PHYSICAL REVIEW A

VOLUME 18, NUMBER 2

AUGUST 1978

Graphical approach to the spin-orbit interaction*

Keh-Ning Huang and Anthony F. Starace'

Behlen Laboratory of Physics, The University of Nebraska, Lincoln, Nebraska 68588
(Received 28 February 1977)

We derive a new form for the matrix element of the two-particle mutual spin-orbit interaction in the Breit-
Pauli approximation. The complexity of standard tensor-operator expansion techniques is obviated by suitably
decomposing the mutual spin-orbit interaction into products of spin and orbital angular-momentum operators,
whose matrix elements in the Im;sm, scheme are obtained in a straightforward manner. Graphical
representations are given for both the one- and two-particle spin-orbit interactions, thereby permitting the
analytical evaluation by graphical techniques of the spin-orbit interaction between arbitrary configurations in
any coupling scheme. The graphical procedure for evaluating these matrix elements is demonstrated for LS-
coupled configurations having two nonequivalent electrons outside closed shells. Various properties of the two-
particle mutual spin-orbit operator are easily illustrated using its graphical representation.

I. INTRODUCTION

The spin-orbit interaction plays an essential
role in the calculation of atomic structure,'™
atomic oscillator strengths,* and other atomic
processes.® However, the calculation of spin-
orbit interaction in many-electron atoms is com-
plicated by the presence of the two-particle mu-
tual spin-orbit interaction. In the older accounts,®
the total spin-orbit interaction of a many-elec-
tron atom is represented approximately by a sum
of one-particle spin-orbit operators of the follow-
ing form:

N

Vso={2 g(ri)_f‘i'—éi’ (1)
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where N is the number of electrons, and I, and 3,
are the orbital and spin angular-momentum opera-
tors of the ith electron. The spin-orbit parameter
£(r;) is commonly taken in atomic units as

_a® 1 8vV(r)
é(?’g)——z— ;T—a;:i—‘—, (2)

where a is the fine-structure constant, and V(r,)
is the effective central potential in which the ith
electron moves. Unlike the one-electron atom
case, in the many-electron atom the mutual spin-
orbit interaction cannot iz general be interpreted
by considering an electron moving in a central
field. That is, it cannot be reduced to an effective
one-particle spin-orbit operator but must be trea-
ted as a two-particle operator. .
The mutual spin-orbit interaction between elec-
trons in a many-electron atom is obtained by a
series of successive approximations. The rela-
tivistic theory for a single electron is described
exactly by the Dirac equation,® provided one ne-
glects quantum electrodynamic and field-theoretic
effects. The existence of the electron spin gives
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rise to the one-particle spin-orbit interaction in
the single-electron case. For many-electron
atoms, the quantum electrodynamic interaction
between electrons to the lowest order in a is due
to the exchange of a transverse photon.” This
lowest-order interaction may be approximated,
to terms of order (v/c)?, by the Breit interaction.?
In the Pauli approximation,® the Breit interaction
gives rise to the mutual orbit-orbit, spin-orbit,
and spin-spin interactions as well as others.!°
Although in a complete treatment of multiplet
structure all these interactions have to be con-
sidered, the spin-orbit interaction is by far the
largest one, after the Coulomb interaction, for
medium and heavy atoms.

Many studies of the mutual spin-orbit interaction
have been carried out.!'™ A number of these re-
searches were aimed at deriving a more realistic
spin-orbit parameter using Hartree-Fock wave
functions. In particular, Blume and Watson'’
have developed a theory of the spin-orbit param-
eter for many-electron atoms and applied it to
calculations for a number of atoms and ions.
Although they obtained a tensor-operator expan-
sion for the mutual spin-orbit interaction, calcula-
tions were carried out only within the same con-
figuration for atoms having a single open shell.
Using Blume and Watson’s tensorial expression
for the mutual spin-orbit interaction, Jucys and
co-workers?®!*?? obtained matrix elements of the
mutual spin-orbit interaction within the same con-
figuration. Also using Blume and Watson’s ten-
sorial expression, Jones?® calculated its general
matrix element in the Im, sm scheme (which will
be referred to as “the m scheme” or “the zero-
order coupling sheme” in this work) and pointed
out a procedure to obtain SL-coupling matrix ele-
ments by adapting Eissner and Nussbaumer’s?*
algebraic approach. A main goal of Jones’%
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18 GRAPHICAL APPROACH TO THE SPIN-ORBIT INTERACTION 355

formulation is to provide a numerical algorithm
for the calculation of mutual spin-orbit matrix
elements by digital computers; however, it is not
a convenient formulation for the analytical study
or calculation of the mutual spin-orbit matrix ele-
ments.

In this paper we present an alternative form for
the mutual spin-orbit interaction operator in
terms of products of orbital and spin angular-
momentum operators. Because wave functions of
the zero-order coupling scheme are usually eigen-
functions of orbital and spin angular momenta, this
form yields matrix elements in a straightforward
manner. The most general matrix element of the
mutual spin-orbit interaction is obtained by this
method and is then presented in a graphical form.
This graphical form permits one to calculate the
mutual spin-orbit matrix element in any coupling
scheme for arbitrary configurations by standard
graphical techniques.?®"?” While in all cases both
analytical and graphical forms are presented, we
do gain in the graphical form some physical in-
sight, similar to the visual understanding of phy-
sical processes provided by Feynman diagrams.
Moreover, the graphical formulation gives a
transparent representation of the angular-mo-
mentum selection rules. Although by today’s
electronic computers it is possible to manipulate
complicated analytical expressions,® the present
graphical approach furnishes a means to obtain an-
alytical results from easily constructed diagrams.

In Sec. II we derive the desired angular-mo-
mentum form for the mutual spin-orbit interac-
tion. In Sec. III we obtain the general matrix ele-
ment in the m scheme and introduce its graphical
counterpart. In Sec. IV the procedure is given
for computing the matrix element between arbi-
trary LS-coupled configurations using the graph-
ical formulation of El Baz and Castel®® and the co-
variant notations?® for Wigner’s 3-j symbol. The
procedure is illustrated for interacting configura-
tions having two electrons outside closed
shells. In Sec. V the procedure is given for
computing the matrix element between arbi-
trary LS-coupled configurations using the
graphical formulation of Briggs.?” In Sec. VI the
trivial case of spin-orbit interaction in a central
field is treated for completeness. The physical
significance of the mutual spin-orbit interaction is
reviewed in Sec. VII, where some commonly used
terminologies are explicitly defined, and their
graphical representations given. Also in Sec. VII
the reduction of two-particle spin-orbit operators
to one-particle spin-orbit operators for certain
cases is demonstrated graphically, and the spin-
orbit parameter corresponding to Blume and Wat~
son’s'” ¢, is calculated. Appendices A and B sum-

marize the graphical rules used in this paper.
Appendix C summarizes the results for the ma-
trix element obtained in Sec. IV in the special case

of interacting configurations having two electrons
outside closed shells. Comparison is also made
with certain previously tabulated results!?-21@)2ub
in particular cases.

II. SPIN-ORBIT INTERACTIONS IN THE PAULI
APPROXIMATION

As mentioned in the beginning of Sec. I, the
quantum electrodynamic interaction between elec-
trons to the lowest order in @ can be approximated
by the Breit interaction, and the Breit interaction
gives rise to the mutual spin-orbit interaction,
among others, in the Pauli approximation. Con-
sequently, the total spin-orbit interaction for
many-electron atoms can be written, in atomic
units, as'®

o? 1 >
stjzﬁ: 7§—L,-s,-+iV” (3)
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where a is the fine-structure constant, Z the
nuclear charge, and N the number of electrons.
Here the first term on the right-hand side of (3)
accounts for the spin-orbit interaction of each
electron in the field of the nucleus, and the sec-
ond term arises from the mutual spin-orbit inter-
action between electrons, including the spin-self-
orbit and spin-other-orbit contributions. Blume
and Watson'? have derived a tensor-operator form
for the mutual spin-orbit interaction (4), but we
find, however, an alternative form in terms of
products of spin and orbital angular-momentum
operators. Because wave functions of the zero-
order coupling scheme are usually eigenfunctions
of spin and orbital angular momenta, the latter
form will yield the matrix element in a straight-
forward manner. By inspecting the mutual spin-
orbit interaction in Eq. (4), we see that the spatial
part has the form v,(1/7,,)XV,. We can rewrite
this as

. ;1:[:71 (i)] (£,XV), (5

which may be derived by utilizing the identities
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AxBx®)=B@A-0)-A&-BC,

Ax(BxC) +Bx(CxA)+Cx(AxB)=0.
Hence we can decompose the mutual spin-orbit
interaction into three terms,

a? [(F,-F,) - > o=
V=== [(_x___zl Xpl]' (8,+28,y)

2 73,
- V(l)+ V(2)+ V(s)’ . (6)
where

2 1 =/1 -

vo= L = [L <—-—>] XL, (5,+28,),
2 7? 1 712 1 1 2

@__o l[” <_1_ Dz 0%
V@ = 57, L, v ) o, (8,+28,),

Here I, = --z'f'lx—V’l is the orbital angular-momen-
tum operator of electron 1. It is worth noting
that V,,#V,,, and that the total mutual spin-orbit
interaction between electrons 1 and 2 is V(12)
=V,,+V,,, which is symmetric with respect to
electrons 1 and 2.

III. GENERAL MATRIX ELEMENT IN THE m SCHEME

Matrix elements of a two-particle operator in
any many-particle configuration can always be ex-
pressed as linear combinations of matrix elements
in corresponding two-particle configurations.®
We therefore deal first with the general matrix
element for two-particle configurations in the m
scheme,

(ab |V, |cd)
= <¢nalamaua(1)¢nblbmbub(z) I V(l) + V(2)+ V(3)
X l ¢"c'cmc”’c(1)¢"dld”'d“d(2)> H A (7)

where 7, denotes the principal quantum number,

1, the orbital angular-momentum quantum number,
and m, and u, are the magnetic quantum numbers
of the orbital and spin angular momenta, respec-

(27,+1)(21+ 1)

tively, etc. The orbitals have the explicit form

Ptmu (V) = Ry ()Y 1, (2)X , () (®)

where X, denotes the spin eigenfunction with s,= p.
To evaluate the matrix element (7), we note that
vector spherical harmonics may be generated from
scalar spherical harmonics3®3! by the use of the
orbital angular-momentum operator

Ly, =[10+ V)]**%,,,
=[U+ D2 Y CULLm 4, QY 1y
q

(©)

and similarly,
Bx=[3G+ D12 2 CO1E -, Xl (10)
q

Here C(I11l;m -q, q), and C(313; 1 - ¢, q) are Clebsch-
Gordan coefficients, and &, are spherical unit
vectors defined in terms of Cartesian unit vectors
by

2, = -(1/V2)(,+ie,),
2,=2,, ' 1y
2.,=(1/V2)(e, -1i8,).

Making use of (10), we can easily obtain the spin
part of the matrix element (7),

X, (D%, 2) |8, 28, | (D, (2
= 8,0, (V372)C(8,1553 By Mo = Ha)By pon,
+206, , (V3/2)C(sp1855 yy by = B8y, - (12)

Here in order to show the coupling of spin angular
momenta explicitly, we use s,, s,, s., and s, in-
stead of their numerical value 3.

For the spatial part, we note that

1 4 7} - . .
Py~ m?;#ylm(ﬂl)ylm(nz)’ (13)

therefore, the angular integration of the electron
2 reduces to

. 1/2 )
f A F Y ¥ 1 ymg = <_E(—2?+—I—)—> C 3155 Moy Mg = Mp)C Lyl 00)8 1 mgemy) - . (14)

By using (9), we canperform the angular integration of the electron 1 and obtain the results:

(i) For v,

1’[ dQY’I’;ma(LYIm) X (iytcmc) = —(

11+ 1)(21+ 1)1,(1, +1)(21,+ 1)) /2
2m(21,+ 1)

x D C(11l; m —q, q)C(U1L; my - by p)
qb

X C(;allc; mqy m —q)C (1,115 00)C(111; gp) Gma(m_q,mc_p)éq,p , (15)
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where we have used
2, % 8,=i/2C(111; gp)2,,,, _ ' (16)

which can be derived from the tensor property of the spherical unit vectors.
(ii) For V@),

I(1+ 1)(20+ 1)(21,+ 1)\ */2 ‘ '
f AQY {1 (Y 1)V 1 ( (b Zf,(zi“ +)§) s )> 2 Cttm =a, Q00U mey m =)

X C(Uyl153 00)8,,_ (megomy)Ca- (17)

(iii) For Vv,

21+ DI, (1, + 1)(21,+ 1)\*/?
AT f ¥ 1 1 < ) CU 113 my ~ by P)C (I3 mym)
J a9t ¥ 1T on) QL+ 1) ; Py PN et

X C(lallc;OO)ﬁma(wmc-p)éﬁ * (18)

Hence it is a simple task to express the m scheme matrix element (7) in terms of radial integrals with the
result: '

(ab|Vya|cd)y=(ab|V?|cd)+{ab|V® |cd)+{ab|V®|cd), (19)

where
(ab| V| cd) = 6[ (21, + 1)(21, + 1)(2L, + 1) (21, + D] [ (21, + 1)1, (1, + V]2

x (=)t " [(22+ 1)1+ 1]V 2( t l‘)( b l")R;“(ab; cd)
. Tab 000/\000

x(m,, 1 1, )(m,, 1 —m,,+m,,> 1, gm, —q)( l pma—mc+q>
I, mg—me+qme—q/\1, my 1, —-my+my 1 l

ol e L
Sa ko= M Me 1 " Sp My= Hg Hq 1 qp/L’

(ab|V® |cd)= 2@ 7 (21, + 1)(21,+ 1)(21,+ 1)(21,+ 1)]*/?

l l-
x(—)"‘”"Z[(2l+1)l(l+1)]1/2(l“l lc)(lbll>R(2)( aby cd)< I, 1 )(m,, . )
LINEN 000 000 a Mg Mg=— M, lb My My—My
x[a (IJ'“ 1 sc)<ma"mc My=Myg [g= Ii,,-)

bk
Sq Mg= Me Mg l l 1

*25uauc( by 1 sd><ma"mc My= My Hy= ua)] ’ (20b)
Sp Mp— Mg Hq l l 1

(ab|V® |cd)=23)"q (21, + 1)(2l,+ 1)(2L,+ 1)L, + D]V 2 (21, + DI (I, + 1)]*/?

X(-)’a*’d}:(l" ! l)( b1 l")R}”(ab; cd)
000/A0O0O
[ l —ma—mb+m,)<mb —-My+my 1y >
l, —my+my i, ly l my
X [G“b“d (u'a 1 sc)(“‘a‘ He le I )
Sg Mg= He Mg 1 —Mg—My+ Mg M,

+’26na“c<“b 1 Sa) oy — g lc lc . i (206)
Sp Mp— Mg Hg 1 —mg—my+my m,

The radial integrals in Eq. (20) are defined by
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o? © o ,rl 1
) . -
R{(ab; cd)= [0 r2ar, fo 7347 R (7 DRy (72) 7513 R (1R

ROabycd)=% [“r2ar, [Tridr,R,, ()R, (r) S5 @))R
i (ab; c )-71"/0- 1 7’1/0 V2 QValin 1 \V1 My 3, (7, e 57 Bngi 71

a2 © ©
R{*(ab; cd)=7 f r2dr, fo 73dr, Ry, (7R,
0 .

where 7, and 7, denote the greater and lesser of

7, and 7,, respectively. Also in Eq. (20), we have
replaced all the Clebsch-Gordan coefficients by
Wigner’s 3-j symbols in the covariant notation?®

to better represent their tensor property and to
avoid carrying phase factors. For example, the
component of the 3-j symbol which is contravariant
in the first two indices and covariant in the last

is

1 9
r ——
1 2)7'1 o7,

("'2)7

nalg

9
(7,)
3 ayl "dld 27
,},l
<;,—é) Rnclc(yl)Rndld(yz) ) (21)

Gy Jo Mg JiJda Ja
) = oy :
mymy Js my My =g

Note that this definition of E1 Baz and Castel®® is
different from that of Wigner,2® who assigns the
names “covariant” and “contravariant” inversely.
We can visualize the mutual spin-orbit interac-
tion by presenting its matrix elements graphically.
The expression (20a) is represented graphically as

(ab | V'V |cd) =6 [(20,+ 1) (21, + 1) (2, + 1) (2L 4+ 1) ]/ 2[ (2, + 11 (I, + 1)]2/2

X (Dfa*te Y [(2+ 1)IE +1)]V2 (Zn
1

,

S, S
2—’2—*——.‘—2

The notational rules used to describe a 3-j
symbol are as follows:

(i) Each vertex, indicated by a node, represents
a 3-j symbol: each contravariant component is
represented by a line with an outgoing single
arrow, and each covariant component by a line
with an ingoing double arrow.

(ii) The plus (minus) sign at the vertex means
that the angular momenta are to be read counter-
clockwise (clockwise).

The magnetic quantum number of each angular-
momentum line is usually suppressed where no
confusion may occur. Also, we note that the “cur-
rent” of magnetic quantum numbers is conserved
at each node due to the selection rule for magnetic
quantum numbers of the covariant 3-j symbol;
for example,

000

)(lb ! l")R(,“(ab;cd)
000

(22a)

-Mp+ My

(mb Ly

ly ma 4

-

where we have the ingoing current “m,+ (-m,+m,)”
=the outgoing current “m,”.

The notational rules used to combine 3-j symbols
are as follows:

(i) The summation, or in the tensorial term “con-
traction”, over a pair of magnetic quantum num-
bers (one of which is always contravariant, and the
other covariant) is performed by joining the cor-
responding angular-momentum lines to form a
linked single-arrowed line.
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(ii) The change in direction of a linked angular- (Gam, | and a contravariant eigenvector | Jemy) is
momentum line j introduces a phase factor (-)*/. denoted graphically by
As a result, we may suppress the arrow of a linked
angular-momentum line j whenever j is an integer. jaMg.  joMy
Although we do not write a magnetic quantum jama I jpmy > = —————— = 3j° iy Smomy -
number for a linked angular-momentum line, the
summation over the magnetic quantum number is The number 1 or 2 at the free end of an open
always implied. Nevertheless, in many cases be- angular-momentum line signifies the electron 1 or
cause of the conservation of the “magnetic current,” 2, respectively; these electron indices will be
the summation implied by a linked angular-mo- suppressed where no confusion may occur.
mentum line exists only formally. With the foregoing graphical rules, we can sim-
The scalar product of a covariant eigenvector ilarly represent (20b) and (20c) by the diagrams

(ab |V @ |ed)y==2(3)V/2[(2L, + 1) (20, + 1)(2L,+ 1) (20 4+ 1)]*/2
x ()% +'aZ[(zl+1)1(1+1)]1/2( bl >(’b ! ld)R,(z’(ab;cd),

00 0/\0O00O
r Sp Sq Sq S¢ 9
2 —>o—t—o—2 . | ——f——— |
. Sa + Se . 2 Sp + Sq 2
1 1
x< L A+ . + 2¢x P A ) , (22b)
1 L e’° 1 i L Lc 1
+
b L b 1t
2———-1:————2 2————4_—-——2 J

(ab |V |cd) =2 (3)*2[(2L,+ 1) (2L 5+ 1)(21, + 1)(21,+ 1))/ 2[(2L,+ 1)1 (I, + 1) ]2

x(—)’a"’d;(la ! l’°>(li’ g l")&‘”(ab;cd)

000/\000O0
( 2 Sp Sq 2 | Sa Sc . R

e xS | | 2t § 3¢,

114 1
xi 1 + 2 +.--.—?’° ' 5 (22¢)

£, 1% ! (S

| ——e+ | o+

b 1¢ ¢ b (bl

2——»—:——-——-2 2—-»——:—-»——2

. J

To facilitate the calculation of the matrix element in different coupling schemes, we find that the expres-
sions (20a), (20b), and (20c) can be rearranged into a sum of similar diagrams. The rearrangement can
be easily carried out by graphical transformation rules presented in Appendix A. For example, in the first
diagram in (22¢) we apply rule (A5) to the open angular-momentum lines !, and /, and the linked angular-
momentum lines 1 and . As a result, we obtain a sum of products of an open diagram similar to those in
(22b) and a closed diagram which is just the graphical representation of a 6-j symbol. The second diagram
in (22¢) and both diagrams in (22a) can be reduced in a similar way to diagrams of the form of those in (22b).
Thus by such procedures, we can rewrite (19) as

{(ab |V12 |cd}=‘lL:J Qp(ab; cd)G ,(ab;cd) . (23)

The graphical portion G,,(ab;cd) is
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18
Sp . Sq
2—eo—t—a—2
Gyxlabicd) = + (24)
or, analytically,
G,k(ab;cd)= <ma k lc mb l ld ‘ [ﬁub“d ma - mq mb - md IJ‘a" llc> (/‘;u 1 sc)
1, mg—m, mJ\ly my—my; my E I 1 a Ha= He Ho
+28, , <ma_ Mg Mp—"Mg Hp— #d) (“b 1 sd)] 25)
k !l 1 Sy My = Mg Mg/ 1’ v
where all the summations over magnetic quantum numbers are eliminated due to the conservation of the
“magnetic current” although we may formally reinstate the summations as implicitly represented by the
diagram (24). The coefficient @,, (ab;cd) in (23) is
Q@b cd)=2(3)2[(21,+ 1) (2L, + 1) (21 + 1)(21,+ 1)] 1/2(_)'a*'d<la ! 10><lb ! ld)
000/\0O00O
1,1
x[_a,k[(zu DI+ 1) 2R 2 (abcd)+ [(21,+ 1)1, + 1)/ 22k + 1){ o bl I,k(ab;cd)], (26)
ki, 1
where the radial integral I;,(ab;cd) is defined as
I(abscd)=3[1(1+1) = k(k+1)+2]R* (ab;cd) + R P (ab;cd) . @7

If we represent the factor @,,(ab;cd) by a circle about the vertex involving angular momenta (kI1), then the

general matrix element (23) of the mutual spin-orbit interaction in the m scheme can be graphically repre-
sented in the simple form

N
S S ’
Z—»ﬁ—-}——od—z I—E:—{—s—c-—

<ClblV|2’Cd> =z
{k

(28)

IV. MATRIX OF SPIN-ORBIT INTERACTION

m scheme, the calculation of these matrix ele-
IN THE LSJM SCHEME

ments for arbitrary configurations in any coupling
scheme can be carried out easily by the graphical
method. Here, as an example, we will treat the
particular case of configurations having two non-

By using the form (28) for the general matrix
element of the mutual spin-orbit interaction in the
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equivalent electrons outside any number of closed
shells in LS-coupling. The extension to the cases
of equivalent electrons is given in Appendix C.
Calculation of the mutual spin-orbit matrix ele-
ments for other configurations by the graphical
method requires the construction of the appropriate
configuration diagram. Appropriate conﬁ'guration
diagrams, for use with our mutual spin-orbit dia-
gram (28), may be constructed using the techniques
of E1 Baz and Castel.?® An alternative form of the

" spin-orbit diagram (28), appropriate for use with
configuration diagrams constructed by Briggs’®’
techniques, is given in the next section.

In terms of m scheme eigenstates, the LS-cou-

pled state for two nonequivalent electrons is rep-
resented by

|6,5(12)) = | (Z,1,) L(s,5,)SIM)
= 2 Cmamtats|ap) . (29)
.
Here |ab) are the m-scheme eigenstates
|ab) = |¢"a tamaty (D¢, 8% ’”b“b(2»
=|1,m, (D) |5, 11 o(ID 2,1, (2)) [sp1,(2)) ,. (30)
and the expansion coefficients C™a™s"a"5 are

Cramofato= —[(25+1)(2L+1)(2J + 1) ]/
y Z (ma L ‘m,,) (ua S pb>
mim\l, myg Sy Mg Sy

my, J myg
X<L MS) y (31)

<¢ab(12)| = mzmb Cma mbﬂa#b<ab|
4144
= Z [@S+1)@QL+1)(2J+1)]V2
Wk

or graphically by

where the vertical bars with an ingoing double ar-

L MS

XZ I, my L)\ /s, mg s,
mimg \M, L myJ\l, S W, /\mydJd m

The LS-coupled state (29) can be represented in
graphical form in a number of ways, but the two
common forms are those of El Baz and Castel?®
and of Briggs.?” In this paper we propose to use
a modified form of El Baz and Castel’s notation,2®
i.e., we employ 3-j diagrams to construct a con-
figuration diagram, rather than using Clebsch-
Gordan coefficient diagrams, and use a bar on an
angular-momentum symbolj (i.e.,7) to indicate
the multiplication factor (2 + 1)/2 thus incurred.

We represent, then, the LS -coupled state (29)
by the diagram

(32)
In (32) a bar on an angular-momentum symbol j
indicates a multiplication factor (25 +1)/2. The
contravariant vectors (or ket vectors) |7,m,(1)),
|sgu,(1)), ete. are each denoted by a vertical bar
with an outgoing single arrow. The dotted lines
indicate the linkage of the eigenstate |ab) with the
angular-momentum coupling coefficient C™a™s "2 ¥ s,
this corresponds to the summation over the mag-
netic quantum numbers m, , m,, u,, and yu, in the
analytical version (29) of the LS-coupled state.

The conjugate LS-coupled state is represented by

)(lama(l)Ksa Ko (D K2, my (2) (s 4(2) ], (33)

—
row denote covariant vectors (or bra vectors).
Also note that C"a™"a*»=C,, . 4 . For closed
shells, we can simply use the m-scheme eigen-
states |I;m;)|s;n ) and (Im;[(s;u,], i.e.,

|Li,mz>| Si/-L‘->

u
=
«

(35)

<"6mi| <ss'”‘i,|

U
ol
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Using the graphical expressions (32) and (34) to
represent the LS-coupled states of two nonequiva-
lent electrons and using (35) to represent the
closed-shell electron states, we employ (28) to
evaluate matrix elements of the mutual spin-orbit
interaction between configurations having two non-
equivalent electrons outside closed shells. These
matrix elements are conveniently divided into
three categories: the interaction between the outer
electrons, the interaction between the outer- and
closed-shell electrons, and the interaction between
the closed-shell electrons. In what follows, we
consider each of these in turn.

A. Mutual spin-orbit interaction between the outer electrons

For any two-particle operator, the interacting
configurations can differ at most by two orbitals.

(Pa(12)] V32| 902 (120

KEH-NING HUANG AND ANTHONY F. STARACE

Therefore, the most general matrix element in
this case involves four different outer electron or-
bitals, i.e., (¢,,(12)| Vy,1¢%(12)), where |¢/ ,(12)
=|(1, 1)L (s.s))S'JM). This matrix element can be
expressed as a linear combination of m-scheme
matrix elements, i.e.,

(9a5(12)| V5|02 4(12))

= 2

allmand

Cma mb“a“b<abl V]_zlcd)cl"‘c"'d“cl‘d. (36)

Graphically, the summation over magnetic quan-
tum numbers in the matrix element (36) can be
carried out by joining corresponding angular-mo-
mentum lines of the diagrams

(37
This procedure yields
( Sb Sa 9
| - + + -
Sa + Se _ SpN\ Se _
5 s S s’
J f J J ' J
Lk _ A _ _ _
C k/"\L C C k/ "\ L
+ "o a - "d b+ +J l‘\l _ "d b+
L b L A Le )
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To evaluate these diagrams, we first join together
the remaining covariant and contravariant angu-
lar-momentum lines J and divide them by the fac-
tor (27 + 1) since values of the diagrams are inde-
-pendent of the total magnetic quantum number M.
This is represented by the graphical transforma-
tion rule (A2) in Appendix A. Next we use the
graphical transformation rule (A4) to separate the
diagrams into

open

Z Vi
i#j

<¢ab(12)¢closed

These are recognizable as basic diagrams whose
analytical values are given in Appendix B. By sub-
stituting the analytical value for each basic dia-
gram in (39), we obtain the general matrix ele-
ment in LS coupling for two nonequivalent elec-
trons,

($4,(12)] Vio|7 4(12) :
) Z‘ Quplab; cd) (=) LR 24 (=) 5787
R

x[(2L+1)(2L’ +1)(25+1)(25" + 1) ]2

§$5'1 {SLJ I L

X

{%% } usw} ko1l
L, LI,

= D(ab; cd) . : (40)

Since a, b, ¢, and d represent arbitrary orbitals,
the calculation of direct and exchange terms is im=-
plied. :

Now we denote the antisymmetrized LS-coupling
state of the whole atom by |¢g,(12)P,q)4, Where
Paosed Tepresents the normalized state of any num-
ber of closed shells, and the subscript A outside
the ket signifies the antisymmetrization. There-
fore, the general matrix element of the mutual
spin-orbit interaction between the two nonequiva-
lent electrons outside closed shells is

¢;,,(12)%M>A=<<pa,,<12)|vlz|¢4,,<1z)>A +(Da 1201Vl 0120 4, (41)

where the summation is only over the outer electron pairs, and the subscript A indicates that the

matrix élement is taken between the antisymmetrized states. To calculate matrix elements of a
two-particle operator between antisymmetrized states considered here we use the following simple

' two-step procedure: We first evaluate the matrix element using unsymmetrized states. Then we re-

place each two-particle matrix element by the difference of the direct and exchange terms. Thus,

the antisymmetrization can be carried out only in the last step of evaluating the matrix elements

with two-particle configurations. Consequently, we can express (41) in terms of (40) as follows:

open

2V
121

<¢ab( 12) ¢closed

¢éd(12)¢closed>A = (9as(12)|V 15| 974(12)) - <¢ab(12)|V12|¢éd(2‘1» +{Pap(12)[ V] 924(12))

- <(Pab(12)lvzx|¢c/d(21»
=D(ab;cd)+ (=)' L' *S D(gbsdc) + (=)* 52" *S" D(ba; dc)
+(—)‘a+1b+L+SD(ba;Cd). . (42)

The first and third terms of (42) arise from the direct contribution, and the second and fourth terms arise

from the exchange contribution.

B. Mutual spin-orbit interaction between the outer electrons and the closed-shell electrons

For the interaction between the outer and closed-shell electrons, the two interacting configurations can
differ at most by one orbital. However, due to the coupling between the outer electrons, the matrix ele-
ment will in general involve four different orbitals for the case of two nonequivalent electrons outside
closed shells. The total mutual spin-orbit interaction between a pair of electrons is V(12)=V ,+V,,, and



364 ‘ KEH-NING HUANG AND ANTHONY F. STARACE : 18

for each term there are direct and exchange contributions. Thus there ére four different types of matrix

elements, which we consider in turn:

(1) {Das(13)9;(2)|V 12l 05 (13) 9, (2]

1R mgmymg,
Fakphe

Here ¢,(2) is any m-scheme eigenstate belonging
to closed shells. The summation over magnetic
quantum numbers in (43) is carried out by joining

corresponding angular-momentum lines, as stated -

in the last subsection. In addition, we sum over
the closed subshell ¢ by joining the corresponding
contravariant and covariant lines of /; and s;.
Hence, the result of summing the first term of
(43) over the closed subshell i is

Sp 4
sl "Ny |w
- 1 -
z _’J'—‘ - W+ L + " +—— * Qsi B
lk k ¥
L 'lu - 'dc L
' b )

tk momym,
HgHlpte

This has the analytical value

%: Q;k(ai;C?)(-)J+s +s'+la+156'06“

X [2/3)(2L; + 1)2[(2L +1)(2L" +1)(2S +1)(28" + 1)] /2

‘ y) ’
X{s S 1}{1, L 1}{3 L J}' 5)
H Il 1, )L st 1

The second term in (43) gives zero contribution
because upon joining the s; lines the diagram as-
sumes the form

o=

e ! =o. (46)

The vanishing of (46) can be seen by virtue of the
transformation rule (A3) in Appendix A.
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These graphs give zero contribution after summing over closed shells. The first term results in a diagram
similar to (46) after connecting the s; lines. The second term results in a diagram of the following form
after connecting the I; lines:

. (48)
t

By rule (A4) in Appendix A, ! must equal unity. This causes @,,, represented by the circle about the (kl1)
vertex, to vanish due to its factor (¥ § %), which is zero for odd I.

Summarizing (i) and (ii), we have for the direct terms

D(aib;cib) = Z (Dap(13) ()| (V 13+ V)| 94, (13) 94 (2))

mikg
= a?(21; + 1)Rai; ci)5,,,, glab;cb), (49)

where the Kronecker delta 6, , is due to the factor (¢ ¢ '§), and g(ab; cb) is defined by

glab;cb) = (=)7+S+S"+ha* B+ 1[(2L + 1)(2L' +1)(25+1)(28" +1)]V/2

{s Sy (L' L 1}{8 LJ}
3y1/2 1/2
x(3)V2[(21,+1)1,(1,+1)] 111 { oz st (50)

Note that for a=c,g(ab; ab) = (¢, (12)| L, - 5, ¢/, (12)).
(iii) The exchange counterpart of (43) is represented graphically as

<¢ab(13) ¢l (2) ‘sz I¢éb(23)¢¢ (1»

. (51)

IR mgmpme
Fa FpHe

- Sp +
- § Sa I Se -S-‘ -
Z —— ~ + J (52)
k ! L
b .
"a K * " "c
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The analytical value of this diagram is

37 Quulaizic)(=)T S8 F ot le k1 [(L 4 1) (2L + 1)(25 +1)(28" + 1) ]2

ik

SS81) (1 k1)(SLJ(L'L1 :
X{% z l}{z I, z,}{y s’ 1}{1 A zb}' (53)
Therefore,

Other than the factor of 2, the second term of (51) gives the same connected diagram as (52).

its contribution is twice the value (53).
(iv) (P,(13)9;(2)|V,,10.,(23)p,(1)): Similarly, this exchange counterpart of (ii) can be evaluated, and the

total contribution of the corresponding graph is

2 Qulia; ci)(=)7+ 58"+t +ic 1 3[ (2L + 1)(2L' +1)(2S + 1)(28" + 1) 2 {S SII}{ s I}{S ; J}{L ) 1}
O L)t s 1), 1)

11
2 2
(54)

i

From (iii) and (iv), we obtain the exchange contribution

E(az'b;icb)= E (¢ab(13)¢i(2)l(vlz+V21)|¢éb(23)¢((1)>

mil;

' 2 1\ NEAVIR?
= . —_ =
6(2l,f1)<la(la+'1)> glab; cb)Z 000/\o000) Tm> (55)
where g(ab; cb) has been defined in (50), and T, is defined as '

111
Ty =[(21+ )11+ 1)]2 R®ai;ic) —-R®ia; ci)]o
B L)t t

_ L1 (1t
+ (=) 2R 1)[(21, + 1)1, (1 + 1) ]2 IR I,,(ad; ic)

(L1 (L1
+(2k+1)[(21,,+1)lc(lc+1)‘]”2 Y 1}I,k(ia;ci). (56)

In terms of (49) and (55), we can express the general matrix element of the mutual spin-orbit interaction

between the outer electrons and the closed-shell electrons.as
closed

(open,closed)
<¢ab(12)¢closed l p{z Vij I ¢'éb(12)¢closed >A = Z [D(azb, CZb) —E(alb9 ZCb)J ’ (57)
=3

nily
where the summation symbol on the left indicates that only open-closed and closed-open pairs are to be
included, and the summation on the right is over all closed shells.
C. Mutual spin-orbit interaction between closed-shell electrons
The vanishing of this contribution has been noted by Blume and Watson.'” This can be seen easily by
considering the appropriate m-scheme matrix element

-

(58)

CGii|Vie]i3)




where ¢ and j may or may not represent the same
subshell. Upon summing over the closed subshell
either i or j [which corresponds to joining the con-
cerned contravariant and covariant lines of (58)],
we obtain diagrams having the form of (46) or (48),
which give zero contribution. The exchange dia-
grams of (58) also vanish upon summing over a
closed subshell because they lead to diagrams
having the form of (46).

D. Summary remarks

The graphical technique developed in this sec-
tion may be used for the calculation of mutual spin-
orbit matrix elements between arbitrary configu-
rations. The construction of more complicated
configuration diagrams may follow El Baz and
Castel.?® As stated in the beginning of Sec. III,
matrix elements of a two-particle operator in the
many-particle configuration can always be expres-
sed as linear combinations of matrix elements in
corresponding two-particle configurations. Graph-
ically, this corresponds to joining contravariant-
covariant angular-momentum pairs in a diagram
similar to (37), with appropriate diagrams for the
interacting configurations. All the coefficients
concerning the coupling scheme of the interacting
configurations are contained in the resulting connec-
ted diagram, which is similar to (38). Alternative-
ly, we may adopt an analytical approach by using
the analytical expression (25) of G;,(ab; cd) instead
of its graphical version (24) although this approach
is more laborious than the graphical one.

We summarize in Appendix C the results for the
matrix element obtained in this section in the
special case of interacting configurations having
two electrons outside closed shells. Comparison
is also made with certain previously tabulated re-
sults in particular cases.

V. m-SCHEME MUTUAL SPIN-ORBIT DIAGRAM
APPROPRIATE FOR USE WITH BRIGGS’ CONFIGURATION
DIAGRAMS

Briggs’ paper?” on graphical methods of evalua-
ting matrix elements only considered spin-indepen-
dent interactions in LS coupling; therefore Briggs
found it convenient to consider spin and orbital
angular-momentum graphs separately. In this sec-
tion we show first that in LS coupling, even spin-
dependent interaction diagrams can always be fac-
tored into spin and orbital parts. We then present
our m-scheme spin-orbit matrix element (28) in
an alternative form appropriate for use with
Briggs’ configuration diagrams.

For any interacting LS-coupled configurations,
the matrix element of spin-orbit interaction can
always be factored into a product of an orbital
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diagram, a spin diagram, and a 6-j symbol ac-
counting for the transformation from the LSM M,
scheme to the LSJM scheme. An example is
shown by (39). This factorization is due to the
fact that spin and orbital momenta are coupled
separately for LS-coupled configurations. Specif-
ically, in the diagram below we have two arbitrary
LS-coupled configurations at the top and bottom
whose total spin and orbital angular momenta are
coupled to total angular momentum J. In the
middle is the m-scheme mutual spin-orbit diagram
(28):

By separating the diagram along the dotted lines
according to rule (A4) we obtain the desired factor-
ization:

(59)

Here the diagram on the left is an orbital diagram,
the diagram on the right is a spin diagram, and
the diagram in the middle represents a 6-j symbol
describing the coupling of total spin and orbital
angular momenta.

Alternatively, we can factor the matrix element
of mutual spin-orbit interaction in the m scheme
into a spin part and an orbital part from the out-
set, and obtain diagrams in the spin and orbital
space separately. Although this procedure does
not simplify our calculation in any way, it does
give some physical insight. We first factor (25) in-
to a spin part and an orbital part:

v

Gylabscd) =y [S,(ab;cd) +2S,(basdc)]

X LY (ab;cd) , : (60)

where
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ls
Sv(ab;cd)=5”bpd;(““ °> _ (61)
.sa V “c
and
L (ab; cd)= lma Lk lc> <mb l 1, )(ma—mcmb—md V) . (62)
l, my=m_ m, l, my—mymy k l 1

Note that the summation over the magnetic quantum number v only exists formally. Thus we can
rewrite (23) as

(@b |Vyleay=37 8,8, (63)
v
where the spin part is denoted by

2 —o—f—— 2 | —eet——

8, = S,labscd) +2S,(ba;dc) = +2x . (64)
Sa + Se Sp + Sq
| 1 2 2
{v v

Note that, when taking the matrix element in the spin space, the free angular-momentum line 1v in (64) is
to be joined with the total spins of the two interacting configurations to form a closed diagram multiplied by
a diagram representing a 3-j symbol [cf. rule (A4)]. The orbital part of (63) is denoted by

[ 2

v
=3 v Lo 1o b
= > Q, (ab;cd) L, (ab;cd) = + ¢ o 65
Lk b L ik L, la )

| 2

Similarly, when taking the matrix element in the
orbital space, the free angular-momentum line 1y
is to be joined with the total orbital angular mom-
enta of the two interacting configurations. The Sa\2
two 3-j diagrams obtained, one from the spin space
and the other from the orbital space, will be com-
bined with two other 3-j diagrams, accounting for
the coupling of the total spin and orbital angular
momenta to the total J in the two interacting con-
figurations, to form a 6-j diagram. The final re-
sult has been shown schematically by (59).

Upon changing the signs of the nodes in (64) and
(65) and eliminating the double arrow notation, we
obtain mutual spin-orbit diagrams in the m scheme
suitable for use with Briggs’?” LS-coupled configur-
ation diagrams. Thus we represent (64) as

(68)

Sp Sq Sa Sc

2————4—2 | — 1
S,, = + 2x
Sq - Sc R Sp - Sd
1 l 2 2
v v (69)
(66)

and its exchange counterpart as
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Here the circle at the vertex involving % and ! rep-
resents the multiplication factor @,,(ab; cd) in Eq.
(26). When using the diagrams in (66)—(69) in con-
junction with Briggs’ rules®” for computing matrix
elements, Fig. (3.11) of Ref. 27 should be con-
sulted. Firstly, Briggs’ p,o0,p’, o’ notations cor-
respond to our a,b,c,d. Secondly, our diagrams
(66) and (68) correspond to the spin and orbital
parts of Briggs’ general diagram (3.11a); our (67)
and (69) to his (3.11b); our (66) and (68) in which
lines a and b are crossed to Briggs’ (3.11c); and
lastly, our (67) and (69) in which lines ¢ and b are
crossed to his (3.11d). The.matrix element of the
spin-orbit interaction between arbitrary configur-
‘ations is' now obtained by evaluating the matrix
element of each of the four spin and orbital inter-
actiondiagrams correspondingto (3.11 a~d) in Ref.
27 using the rules in Sec. 6.1 of Ref. 27. Wh,en'
applying these rules the following minor modifica«
tions of rules (iii) and (x) should be observed:

(iii) There is an overall factor (-1) corresponding
to Briggs’ diagram (3.11b) and (3.11c¢); (x) When
conneécting the free 1v line in (66)—(69) with total
spin and orbital angular momentum, the sign con-
ventions in our diagram (59) should be followed.
Lastly, the 6j symbol in our (59),

(_1)L*S+J+L¢L’+1{L L, ]}’
S'S J

multiplies the overall matrix element.

VI. SPIN-ORBIT INTERACTION IN A CENTRAL FIELD

For completeness, we present here a graphical
treatment for the trivial case of spin-orbit interac-
tion in a central field. The interaction Hamiltonian
assumes the general form

N
Vo= tr)L;3,. (70)
i=1

Any two interacting configurations can differ at
most by one orbital, although they must have the
same set of angular-momentum quantum numbers.
We first derive the matrix element in the m
scheme,

(CRN TR C) PR A LN ()
= ga::(a lti * §l ,C) ’ (71)
where the radial integral ¢, is defined by

£oc= 7?d"’iRnat,,("’i)g("i)Rnclc(Ti) ’ (72)
o

and we use the rounded bra (a| and ket |c) to de-
note the angular and spin part of the m-scheme

states ( ¢, ; ., @) | and [ @, ;. , (@), respectively.

Making use of (9) and (10), we can easily obtain

@[T, - 8;|c)= ()21, +1)1,(1,+1)][*/2G(as ¢) ,

(73)
where
1
Gla;e)=0,,_ > (ma I. W\ [u,1 3 L (74)
v 1, m;1)\3 vpu,
‘or, graphically,
Sa Se
2y
Glajc) = 1 . (75)
"0 Lc= "0 ‘

Here the summation over v only exists formally
since v=m_-—m, = u .~ j, due to the conservation
of the “magnetic current” at each node or, analy-
tically, due to the selection rule for magnetic
quantum numbers of the covariant 3-j symbol.
Thus we can write (71) as

Se 4+ Sc

— 3=

Ca|tirl;-8;lc> = Alaic)Glaic) = !
b, A lat,

——————

(76)

where A(a;c) is defined as
Aa; c) = &, (3V2[(2L, + 1)L, (1, + 1) ]2, (17)

and represented by a triangle at the node involving
l,and [, '

As an example of the use of (76) to compute ma-
trix elements of (70) between LS-coupled states,
we will once again treat the case of configurations
having two nonequivalent electrons outside any
number of closed shells. The matrix element of
spin-orbit interaction of an electron in the closed
subshell j,

( (’b"j’jmj“j(i) [g(yi)l"i .gi I ¢njljmjuj(i)> ’
can be represented graphically as

Sj S)
l L

The summation over the magnetic quantum number
m;or p; corresponds to joining the free ends of
angular-momentum lines /; or s,, respectively.
This gives zero contribution, as may be seen im-
mediately by virtue of (46). Hence the summation
over electrons in closed shells vanishes.
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For the spin-orbit interaction of the outer electrons, the two interacting configurations may differ
by one orbital. Therefore, we consider the matrix element (¢,,(12) [¢(r,)T, S, | $.,(12)), Which has the

graphical form

3 _§ s, S ise s:& 5 -
N\ L,, 'Iu llc= f;, Lc T
2
N A
Its analytical value is
(a3 €)(=)7+5+5" arto R [(2L +1)(2L "+ 1)(25 +1)(2S "+ )} /2 x {SS 1} {L . 1} {S ; J} ' (19)
333) L, 1.0) L's'1
Thus the general matrix element for the whole atom is given by
. y '
<¢ab(12)¢closed[ Z gL, s, | D es(12) De1osea) 4 = (Pas(12) I gL, 8, lqbéb(12)) = 61,,1,, o8 (abscd), (80)

i=1

where g(ab;cb) and ¢, have been defined in (50) and
(72), respectively. 'The extension of the present
graphical method to more complex configurations
is straightforward and can easily be obtained by
using (76) and graphical representations of the cor-
responding configurations.?®?” There is also an
existing computer program by Klotz* to compute
matrix elements of (70) using an analytical ap-
proach.

VIL. DISCUSSION

A. Analysis of the various contributions to the mutual
spin-orbit interaction

In order to review the physical meaning of the
mutual spin-orbit interaction, we write the mutual
spin-orbit interaction between electrons ¢ and j in
the form?

o E=R) e o FmF) <
V(i) ’a{ 2, x (8;-B;) 273 <Pt
(fj—F{) - > (Fj—;l) > -

—a XL x —-p;)- X °S; .

a{ =3 (8, -By) 3, P

(81)

Here inside the first pair of curly brackets, the
first term may be derived from classical argu-
ments. It is proportional to the angular momentum
of the ith electron with respect to the jth electron.
The second term is of purely kinematic origin due
to a relativistic effect called the Thomas pre-
cession.®® We have a similar account for the terms
in the second pair of curly brackets. Physically,
the expression in the first pair of curly brackets

is proportional to the effective magnetic field ex-
perienced by the ith electron with respect to the
jth electron, and the expression in the second pair

f -

of curly brackets is proportional to the effective
magnetic field experienced by:the jth electron with
respect to the ith electron. Since the spin angular-
momentum operator is proportional to the spin
magnetic moment of the electron, the mutual spin-
orbit interaction (81) simply represents a certain
type of mutual magnetic interaction between elec-
trons. On grouping separately terms involving P, .
and §,, we retrieve the commonly used form

a? J(f;~T,)

Vi')=—-—{ Xﬁ}'(§.+2§)
(.7 ) 2 ,r::j i i i

3
2 LT,

:‘i{&fﬁ_xgj} S(5,+28).  (82)

In this discussion, we shall call terms involving
P and S of the same electron the spin-self-orbit in-
tevaction, and terms involving p and § of different
electrons the spin-othev-ovbit intevaction. The
mutual spin-ovbit interaction has been and will be
used to refer to both the spin-self-orbit and spin-
other-orbit interactions. To facilitate our dis-
cussion, we shall further call those terms included
in the first pair of curly brackets in (81) the mutual
spin-orbit intevaction in the field of the jth elec-
tron, and those terms included in the second pair
of curly brackets in (81) the mutual spin-orbit in-
tervaction in the field of the ith electron. In the
zero-order coupling scheme, each contribution to
the total mutual spin-orbit interaction between two
electrons can be summarized using the graphical
diagram (24):

(i) Spin-self-orbit interaction of the electron 1 in
the field of the electron 2:
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(83) (85)

(ii) Spin-other-orbit interaction of the electron 1
in the field of the electron 2: (iv) Spin-other-orbit interaction of the electron
2 in the field of the electron 1:

. Sp Sd
2 —eo—t——o2
(84)

(86)

(iii) Spin-self-orbit interaction of the electron 2
in the field of the electron 1:

J
B. Graphical reduction of the two-particle spin-orbit interaction to an effective one-particle spin-orbit interaction in certain cases

There are certain simplifications when considering the mutual spin-orbit interaction between an
open-shell electron and a closed shell within the Hartree-Fock description of the atom.
(i) The divect contribution to the spin-self-ovbit intevaction of an open-shell electron in the field

of a closed shell always behaves like an effective one-particle spin-orbit intevaction. This can be
seen by considering the corresponding diagram

s, 8,
——————/
SQ Sc
il
s. U,
...8" 8 13 L
_ 0 “Ki{ e
m-z;:l-- ) 32+ 1) OOalachm(al'm)x 1 (®7)
A .
\‘l "u * ’/c
/

~S——

which couples (or connects graphically) the interacting configurations in the same way as the one-particle
spin-orbit interaction (76). Here the Kronecker delta & 1,1, 18 due to the factor (dall)in Q,,, which is
denoted by the-circle about the (k1) node. This result can also be deduced by noting that the field of a
closed shell is a central one. A specific example for two nonequivalent electrons outside any number of
closed shells is illustrated by (44).

(ii) The exchange contribution to the spin-self-orbit intevaction of an open-shell electron in the field of

a closed shell behaves like an effective one -particle spin-ovbit intevaction only within a configuration.
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The exchange contribution is

Sa+ Sc
e

(88)

—————

LT,

This is an effective one-particle operator. But since we do not have the kronecker delta G,E,c here, this
only behaves like a one-particle spin-orbit interaction within a configuration, in which case the condition
1,=1, is guaranteed. ’

(iii) The direct contvibution to the spin-self-orbit intevaction of a closed shell in the field of any other
electron vanishes. This can be seen immediately from the diagram

———————

= Oi_ B |l=0, ®)

1 +
\
\\\"j (’b

which gives zero contribution due to (46). ‘'This may also be expected intuitively by noting that the total
spin and orbital angular momenta are zero for a closed shell.

(iv) The exchange contribution to the spin-self-orbit intevaction of a closed shell in the field of any other

electron is an effective one-particle spin-orbit interaction only within a configuration. The exchange con-
tribution has the diagram

Sa + Sc

1 . (90)

As before, this is a one-particle operator, but only within a configuration can this be treated as an ef-
fective one-particle spin-orbit interaction.

" (v) For the spin-self-ovbit intevaction between open-shell electrons, neither the divect nor the exchange
contributions can in geneval be considered as an effective one ~particle spin-ovbit interaction. Only within

the same configuration are part of the contributions proportional to a one-particle spin-orbit interaction,
e.g., for =0, )
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Sp Sp
Sa 4 Sa
—————
= —;;—:T"':;)—Qo.(ab;ob)x 1 (91)
b
'lc * "u
and
Sa + Sa
————————
-3 8
= -#J#%#Qo.(ob;bo)x 1 (92)
a b

(vi) The direct contribution to the spin-othev-orbit interaction of an electvon in the field of a closed shell
vanishes. Graphically, this is elucidated by the diagram

B = 0. (93)

This is what would be expected intuitively since the total orbital angular momentum of a closed shell is
Zero.

(vii) The exchange contribution to the spin-other-orbit intevaction of an electvon in the field of a closed
shell behaves like an effective one-particle spin-ovbit intevaction. The diagram for the exchange contribu-
tion is the same as its spin-self-orbit counterpart (88), but twice as large.

(viii) The divect contribution to the spin-other-orbit intevaction of a closed shell in the field of any other
electrvon vanishes. Graphically, we have

—_———

~.
(’ Sb Si,\‘

S; L 1
Yele il
l
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This diagram vanishes for the same reason that diagram (48) vanishes. This conclusion also follows from
the intuitive argument that the total spin angular momentum of a closed shell is zero.

(ix) The exchange contvibulion to the spin-other-orbit intevaction of a closed shell in the field of any
other electvon is an effective one-particle spin-orbit intevaction only within a configuration. The diagram
for the exchange contribution is the same as its spin-self-orbit counterpart (90), but twice as large.

(x) Only part of the spin-other-orbit intevaction between open-shell electrons can be velated to an ef-
fective one-particle spin-ovbit intevaction. This result is similar to that for the spin-self-orbit case. For
two open-shell electrons (either equivalent or nonequivalent) which are directly coupled to each other, all
contributions to the spin-other-orbit interaction between them have a magnitude twice as large as those of
their spin-self-orbit counterparts and a relative phase factor (-)***’, where s and s’ are the resultant spin
angular momenta of the electron pair under consideration in the two interacting configurations. We can

easily verify this graphically,

Pafts
Frepha

Other cases can be analyzed similarly. However,
the relative magnitude and phase factor depend in
general on the coupling scheme of the interacting
configurations.

Note that except for (95) and (96), the results we
have obtained so far were derived without making
any assumption about the coupling scheme of the
interacting configurations; therefore, they are
valid in any coupling scheme. Also note the in-
teresting fact that the spin-other-orbit interaction
in many cases contributes twice as much as the spin-
self-orbit interaction, a fact also noted by Blume
and Watson.'” This can be attributed to the Thomas
precession,®® which reduces the spin-self-orbit
interaction by half but does not affect the spin-
other-orbit interaction.

(95)

(96)

C. Derivation of an effective spin-orbit parameter ¢ . equivalent
to that of Blume and Watson

The result that a large part of the mutual spin-
orbit interaction within the same configuration
can be regarded as an effective one-particle spin-
orbit interaction has been noted implicitly or ex-
plicitly by other authors.!*'” In fact, a major ef-
fort in the past has been the derivation of effective
spin-orbit parameters for many-electron atoms.
Blume and Watson'” derived an effective spin-orbit
parameter ¢, for configurations having a single
open shell by considering only the mutual spin-
orbit interaction between the open- and closed-
shell electrons. Using our graphical approach,
we derive an effective spin-orbit parameter ¢,
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which is equivalent to that of Blume and Watson.'” @13, |a)=(3)'/2[(21,+ 1)1, @, +1)] /2
Blume and Watson’s definition for ¢, can be

written XE <m“ 2 V> (““ s,
Y\, mg1)/ \s, v,

- - Za? 1 T
§c<a[L1'S1|a>= (al 3 F 1,a> Se 4 Sa
closed 172 .
ab | (V,+V,,)]| ab - [3
+":4;b mm[( |(Via+ Vay) | ab) - [%(ztm)t,(l,,n)] x 1
la | L
—(ab |(Vyp+ Vy,) |0a)] . ———
) 100
(97) (100)
Here the summation over v only exists formally
According to (71), the left-hand side is simply since v=0.
- . - . The second term on the right-hand side of (97)
t(al|L, -8 |a) =L a L, -5, |a), (98) has been calculated more generally in (87)-(90),
) ) ) . (93), and (94). By using the analytic expressions
and the first term on the right-hand side of (97) is associated with those diagrams and substituting
the following relations between our radial integrals
Za? 1 - Za? <1 > - (21) and the radial integrals N'(ab), N***(ab),
a — L = ——(—)@a|L,*s, |a
{ , 73 Sila 2 @|L,-5a), 'V"L(ab), and M°(ab) of Blume and Watson,”
(99) R{Y(ab;ba)=R '’ (ba;ab) =N'"?(ab) + N*(ab) ,
where R{? (ab;ba) - R{?(ba;ab)= V" (ab),
. R . R!%(ab;ab) = -M°(ab) ,
<7=;‘> . =fo M R, r) o R{®(ab;ba) = R{¥(ba; ab)
- _ni=2 1
Here for easy reference, we repeat (2 |L,-3,|a) =IN*"2(ab) - (I + 1)N*(abd) , (101)
which was defined in (73), we obtain the following result:
J
closed

DD [Kab |(Vip+ Vyy) |ab) = (ab | (Vi + V) [ba) ]
ny iy mpup
closed

/2 2
=@, -3, |a) Z [—4(2lb+1)M°(ab)-6(2!b+1)<%>1 Z(lal l») le] . (102)
5 1p a\*q 1 \0 D 0

Here we have defined

1
=[(2 + 1)1(1+1)]1/2{l l 1}V"1(ab)5,k+t,k(2k+1){"l l"}
abs k1, 1
R+l 1/2 lbl la 1/2 lal lb
X (=) (20,+ 1)1,(1,+ 1)] +[@l,+1),(1,+1)] , (103)
kI, 1 ki, 1
and
tra-y = U+ DN'2(ab) , t;,=(+1)N"2(ad) - IN(ab), 1;(1.,)=— (21+1)N*(ab). (104)
Hence from (97)-(99) and (102), we can write our expression for the spin-orbit parameter as
Za? /1 X . 2,01\ V2l 1 L\?
= _ e’ Ty | - .
=5 <71’> > 2(2,+1) [ZM (ab)+3<la(la+1); ; 6oo) ™ (105)

npdp

a

Alternatively, we can also start from (22a), (22b), and (22c) and by a similar procedure get

2 closed 2 .
6= 22 <;1{> -3 2, +1) [2M°(ab)+3§;<l“ ”b) s,] , (106)

™ 1y 000
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where

a\’a

Si= <7%+_1i7>/ [+ L0+ 1)]”2{l° ; }[N’(abmv”(ab) - Vi ab)]

111
A

2,+1 \ /2 720 %"
+[ 1+ (l T )) [(@L,+ 1), + )] {lb .

The expressions (105) and (106) and Blume and
Watson’s!'” expression for the spin-orbit param-
eter ¢, are all equivalent to each other. Although
a general proof of equivalence is not given here,

one can easily show the equivalence for the specific

cases 1,=0, l,=1, etc. by substituting the corres-
ponding values for [/, in the expressions.
APPENDIX A: TRANSFORMATION RULES FOR GRAPHS

There are only two fundamental transformation
rules: Rule (1):

D2k +1)
k

(A1)

This rule follows from the graphical relation for
3-j symbols,

1!"‘! iymy
Z (2k +1)
_gmp  fpmp
jamg jama

which represents the orthogonality relation

mymy,m\ (i, j, B
E(2k+1) L s k) \m!imlim = Oy Omym, -

Here we use the blocks @ and 8 to represent arbi-
trary diagrams either open or closed. By open

gl - ko BiiiaBlile
V(2j+1(20,+1)

b .
h
_ j j
3 2 8 - 2
j3 j3

}] [IN*"2(ab) — (I + 1)N*(ab)] . 107)

r

or closed, we mean that the diagram either has or
hasn’t any free angular-momentum lines; for
example,

r
i
: : |
] I l}
| 1 1
1 ] I
! ¥ 1
L

The diagram block on the left is closed while the
one on the right open. Rule (2):

iy
Siiie
Bl =z
A »

Here @ denotes a closed diagram. Since deriva-
tion of this transformation rule is more involved,
we refer the reader to Refs. 25 and 26 for its
proof. Note that for a null block 8, rule (A2) be-
comes ‘

im
- 8iii, "‘n"‘g
. 2j+1
J2M2
—a—

This transformation rule results from the rota-
tional invariance of the diagram.

From these two fundamental rules, we can easily
derive the following additional useful rules:

(=1

[~1)

i b
a > (A3)

(A4)



— — —
I
a j Bl = Dl2k+1)|a
2 k
ia

| L ||

The transformation rules (Al) and (A2) and the
rules derived from them allow one to rearrange
diagrams or to factor out basic diagrams whose
analytical values have been tabulated. Some of
those basic diagrams are presented in Appendix
B. For manipulating diagrams, note that the
change in direction of a linked angular-momentum
line j will only introduce a phase factor (-)*, and
a sign change at the node (j,,j,,j,) will introduce
a phase factor (=)1*/2*93, For more dgtails of
the transformation rules, see Refs. 25 and 26.

APPENDIX B: ANALYTICAL VALUES OF SOME BASIC
DIAGRAMS

= (ymligm,) = sjljzsmlmz'

2j+ 1%

={ i, izi,} » triangular delta3+
i . { Ll il € By )
O otherwise;

I,

iz s .
= » 6=j symbol ;
ls

1
-+

"
s
ol
]
o=
ol

» 9—j symbol ,

—
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o

(A5)

APPENDIX C: MATRIX ELEMENTS OF THE MUTUAL
SPIN-ORBIT INTERACTION BETWEEN CONFIGURATIONS
HAVING TWO ELECTRONS OUTSIDE CLOSED SHELLS

We summarize here the example, treated in Sec.
1V, of the matrix element of mutual spin-orbit in-
teraction between configurations having two elec-
trons outside closed shells. In addition, we sim-
plify our formulas for the special case of interac-
tion between the two-electron configurationsnsn’l’
andn”sn”1" for a comparison with previously pub-
lished results!3:242).210 anq for application to ns-
subshell photoionization in the rare gases.’®* As
is known,?® the results previously tabulated by
Marvin'® and by Jucys and Dagys®?) are in error
due to their omission of integrals of the type V*.
Furthermore, these previously tabulated re-
sults!3:242)21® gre given, generally, for interac-
tions within the same configuration, whereas our
general formula treats the case of different inter-
acting configurations. Note especially that even
if the orbital angular-momentum quantum numbers
of the interacting configurations are the same,
the fact that the principal quantum numbers differ
in the two configurations gives rise to additional
radial integrals. For example, in the special
case of interacting two-electron configurations
nl.mn,l, and n I n,l, (where the orbital angular-
momentum quantum numbers are the same) the
interaction matrix element contains certain radial
integrals which vanish when n,=n, and n,=n,.

Matrix elements of the mutual spin-orbit inter-
action between configurations having two electrons
outside closed shells can be summarized from
Eqs. (42) and (57) for each of the following three
cases: ' '

(i) Nonequivalent outer-electron orbitals:

<¢ab(12)¢closed I Z Vij |¢éd(12)¢clgsed >A=D(ab; Cd)+ (_)'c“”'d B S’D(ab;d())
i#j

+(=)E+ ST +S' D(bay dc) + (=)!a* 0+ E+ S D(ba; cd)

closed

+ D {(=)e*to+L+S 5 [D(bia; cid) - E(bia; icd)]

nil;

+(=)E*S* L+ S's [ D(bia; dic) - E(bia; idc)]+ b,,[D(aib; cid) - E(aib; icd)|
+(=)le *¥a*L'* 8" 5 [D(aib;dic)— E(aib; idc)]}, (c1)
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where a,b, c,d in 6,4, -etc. stand symbolically for all the quantum numbers of the respective orbitals.
(ii) Orbitals a and b are equivalent:

(®aa(12) Petosea | iE Vii|62(12)$ qowa )4 = V2 [D(aa; cd) + (-)*"* ¥'D(aa; dc)]

closed
+V2 Z {=0,4[D(aia; cid) — E(aia; icd)|
-k
+ (=)' *8"5  [D(aia; dic) - E(aia; idc)|} . (c2)

(iii) Orbitals a and b are equivalent, and orbitals ¢ and d are equivalent:

closed

(Dae(12) Perosed IZ Vi; 102:(12) butosea V4= 2D(aa; cc) +26,, p [Dlaia;cic) - E(aiasicc)]. (C3)
#J nity
In Egs. (C1)-(C3), D(ab; cd), D(aib; cid), E(aib}icd), and their permutations are defined by Eqgs. (40) (49),
and (55), respectively.
For the special case of interacting two-electron configurations in which I,=1,=0, Eq. (C1) gives the ma-
trix element between the triplet terms (L,.,,%L;_,) as

~[3/(21,+ 1)][(21, + DRP(ba; dc) +R{)ba; cd) + RYdc; ab))] (C4)
and between the singlet-triplet or triplet-singlet terms (S*'L,_,,25 *'L,_;)g.s+ as '

{5,y + 1) [/2/ (21, + D} (21, + 1)RY (ba; dc) + (-—)SR(fb) (ba; cd) + (—)S'R(,Zb)(dc; ab)]. ‘ (C5)
Or in terms of the following commonly used radial integrals

N'(ab;cd)=%2 [b rfd%l.of riar,R (1)R,(2) <% ,+3 6(r, =7,)R (1)R,(2), (C6)

Vi ca)=% [ rar, [ ran R OR@ T (it s ) ROR,), )
Eqgs. (C4) and (C5) become

[3/(21, + 1)][(21, + 1)N°(ba; dc) + (1, + 1)N*s “%(ba; cd) — 1,N's(ab; dc) + Vs ~*(ab; dc)) (ca")
and

[, +1)]1/2/(21,,+1 H ~(21, + 1)N°(ba, dc)

-(=)8[@, + 1)N'n‘2(ba cd) - 1,N"s(ab; dc) + V' “H(ab; dc) + 2R (ba; cd) |} . (C5’)

In particular cases, these formulas give the correct version of previously tabulated results,'3:242)
In making comparisons with Refs. 13 and 21(a), note that we use LS coupling whereas these other
works use SL coupling. Note also that (C5) and (C5’) are generally not symmetrical with respect

to interchange of S and S’.
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