42p,/, 4.252(+2)  2.35(—4) —1.73(=3)

2 Numbers in parentheses denote powers of ten, e.g., 1.434(—1)=1.434%x 10" 1.

model is expected to work well. Conclusions should scale according to the nuclear charge or
drawn from our work on cross sections are un- the screened charge ¢=Z - 10. In fact, Rudge and
likely to be affected by uncertainties in wave func- Schwartz!® scale ionization cross sections by the
tions. : square of ionization potentials. To select a suita-
The Bethe parameters and excitation energies ble scaling variable, we multiplied A, by Z2, £%, E,,
are presented in Table I. In Figs. 1-3, we com- and E} for the 4°P, , transition.
pare the Bethe parameters computed from the The scaled results are presented in Fig. 4, The
relativistic and nonrelativistic Hartree-Fock wave reduction of the relativistic A, for high Z in Figs.
functions for the 3°P, ,,, 3°P, ,,, and 4°P, , tran- 4(a)-4(c) is caused by the decrease of the transition
sitions, respectively. The Bethe parameters were matrix element [(n|T|0)[* as Z increases. Figures
scaled by Z2, where Z is the nuclear charge. We 1-3 and the nonrelativistic result in Fig. 4(a)
find that both Z2A, and Z 2B, become more or less clearly demonstrate that the Z2 scaling is pre-
constant for Z >30. ferred. The relativistic and nonrelativistic values
The definition of A, [Eq. (5)] suggests that it of Z*B, for the 4°P, , transition also show a wide
scales as Z72 in the hydrogenic case, but, for the disagreement (Fig. 5). The differences in the

Na sequence, it is not at all clear whether A, relativistic and nonrelativistic values of B, for the
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FIG. 1. The Bethe parameters for the 3P, , excita-
tion of Na-like ions as functions of nuclear charge Z.
The solid curves marked R represent values calculated
from the relativistic Hartree-Fock wave functions, and
the broken curves marked NR those from the nonrela-
tivistic Hartree-Fock wave functions. See Eqs. (4)—(7)
for definitions of A, and B,,.
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“FIG. 2.. The Bethe parameters for the 32P, /2 excita-
tion of Na-like ions. See Fig. 1 for legends.
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FIG. 3. The Bethe parameters for the 4 %P, /2 excita-
tion of Na-like ions. See Fig. 1 for legends. The sharp
dip in (a) at Z =12 comes from the Cooper minimum in
f value.

3 2P,,/2 and 42P3/2 transitions arise for different
reasons. As is illustrated in Figs. 6 and 7, the
integrated Born cross section 0',‘,’ is given (aside
from a trivial constant) by the area bounded by
the f,(K)/E, curve and appropriate limits of the
momentum transfer [see Eq. (2)]. The lower limit
Q. is a function of the incident energy and the
excitation energy; but the upper limit @, for fast
incident particles can be replaced by infinity with-
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FIG. 4. Scaling of the Bethe parameter A, for the
4%py,, excitation of Na-like ions. The screened charge
¢ is defined as ¢{=Z —10, and E, /R is the excitation
energy in Ry. See Fig. 1 for other legends. The sim-
ilarity between plots (b) and (c) results from the approxi-
mate scaling of E, as ¢£2. The dip in (a) at Z=12 comes
from the Cooper minimum in f value.
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FIG. 5. The Bethe paranieter B, for the 4%P;,, excita-
tion of Na-like ions. See Fig. 1 for legends.

out loss of numerical accuracy [see Eq. (4)].8

For the 3P, ), transition, a large change in E,
from relativistic effects is directly responsible
for a large change in @ ; and, hence, in B,; this
change is represented by the area B in Fig. 6. For
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FIG. 6. The generalized oscillator strength (GOS) for
the 32P,/ , excitation of Mo%!* as a function of momen-
tum transfer K in a.u. The GOS is divided by the excita-
tion energy (E, in Ry) so that the areas bound by solid

and broken lines are proportional to the Born cross

sections (¢ B).for the excitation by a 500-eV incident
electron. Area A represents the change in o Z by rela-

tivistic contraction of the Mo

31+

orbitals, and area B

the change in ¢ & due to the shift in the lower limit of

K resulting from the relativistic increase of E,,.

the 4°P, , transition, the matrix element

[4p|T]3s)] in Eq. (5) is reduced by relativistic
effects resulting in a lower height of the relativis-
tic curve in Fig. 7; the relativistic change in B,

TABLE II. Bethe parameters for the allowed transitions of Na,

n E, (Ry) An Bn fn
(a) Transitions to then *P, states

5 3.065(—1)2 2.10(=3) 5.32(-2) 6.44(-4)
6 3.268(-1) 5.97(-4) 2.23(-2) 1.95(—4)
7 3.380(-1) 2.47(-4) 1.17(-2) 8.34(~5)
n =8, Eq. (17)
a 3.89(-2) 2.18 1.20(-2)
b -3.12(-1) 1.46(+1) 2.94(-2)
c 3.88(+1) 2.37(+2) 9.73
Quantum defect 6=0.8384

Sum =3 2.28 6.35 0.334

(b) Transitions to then %Py, states

5 3.065(-1) 4.31(=3) 1.07(=1) 1.32(-3)
6 3.268(-1) 1.23(-3) 4.49(-2) 4.04(-4)
7 3.380(-1) 5.12(-4) 2.35(-2) 1.73(-4)
n=8, Eq. (17)

a 8.08(=2) 4.39 2.49(-2)
b —5.92(-1) 2.93(+1) 7.23(-2)
c 7.87(+1) 4.77(+2) 1.97(+1)
Quantum defect 6=0.8384

Sum =3 4.57 12.68 0.669

2Numbers in parentheses denote powers of ten.
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xl0™4 TABLE III. Bethe parameters for the forbidden tran-
30 T T T T T T sitions of Na,

—— NONRELATIVISTIC n ‘ E. (R B
25 ( -—— RELATIVISTIC » (By) "
20 A (a) Transitions to the 725, states (4,=0)
o 4 2.240(~1) ® 6.50(—1)
3 15 — 5 2.902(~1) 1.29(-1)
& 6 3.186(~1) 4.94(-2)
10k _ 7 3.333(=1) 2.46(=2)
n=8, Eq. (17)
sl | a 3.66
b 1.94(+1)
c 2.40(+2)
0 5 . L 3 Quantum defect 6=1,324
10 10 Sum 7=4 9.04(—1)

(Kag)?

FIG. 7. The generalized oscillator strength for the
4%py, excitation of Mo®!* . The areas bound by the
curves are proportional to the Born cross section for a
5-keV incident electron. See Fig. 6 for other legends.

comes mostly from area A in Fig. 7.

To compute 0y, by the sum rule [Eq. (13)], we
evaluated the Bethe parameters for additional ex-
citations for the neutral Na and Fe!** ion. To
extrapolate the Bethe parameters for higher mem-
bers of a Rydberg series, we used a three-term
formula

Ap=a@*) 2 +0@m*) P +c AT, am

where n*=n — 0 is the effective quantum number,
and 6 is the quantum defect. To be consistent with
other theoretical data for the cross sections, we
have also used theoretical term values to deter-
mine 8. Our values for the %S and 2P series in

Na (6,=1.32 and 5,=0.84) are in excellent agree-
ment with those obtained from experimental energy
levels (86,=1.35 and ,=0.85). The agreement be-
tween the theoretical and experimental 8 for 2D
and higher series is poor, butthedifference hardly
affects the sum of the cross sections because 6
forthese series is small (<0.02). Another form-
ula of the same form as Eq. (17) was used for B,.
The additional Bethe parameters of Na are listed
in Tables II and III. '

As expected, for Na, spin-orbit splitting introduces
abarely noticeable departure from the statistical
ratio only in the 2P series (Table II). For this
reason, we only present sums of j = [+ 3 series
for a given [ in Table III. The Bethe parameters
for additional transitions of Fe!5* are given in
Tables IV and V. We see a slight departure from
the statistical ratio in the Bethe parameters up to
the F series, but not in the ?G series.

One aspect of a shift toward hydrogenic behavior
as Z increases is the sum of f values for the

(b) Sum of transitions to the 22Dy, and 72Dy, states

(4,=0)
3 2.530(—-1)
4 3.017(~1)
5 3.243(-1)
6 3.365(~1)
7 3.439(-1)
nz=8, Eq. (17)
a .
b
c
Quantum defect 6=0.0053
Sum z=3

1.24

3.17(-1)
1.31(=1)
6.76(—2)
3.98(=2)

1.14(+ 1)
9.34(+1)
7.12(+ 2)

1.905

(c) Sum of transitions to the n %F;,, and n 2F;,, states

(4,=0)
4 3.018(=1)
5 3.243(-1)
6 3.366(-1)
7 3.439(-1)
n=8, Eq. (17)
a
b
c
Quantum defect 6=0.0001
Sum 7 =4

4.05(-2)
2.42(-2)
1.46(-2)
9.33(=3)

3.22
3.30
-2.01(+2)

0.117

(d) Sum of transitions to the #2Gy/, and » %Gy, states

(4,=0)
5 3.243(~1)
6 3.366(=1)
7 3.439(-1)
n=7, Eq. (17)
a
b
c
Quantum defect 6=0
Sumnzn=5

8.84(—4)
8.12(-4)
6.24(~4)

3.20(-1)
-5.15
-2.24

4.75(=3)

2 Numbers in parentheses denote powers of ten.
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TABLE IV. Bethe parameters for the allowed transitions of Fel®*,

n Eﬂ (Ry) BYI fﬂ
(a) Transitions to the n 2P/, states
5 2.473(+1)? 9.32(-4) —3.84(-3) 2.31(-2)
6 2.827(+1) 3.71(-4) -1.52(=3) 1.05(-2)
7 3.036(+1) 1.90 (—4) —~7.79(-4) 5.76 (—3)
n=8, Eq. (17)
a 4.56 (-2) —1.87(=1) 1.42
b -1.25(=2) 8.30(-2) 1.12(+1)
c 2.99(+1) —-1.24(+ 2) 3.48(+ 2)
Quantum: defect 6=0.214
Sum z=3 5.55(—2) 2.36(~2) 2.55(~1)
(b) Transitions to then 2Py, states

5 2.477(+1) 1.77(=3) -~7.33(=3) 4.39(=2)
6 2.829(+1) 7.10(-4) —-2.93(=3) 2.01(~2)
7 3.038(+1) 3.65(-4) -1.50(=3) 1.11(-=2)
n=8, Eq. (17) .
a 8.75(-2) -3.61(=1) 2.74
b 2.88(-2) —6.71(=2) 2.00(+1)
c 5.59(+1) —2.33(+ 2) 6.41(+2)
Quantum defect 6=0.206
Sum z=3 1.11(=1) 3.59(=2) 5.16 (1)

2 Number in parentheses are powers of ten.

discrete excitations. As is shown in Tables II
and IV, the sum

F= 2 Jo

discrete

for Na is 1.00, whereas that for Fe!** is 0.771,
The value of ) -, f, for the hydrogen atom? is
0.748.

IV. IONIZATION CROSS SECTIONS OF Na AND Fe!5*

Both o,, and 0, can be expressed in the same
form as Egs. (8) and (15). The Bethe parameters
A, B, and C for g, 0,, and 0, of Na are pre-
sented in Table VI. To calculate B,,, we used
L(-1)=-9.65and I, —I,=-"7.75. The moment
L(-1) is obtained from Ref. 20 and is calculated
directly from a weighted sum of f values [see
Eq. (11)] using nonrelativistic Herman-Skillman
(HS) wave functions. We calculated I, - I, from
the relativistic HF wave function. The HS wave
function for Na gives®® A, =17.58, as compared
to the relativistic HF value of 8.19.

For Fe!'®*, we used L(-1)=0.657 again from
the HS wave functions,?* and I, — I,=0.876 from the
relativistic HF wave function. The HS value®! of
A, =0.275 compares well with the relativistic
HF value of 0.278. Resulting Bethe parameters

for atot’
VIIL

No reliable theoretical method has been de-
veloped to evaluate L(-— 1) directly from relativistic
fvalues. We expect that the uncertainty in the
values of L(-1) used in the present work is of the
order of 10% in view of the agreement between
the HS and relativistic HF values of A, ,, a quan-
tity closely related to L(-1).

0, , and o, of Fe!®* are listed in Table

tot

V. DISCUSSION

A. 32P transition

Before we compare our ionization cross sec-
tions with data available in the literature, it is
desirable to check the reliability of the PWBA
cross sections for the discrete excitations. For-
tunately, both the angular distribution of scattered
electrons and integrated cross sections for the
32P transition are available for Na. The former
tests the GOS [Eq. (1)], and the latter tests o,

[Eq. (4)]. In Fig. 8 we compare the “experimen-
tal” GOS deduced from the angular distribution of
the 100- and 150-eV incident electrons by Shuttle-
worth et al.,?® with our theoretical GOS. The theo-
retical GOS is the sum of those for the 3°P, ,, and
3 ZPS/2 transitions. We find a close agreement be-
tween experiment and theory. The data in Fig. 8
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TABLE V. Bethe parameters for the forbidden transitions of Fel*,

(a) Transitions to the #2S,,, states (4,=0)

n E, (Ry) B,
4 1.700(+1) ? 1.42(~2)
5 2.424(+1) 2.69(-3)
6 2.800(+1) 1.02(-3)
7 3.019(+1) 5.09(—4)
n=8, Eq. (17)
a 1.21(-1)
b -5.38(-1)
c 8.64(+1)
Quantum defect 6=0.317
Sum =4 1.97(-2)
(b) Transitions to then 2D,,, andn 2Dy, states (A, = 0)
n%Dg/, n D/,
n En (Ry) B, E, (Ry) By
3 6.174 1.78(=2) 6.199 2.67(-2)
4 1.934(+1) 4.96(—3) 1.935(+1) 7.39(=3)
5 2.538(+1) 1.43(-3) 2.539(+1) 2.14(-3)
6 2.864(+1) 6.20(—4) 2.864(+1) 9.28(—4)
7 3.059(+1) 3.31(~4) 3.059(+1) 4.95(—4)
n=8, Eq. (17)
a 8.02(-2) 1.20(-1)
b 6.24(-1) 9.32(-1)
c 3.85(+1) 5.74(+1)
Quantum defect 6=0,073 6=0.072
Sum =3 2.59(-2) 3.89(-2)
(¢) Transitions to the #%F;,, and n2F,/, states (4,=0)
n’F 5/2 n 2F7/2
n E, (Ry) n E, (Ry) B,
4 1.988(+1) 5.26(—3) 1.989(+1) 7.01(=3)
5 2.565(+1) 1.00(-3) 2.566(+1) 1.34(-3)
6 ® - 2.879(+1) 3.66(—4) 2.879(+1) 4,89(—4)
7 3.068(+ 1) 1.80(—4) 3.069(+1) 2.40(—4)
n=8, Eq. (17)
a * 5.25(—-2) 7.03(=2)
b -9.91(-1) -1.33
c 6.95(+1) 9.28(+1)
Quantum defect 5=0.009 6=0.008
Sumn=4 7.25(-3) 9.68(-3)
(d) Sum of transitions to the #2G;/, and n2Gy,, states (4,=0)
n E, (Ry) By,
5 2.568(+1) 1.40(-3)
6 2.881(+1) 7.85(—4)
7 3.070(+1) 4.61(—4)
n=8, Eq. (17)
a 9.41(-2)
b 4.32
c —5.78(+1)
Quantum defect 6=0.001 -
Sum #n=5 3.76(—-3)

2 Numbers in parentheses are powers of ten.
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TABLE VI. Bethe parameters for total inelastic
scattering, discrete excitation, and ionization cross

sections of Na.

A B C
Total inelastic 8.19 22.80 103.4 .
scattering (Oyot )
Sum of discrete 6.85 21.96 89.4
excitations (0ex)
Ionization (Tjon) 1.34 0.84 14.0

indicate that the integrated cross section, which
is proportional to the area under the curve, is
within 10% of the experimental ¢, at 7>100 eV,
In Fig. 9 we compare our PWBA result and an
electron-impact experiment by Enemark and
Gallagher® renormalized to our Born result at

T =1 keV. (The renormalization raises the ex-
perimental cross section by *8%.) The two re-
sults agree within 7% at 7'=100 eV. One must go
beyond the PWBA to achieve a better agreement
_with experiment.?* A by-product of the Bethe
cross sections for the Rydberg states (Table III)
is the estimate of cascade corrections needed in
interpreting the experimental data based.on the
optical-excitation functions, such as those by
Enemark and Gallagher.?® Qur data in Table III
indicate that the sum of cross sections for the
72D ‘and n %S excitations at T =1003 eV amounts to
0.1037a%. These values are in good agreement with
the cascade correction used in Ref. 23, 0.136ma2,

B. Transitions to higher excited states

Hertel and Ross®® converted their electron-
impact data to the GOS for higher transitions to
states such asn2S (n=4-6), 32D, 42D, 42F, and
52P. In all cases, we find that the slopes of the
“experimental” GOS’s for small momentum trans-
fers by Hertel and Ross?® are two to three times
larger than our calculated results (Table VIII).
Theoretical slopes by McGuire!? are in good agree-
ment with our values. The incident energies used
in the experiment (<100 eV) probably are too low

TABLE VII. Bethe parameters for total inelastic
scattering, discrete excitation, and ionization cross
sections for Fel5*,

A B C
Total inelastic 0.278 —0.053 2.68
scattering (0yo)
Sum of discrete 0.167 0.165 1.80
excitations (Oex)
Ionization (0o, ) 0.111 -0.218 0.88
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FIG. 8. The generalized oscillator strength for the
32p excitation of Na. Circles and squares represent
the “experimental” GOS deduced from the electron-im-
pact data by Shuttleworth ef al. (Ref. 22) at incident en-
ergies of 100 and 150 eV, i

to justify the interpretation of the experiment
through the Born approximation.

C. Relativistic effects

In Sec. III we already mentioned that relativistic
effects reduce the values of A, and B,. The effect
of the lower values of A, on g, is significant at
high incident energies where the logarithmic term
in Eq. (4) is sizable. The reduction in B,, how-
ever, reduces 0, at lower incident energies as
well. From Figs. 1-5, we see that the relativistic
effects in the ions affect 0, more in the *P, /, ex-
citations than in the E’PI,2 excitations. For Z>40,

T (eV)
3 5 |? 2|0 5[0 |90 2?0 5(])0 800
T :
40 -
e +Na
[=]
o 301 T -
Nco
= // o
o
g 20 S g _
S %
5 // [a]
‘0_ //,/ o -
// a
=}
ol e ° ! | I | |
=2 -1 0 | 2 3 4
An(T/R)

FIG. 9. The Fano plot of the integrated cross section
for the 32P excitation of Na. The squares are the elec-
tron-impact data by Enemark and Gallagher (Ref. 23).
The solid line is the Bethe cross section, Eq. (4), and
the broken curve is the Born cross section, Eq. (2), ob-
tained without the Bethe approximation. The experimen-
tal uncertainty (e.g., at incident energy T=100 eV) is
masked by the size of the squares.
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TABLE VII, Slope of the generalized oscillator
strengths for small momentum transfers.

df, (K)
d(Ka 0)2 K=0
Transition Experimenta Theoryb Present work
4% 0.8 £0.6 1.4 1.51
528 0.58 £0.8 0.20 0.230
6% 0.12+0.04 0.074 0.0801
4P 1.9 0.6 0.573
5P 0.4120.2 0.114
3% 8.9 0.9 2.8 3.16
42D 1.9 0.3 0.50 0.550

2From Ref. 25,
bFrom Ref. 13.

°Reference 25 presents 4 2D + 4 *F, but 4 2F does not
contribute to the slope because of a selection rule.

relativistic description of the target should be
used even for low incident energies.

D. Ionization of Na

In Fig. 10, we compare our result with electron-
impact data by McFarland and Kinney,®* !° and the
PWBA results by Peach,? McGuire,!® and Omid-
var et al.'* Peach used analytic Hartree-Fock

T (eV)
10 20 50100200 500 2000 10000
I T T T T T T | T.
e +Na
15+ -
7S
g 10
g
s
E
5 b
0

£n(T/R)

FIG. 10. The Fano plot of the ionization cross section
of Na by electron impact. The circles represent the
experimental data by McFarland and Kinney (Ref. 9).
The squares represent the Born cross section calculated
by McGuire (Ref. 13), the broken curve that by Peach
(Ref. 12), and the chained curve that by Omidvar et al.
(Ref. 14). Our Bethe cross section is given by the solid
line.

wave functions for bound electrons and a Coulomb
function of unit charge for the ejected electron.
McGuire used Herman-Skillman-type wave func-
tions for both bound and ejected electrons. The
work by Omidvar et al. is similar to that by Peach
except for the use of screened hydrogenic func-
tions for bound electrons. The structures seen

in the data by Peach and by McGuire are related
to the thresholds for inner-shell excitation fol-
lowed by autoionization.

All the PWBA results quoted in Fig. 10 explicitly
include contributions from 2s and 2p electrons.
Contributions from the K shell were not included
in Refs. 12 and 14, but they are expected to be
insignificant. In contrast, the sum-rule method
automatically includes both autoionization and
direct-ionization contributions from the K and L
shells. Therefore, in the asymptotic region, our
Oion must be an upper limit to all data quoted in
Fig. 10. We used the revised experimental data
from Ref. 10 in Fig. 10. The experimental data
are for the production of singly charged ions only,
and certainly should be below our data at high in-
cident energies.

From Fig. 10 it is clear that only the PWBA
calculation by McGuire!® is consistent with our
result in the asymptotic region. The main dif-
ference between the work of McGuire and that of
Peach is in the continuum wave function for the
ionized electron. Our work indicates that the Cou-
lomb functions with a fixed nuclear charge (bare
or screened) will not lead to a realistic ionization
cross section in the asymptotic region.

As was suggested by McGuire,!® the experimental
data by McFarland and Kinney® should be reduced
by about a factor of 2. Furthermore, the upward
revision of the experimental data reported by Mc-
Farland!® seems to be an overcorrection.

E. Ionization of Fel5*

Only theoretical data are available for o, of
Fe'®*, those by Rudge and Schwartz,'® and by
Bely.?® Bely specifically discussed the importance
of autoionization following the excitation of the
L-shell electrons. Their results are compared
with our Bethe cross section in Fig. 11. Below the
ionization thresholds of 2s and 2p electrons in-
dicated in Fig. 11, the sum-rule method is unre-
liable because only 3s electrons can be ionized
in reality, whereas our ionization cross section
does not eliminate the inner-shell contributions.
The Bethe cross section, however, is expected to
provide a reliable upper limit for ionization in the
asymptotic region beyond the 1s threshold. Com-
parison of the Rudge-Schwartz and Bely results
with ours in Fig. 11 shows that the former are a
factor of 2—-3 smaller than ours in the asymptotic
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FIG. 11. The Fano plot of the ionization cross section
of Fel®* by electron impact. The curve marked 3s
represents the Coulomb-Born cross section for the
. direct ionization of the valence electron by Rudge and
Schwartz (Ref. 18), the curve marked 3s + AUTOincludes
the autoionization cross section following the excitation
of the 2s and 2p electrons [calculated by Bely, Ref. 26],
and the curve marked 3s + AUTO+ 2p includes also the
direct ionization of the 2p electrons calculated by Rudge
and Schwartz (Ref. 18). The solid line is our Bethe
cross section. Ionization thresholds of the inner-shell
electrons are indicated by I(nl).

region. Even though the K-shell contribution is
neglected in Refs. 18 and 26, it is unlikely that the
1s electrons are responsible for all the difference
in the asymptotic region.

~ As we mentioned in Sec. III, Rudge and Schwartz'®

scaled their cross sections by I?, where I is the
ionization potential. Although the values of I used
by them are close to our relativistic Hartree-Fock
values, the Z? scaling seems to give smoother Z
dependence of cross sections.

VI. CONCLUSIONS

Major results obtained in the present work are:
(a) the cross sections along the isoelectronic
sequence are scaled better by Z* rather than by
the screened charge or excitation energies, (b)
the experimental o,,, of Na by McFarland and
Kinney® is likely to be a factor of 2 too large, (c)
the Born 0., of Na by McGuire'® agrees very well
with ours, and (d) the o,,, of Fe'** calculated by
Rudge and Schwartz,'® and also by Bely,?® are far
below the Bethe cross section in the asymptotic
region.

The slopes of the generalized oscillator strengths
of Na at small momentum transfer measured by
Hertel and Ross?® disagree with our calculated
results. It is likely that the incident energies
(<100 eV) used by them are too low to interpret
their data in terms of the Born approximation.

Two relativistic effects in the target ions, one
that reduces the dipole matrix element and the
other that increases excitation energy, lower the
PWBA cross sections. . We recommend that the
relativistic description be used for medium and
heavy target ions regardless of incident energies,
particularly for collision theories that aim at high
reliability.
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