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Several small, previously uncalculated contributions to the 2s»2-2p3/2 splitting S& in muonic 'He are
calculated, and previously calculated contributions are verified. The improved theoretical result is
1817.5+0.6+0,4(r 2)i/z —106.2(r ) '+ 1.4(r 2) ' 1527.3—102.6((r ) —2.80) meV, where

(r ) is the mean-square charge radius of He in fm'. Using the most recent value of the rms charge radius
we get S&th ——1527.1+4.2 meV, in excellent agreement with the experimental result S&,„p ——1527.5+0.3
meV.

Recent precision measurements of the 28, /, -
2P, /, splitting in muonic helium'' have inspired a
number of theoretical improvements' ' over the
original calculation of Campani, ' both with regard
to the purely quantum-electrodynamical (@ED) ef-
fects (of which the most important is vacuum polar-
ization), and with regard to the nuclear polariza-
tion. The purpose of the present work is to ex-
amine some previously neglected contributions and
to reevaluate more accurately those which have
been discussed previously. We have attempted to
evaluate all corrections (except for nuclear polar-
ization) to an accuracy of 0.01 meV. We do not
claim the final result to be this accurate, but be-
lieve that the uncertainties in the purely @ED cor
rections are not significantly larger. At this level
of accuracy„ the dependence of some of the lower-
order radiative corrections on the nuclear radius
must also be taken into account. Among the pre-
viously neglected or only estimated higher-order
effects are higher-order binding corrections [of
relative order (nZ)'In'(aZ)j to the vertex graph, '
two-photon recoil corrections, ' "the virtual
Delbruck effect,"fourth-order Lamb shift, '
a(oZ)" vacuum polarization, "and hadronic vac-
uum polarization. " With the exception of the two-
photon recoil correction, all of these effects con-
tribute less than 0.1 meV. All numerical values
given here use the most recent values of the funda-
mental constants. "

We find an improved value for the 2sg/2 2P3/2
splitting in muonic 'He of 1817.5 +0.6+0.4(r') +1.4
( r )' ' meV. For rms radii in the vicinity of the
electron-scattering value, the theoretical result can
also be parametrized with no loss of numerical accu-

racy in the somewhat simpler form 1527.3—
102.6((r') —2.80) meV. The 'best value of (r')~~ '
from electron scattering" is 1.674 + 0.012 fm (diff er-
ing slightly from the value 1.65 + 0.025 fm used inpre-
vious theoretical work"), giving a theoretical
splitting of 1527.].+ 4.2 meV, to be compared with the
experimental value of 1527.5 + 0.3 meV.

The various improvements to the calculation
will be presented. The following discussion is
motivated largely by analytic analyses of the cor-
rections based upon point-nucleus solutions. For
the numerical results in Table I and in Eqs. (3)
and (5), however, we have relied upon purely nu-
merical calculations for the contrbutions which de-
pend significantly upon the nuclear radius. Here
we parametrize the results in the lowest-order
form which would be expected. from analytic cal-
culation and adjust the coefficients to produce a
best fit to the numerical results.

I. ORDER-O.'CORRECTIONS

New results for the electronic-vacuum-polariza-
tion correction of order u(Zo. ) are given in Table I.
As in previous work' 4 the Dirac equation was sol-
ved numerically &n the field of a Gaussian charge
distribution for values of the radial parameter in
the neighborhood of the electron-scattering value.
The relevant numerical parameters in the calcula-
tion were varied to enhure stability of the eigen-
values and expectation values at a level of 0.001
meV, so that one may have some confidence that
all digits quoted in Table I are significant. Varia-
tion in the higher iterations of the n(Zo.') potential
owing to changes in the nuclear radius appeared
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TABLE I. Contributions to the 2s-2p splittings in the (p He)+ system, in meV. y is the rms
charge radius of He in fm . All formulas are evaluated using the value y =2.802 fm .

Contributions S)
——2p3 ]2-2s S2 2P 1 /2 2s

muon VP
p, —8 VP
hadron VP

Electronic VP
Uehling QZQ first iteration

1666.57 —0.76y
higher iterations

Kallen-Sabry Q gQ
Q gQ)", go 3
Q2 (gQ)2
QgQ
Q gQ

1664.44
1.70

11.55
—0.02

0.02
0.33
0.02
0.05

1666.30 —0.76y' = 1664.17
1.70

11.55
-0.02

0.02
0.33
0.02
0.05

Total 1680.22 —0.76y' = 1678.09 1679.95 —0.76y = 1677.82

Vertex corrections
QgQ
Q(gQ)", n~2
Q gQ

Total

—10.90+ 0.23y = —10.52
-0.16
-0.03

-11.09+ 0.23r= -10.71

-11.23+ 0.23r = -10.85
-0.16
-0.03

-11,42+ 0.23r= -11.04

Recoil

Total

Breit
two-photon

+ 0.17r = 0.28
-0.44

-0.44+ 0.17y'= -0.16

0.3.7r = 0.2'8

—0.44

0.44+ 0.17r= 0.16

Point Coulomb gine structure) 145.70 0.00

Total @ED

Nuclear pol ariz ation

Finite size

1814.39+ 0.40y' —0.76r
= 1812.92

3.1 +0.6

-105.46r + 1.40r
= -288.9+4.1

1668.09+ 0.40y' —0.7 6y
= 1666.62

3.1 +0.6
—105.46r + 1.40r

= -288.9+4.1

Total 1817,5+ 0.4r —106.2y + 1.4y
= 1527.1+4.2

1671.2+ 0.4y —106.2y 2+ 1.4y 3

= 1380.8 +4.2

at a level of 10 ' meV and were thus ignored.
At this level of accuracy, there is an additional

modification of the n(Z n) vertex correction not
included previously. This is owing to. the effect of
the n(Z n) vacuum polarization upon the muon wave
functions used to compute expectation values of
&'V and & ' dV/dr. This modification increases
the a(Za) vertex correction to the 2P-2& intervals
by approximately 0.05 meV. Including this effect
and variations owing to the finite nuclear size
yields the formulas in Table I.

II. BINDING CORRECTIONS

A new analysis of higher-order binding correc-
tions to the 2s-2P splitting in normal atoms has
been given by Mohr. ' Both previous analyses of
the muonic Lamb shift'4 included the contribution

of relative order nZ [denoted in Ref. 4 as the ver-
tex correction of order n(Zn)'] and neglected the
higher orders. Including the higher orders [with
a value ' GqE(2n} = —23.0 + 1.2f gives a total higher-
order correction of 0.16 meV in the point approxi-
mation.

The remaining correction (of order nZ} is as given
in Refs. 3 and 4. Inclusion of finite nuclear size
results for the 2s, y, state in a reduction by =2.5%
(for a uniform nucleus of radius &, the reduction
factor is easily found to be 1 —-', m„nSB, =0.975
for ~He).

HI. ORDER-e2 CORRECTIONS

The fourth-order muon Lamb shift (order n'Zn}
has been discussed in Ref. 13. An improved value
for the fourth-order contribution to the muon radius
has been given by Barbieri et aL." The cpntribu-
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tion owing to the fourth-order vertex and muon
vacuum polarization amounts to -0.03 meV, while
the mixed p-e vacuum polarization contributes
+0.02 meV to the energy difference.

The virtual Delbruck contribution was calculated
using the effective potential developed by Boric."
The result is 0.02 meV. In addition, we have con-
firmed the previous value' of -0.02 meV for the
contribution of order a(aZ)" .s. The contribution
of order 0.'Se may be comparable, but we have
not calculated it. We also give a more accurate
result for the correction of order n'Za.

b,B,=— R m,'{1+6[aZm„R,
70 mg

x 1n(aZm„RJ])
=0.26 meV.

A numerical calculation using a more realistic
charge distribution gives a correction 0.28 meV,
which is the value given in the table. In addition
there js a further two-photon contrjbutjonxo-ig
which is given in the point approximation by

(Za}' ~mg 97 &,(2, 1}
6w m~ 12 Xa(2, 0)

1——lng a}
2

~ -0.44 meV. (2)

The effect of finite nuclear size may reduce this
contribution by 2%, as is the case for the self-
energy correction. This contribution was estima-
ted by Boric' but was not included in previous
compilations.

U. HADRONIC VACUUM POLARIZATION

The effect of hadronic vacuum polarization was
calculated using the formulas given by Sundaresan
and Watson. ' Masses and widths of the vector
mesons were taken from the Particle Data Group, "
and the pion form factor was parametrized ac™
cording to the Gounaris-Sakurai fit of Ref. 21. The
contribution is 0.05 meV.

VI. FINITE NUCLEAR SIZE

The finite-size correction to the point Dirac en-
ergy has been previously. parametrized in slightly
different mays. We have reexamined this contri-
bution. Numerical values of the energy shift of the

IV. RECOII. CORRECTIONS

The recoil correction to muopic 4He given by
Rinker4 is based on the 33reit equation analysis due
to Friar and Negele. '0 For a uniform nucleus, the
additional contribution to the +-state shift owing to
finite nuclear size is given by

2~
g /2 state were found by solving the Dirac equation

in the field of a Gaussian charge distribution for
several values of the radial parameter &, = (-', (&))' '
which are close to the electron scattering value, ,

and fitting the resulting energy shifts to a poly-
nomial in (&~)' '. Other models (modified Gaus-
sian, Fermi) for the charge distribution gave the
same results. The energy shifts were carefully
checked for numerical accuracy, using thrye dif-
ferent computer programs. An excellent. fit to
these "data" was obtained with the parametrization

&&I, =- 105.46(&') +1.40(~)'~' (3}

where &&„ is in meV and(&')' ' is in fm. We ob-
serve that this parametrization is very close to
that given by perturbation theory. The 2P, y, state
is also shifted by —0.01 meV for (&~) =2.80 fm',
while the shift of the 2P,y, state. is completely
negligible. For radii close to the electron scatter-
ing value of 1.674 +0.012 fm, the numerical value
of the energy shift given above does not differ
significantly from previous parametrizations. '

The table summarizes our best values for all
known contributions to the splittings S, ( of the
2s, ~2-2P, y, levels) and S, (2s, ~,-2P, y~} in the muonic
ion (p, ~He} . For the nuclear polarization correc-
tion the value 3.1 +0.6 meV 'was adopted, as rec-
ommended in Refs. 4, 5, and 7. The results can
be summarized in the form

S, =1817.4 +0.6+&+Fs

S~ =1671.1 0.6 +&B„~,

where &&Fs is the shift of the 2s level owing to the
effect of the finite size of the helium nucleus, in-
cluding finite-size effects in the radiative correc-
tions. The theoretical uncertainty quoted here is
due entirely to the nuclear polarizability, since
we believe that all other contributions have been
calculated to a total accuracy better than 0.05 meV.

Our best parametrization for &&Fs is

&&„s=0.4 (&2)' 2 —106.2(&) +1 4(~)'~2 (5)

where the effect of nuclear finite size on the vacuum
polarization (here only the Uehling term is signi-
fioantly affected) and vertex correction is included,
as well as the correction to the point Dirac result.

The precision experiment' may be used to deter-
mine a more precise value of the charge radius of
'He. We find(&)'"=1.673+0.001 fm, where most
of the error is owing to the uncertainty in the nu-
clear polarization correction.
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