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Quantitative analysis of resonant third-harmonic generation in strontium
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Absolute intensity measurements of resonant third-harmonic generation in a Sr-Xe mixture have been
performed using a Bash-lamp-pumped dye laser. The third-harmonic power increased by about 3 orders of
magnitude with respect to the pure Sr system by adjusting a pressure ratio of px,/ps, ——53. Excellent
agreement with theory is obtained provided the absorption cross section cr3 = 3.5 X 10 ' cm of Sr at the
third-harmonic wavelength of 191.97 nm has been taken into account. The absorption cross section limits the
conversion efficiency to 2 )& 10 ' for an input intensity of 5 &( 10' %/cm'. Up to these intensities no saturation
effects were observed.

I. INTRODUCTION

In 1974, Hodgson, Sorokin, and Wyane' first re-
ported efficient two-photon resonant third-harmon-
ic-generation (THG) and sum frequency mixing in
a Sr-Xe mature. Since then, resonantly enhanced
four-wave processes in Na, ' Cs, 3~ Tl, ' Mg, ' and

Ca, ' have been reported. Most of these experi-
ments were performed using high intensities in or-
der to achieve high conversion efficiencies and/or
to study saturation effects. Sum frequency mixing
in Sr in the picosecond domain was investigated by
Royt and Lee.'

For efficient harmonic generation the nonlinear
system should be phase matched. Two different
methods of phase matching are sho~n to be feasi-
ble. In the case of resoriantly enhanced harmonic
generation Bjorklund et al.' obtained phase match-
ing by adjusting the frequencies of the fundamental
waves in a single-component system. They also
applied their method to strontium. ' The other
method performs phase matching by a proper ad-
justment of the partial pressures in a two-compo-
nent system. " The latter technique is used in our'

experiments and for resonant THG a detailed quan-
titative agreement has been achieved for the first
time which so far has only been obtained for aon-
resonant systems. '

%e present experimental results for resonant
THG in a Sr-Xe mixture using a flash-lamp
pumped dye laser with peak powers up to 40 k%.
A theoretical analysis is given including absorp-
tion effects which are demonstrated to play an im-
portant role in the Sr-Xe system. Modifications .

with respect to the analysis of the Rb-Xe system
by Puell et al."were made taking into account the
two-photon resonance and the absorption. of the
generated vacuum-ultraviolet (vuv) radiation. In
this manner excellent agreement between theory
and. - experiment is obtained.

Section II contains a theoretical analysis and pre-

sents the results of numerical calculations in
which the effects of density gradients at the bound-
ary layers of the Sr vapor column in a heat-pipe
oven are included. In addition, numerical values
for the required linear and nonlinear susceptibili-
ties are presented. In Sec. III the experimental
setup is described and in Sec. IV the experimental
results and a comparison with the theory are pre-
sented.
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where we also neglected depletion and absorption
of the fundamental wave (dE,/dz = 0, small-signal
approximation). y&r"(3&v) is the nonlinear suscep-
tibility responsible for THG, E, and E3 are the
amplitudes of the incoming and of the generated
harmonic electric field, respectively, &k = Sk, -k3
is the mismatch of the corresponding wave vec-
tors, e3 is the absorption coefficient for the third-
harmonic radiation, and N is the particle density
of the nonlinear medium. For a homogeneous non-
linear medium [Ã(z) = const. ], Eq. (1) can be inte-
grated in closed form as shown for the first time
by Bey et al."who investigated THG in liquids.
Qne obtains for the third-harmonic intensity

24m P (3) &2 C~ 1
3 'e Ixr ( )I jl 3 (1 )3+(rI/+3

x [1+e " '3-2e 3 cos(&kL)] (2)

II. THEORY

For the theoretical analysis of THG in an absorb-
ing medium we start from the linearized wave
equation [see, for example, Eq. (19) of Ref. 12].
For a parallel beam and at powers sufficiently low
to neglect self-action effects (P; =0), the amplitude
of the third-harmonic field is given by
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amental energy J, vs M for several values of o,.
The value for NL (2.15 x 10'8 cm ') was chosen accord-
ing to our experimental conditions presented below.
The dotted line shows the [sin(~ rRL)/(k ML)]' behav-
ior of the absorption-f ree case according to Eq. (2).
In Fig. 1 the modulation of the phase-matching curve
withtheperiodicity of ML = 2nm decreases with an in-
creasing absorption cross section 0,. Eventually
for NLg, »1, the phase-matching curve goes over
to a pure dispersion-type curve where 0, acts as a
damping constant. In this case the third-harmonic
intensity 4, becomes independent of the length L of
the nonlinear medium. For NLO, » 1

56 5749 50 53 55
'x. ~ Ps.

FIG. 1. Normalized third harmonic energy ~3/& vs
Xe-Sr pressure ratio for &L =2.15 "10 cm+ and dif-
ferent values of the absorption cross section 03. The
corresponding mismatch && is shown on the top. (Bec-
tangular density distribution. )

5451

with 4, = (n,c/8v)
~
E,

~

' and a, = aIs/N. L is the
length of the nonlinear medium and v is the wave
number of the fundamental wave. For 0,= 0, Eq.
(2) yields the well-known small-signal relation

24m'NLv
~ &» I

2 4', sin(2&kL) &I2

(4)

Note that for a one-component system, where &k
-N, Eq. (4) is also independent of N. This behav-
ior is illustrated in Fig. 2 where the normalized
energy J, is plotted versus the length L for some
values of a,. The mismatch (&k=1.27 cm ') and
the particle density (N= 7.15 x 10" cm ') are taken
to be constant over the length of the nonlinear me-
dium. Again the dotted line corresponds to the ab-
sorption-free case. Similar to Fig. 1 the damping
of the modulation with increasing optical depth can
be seen and it clearly reveals the effect of the ab-
sorption on the THG.

If the nonlinear medium is phase matched (&k
=0) Eq. (2) yields

We will now investigate the dependence of the gen-
erated third-harmonic energy on the mismatch &k
and on the optical depth 7;= NLa, given by Eq. (2).
Figure 1 shows the third-harmonic energy J3 nor-
malized with respect to the third power of the fund-

ca, "r ) en,'

For a strong absorption, NLO, » 1, this expression
becomes independent of the particle density and the
length L of the nonlinear medium. For cA «a,N
and NLO, »1, we have
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Third harmonic energy ~3 vs length of the nonlinear medium for different values of the absorption cross sec-
tion 03 and a constant mismatch &~=1.27 cm+. (Bectangular density distribution. )
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FIG. 3. Normalized third harmonic energy ~3//~~3 vs
Xe-Sr pressure ratio for a constant optical depth &«z
=7.25 and different values of the density gradient 0'.

corresponds to a rectangular density distribution.

In this case the conversion efficiency is governed
by the ratio of the nonlinear susceptibility y'rs'(3&@)

and the absorption cross section a, as already
pointed out by Van Tran et a/. ' who investigated
THG in InSb using a CO, laser.

The preceding relations have all been derived for
a rectangular density profile with N(z} = const over
the length of the nonlinear medium. In practice
however; the metal-vapor-noble-gas mixtures re-
quired for proper phase matching are produced,
for example, in a concentric heat-pipe oven"
where the small density gradients in the transition
zones to the buffer gas have to be considered.
These density gradients which may be approxima-
ted by N(z) =-,'N(0)~1+ anh[o. (-'I. —Iz I)]}modify the
phase-matching curve as shown in Ref. 12.

To investigate this case, Eq. (1}had to be eval-
uated numerically. This was done for different op-
tical depths. Figure 3 shows the results for 7',
=7.5. and for different values n characterizing the
steepness of the density gradients according to the
corresponding diffusion coefficient. Similar to the
absorption-free case, the curve becomes asymme-
tric with respect to &k. The maximum is shifted
to positive values of &k and decreases with de-
creasing values of a.

To apply the preceding considerations to the spe-
cial case of the two-photon-resonant THG, and to
compare our measurements in Sr with theory, the
effective two-photon-resonant third-order nonlin-

ear susceptibility must be known. This nonlinear
susceptibility y'rs'(3ar) is given to a good approxi-
mation at exact resonance by

(3)(3+) g 3 ~ +0l~ 1m~ mn~no~ ((u„—(o)((o -3u))r„, '
lmn

where 1",« is the effective linewidth of the two-
photon-resonant transition. In general, the value
of r, ff depends on the Doppler width, the pressure
broadening constant of the resonant transition, and
on the linewidth of the laser. " For high-incident
intensities I', f& becomes intensity dependent due to
power broadening and Stark shifts4 mhich turn out
to be important in our experiments for incident in-
tensities 4, &10' W/cm'. Other saturation effects
such as two-photon absorption arid/or three-photon
ionization will modify the effective nonlinear sus-
ceptibility Z,N,.y,". r' according to the population den-
sities ¹ of the atomic states involved. Similarly
saturation effects can also destroy the phase
matching. In Eg. (7) the p, ,„are the dipole-moment
matrix elements for transitions with the frequency
u,.~ in the atoms of the nonlinear medium. In case
of autoionizing states the matrix elements p, ~ can
be evaluated according to Fano" as shown by Arm-
strong and Wynne

To calculate the nonlinear susceptibility y ~" the
lowest lying S, P, and D energy levels of Sr (Ref.
19) (a, total of 42) were taken into account. The
corresponding matrix elements mere evaluated in
the Coulomb approximation. The agreement with
measured values of the oscillator strength, even
for the first resonance line [f,~=1.93, f, =1.92
(Ref. 20)] is very good. In our calculations we
neglected the Fano contribution since the wave-
length of interest at 191.9 nm is sufficiently far
oif from the autoionizing transition around 197 nm.
Further confidence in our approach is to some ex-
tent provided by the X"' coefficients which are re-
sponsible for the excellent agreement of the mea-
sured and calculated phase-matching ratio N„,/NB,
(measured value: 53.0, calculated value: 53.1). In-
cluding the oscillator strength of the autoionizing
transition around 197 nm according to Kozlov and
Startsev" the calculated phase-matching ratio is
changed by only 1/o. The calculated linear and
nonlinear susceptibilities of Sr for v =17 363.74
cm ' and 3v = 52091.23 cm ' corresponding to the
two-photon transition 5s'-5s 5d are given in Table
I.

It is interesting to investigate the frequency de-
pendence of Eq. (6) around a discrete transition at
the frequency v „,. One obtains to a good approxi-
mation

(6)
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TABLE I. Linear susceptibilities X ((u) and X &(Bu) for Sr and Xe (Ref. 25) and nonresonant
and resonant part of the third-order susceptibility X& (3~) of Sr.

x"'(~)
(10 4 esu) (1024 esu)

Ix',"&3~))NR

(10@esu)

Sr
Xe

81.87
4.169

-7.021
5.845

0.034 51.0

where the complex frequency ~~ = 0„,+ iI'~. Due
to the absorption one therefore obtains an inverted
dispersion profile which gives rise to a dip in the
conversion efficiency. This statement has to be
modified in case of autoionizing transition where
the line shape of X ~" and o3 contained in the matrix
elements p,„may well be different since X~"

ffo and 03 p ~ . It should be noted that Boyt
and I ee' observed a broad dip also for the auto-
ionizing transition of Sr around 19V nm.

III. EXPERIMENTAL

The experimental arrangement is shown in Fig.
4. We used a flash-lamp pumped rhodamin 66 dye
laser. The laser pulses had a duration of 500 nsec
(FWHM) and an energy up to 20 m J per pulse cor-
responding to a peak power of 40 kW. The dye cell
inside the resonator was placed at Brewster's an-
gle providing a linearly polarized beam. An inter-
ference filter and a Fabry Perot dtalon inside the
laser resonator were used to tune the wavelength
to the 5s'-5s 5d two-photon transition of strontium
and to narrow the laser linewidth down to about 0.3
CIQ

The Sr vapor as the nonlinear medium was pre-
pared in a concentric stainless-steel heat-pipe
oven, "which allows the partial pressures of
strontium and xenon to be varied independently
without relying on any of the vapor pressure
curves. With our heat-pipe system it was possible
to adjust the Sr pressure typically between 6.5 and
20 torr and to change the length of the vapor col-
umn up to 45 cm. At lower pressures the heat pipe
does no longer provide a stable operation any more
because the Sr vapor starts to freeze out at the
colder boundary layers between the vapor zone and
the confining noble gas. (The Sr vapor pressure at
the melting point of 785'C is already 3.5 torr. ).
The upper limit of 20 torr corresponding to a
temperature of 1000'C is determined by the ther-
mal stability of the stainless-steel structure. The
Sr and Xe partial pressures were measured with
an accuracy of 0.1/& using commercial capacitive
manometer s.

Some problems may arise due to fog developing
in the inner heat pipe, which contains some 100

solar blind
multiplier

a

LJ
ll L

mirror 30%
spectrometer

flashlamp pumped

dye laser

interference filter
etalon

mirror 99.8%

multiplier

FIG. 4. Experimental arrangement consisting of a
flash-lamp pumped dye laser, a concentric heat-pipe
oven and the diagnostic system.

torr of xenon as a phase-matching medium. Due
to the relatively small heat conductivity of xenon,
a weak temperature gradient from the wall to the
center of the heat pipe can develop. Such a gradi-
ent tends to generate an oversaturated vapor in the
central region. This oversaturated vapor con-
denses on the Sr ions generated by the absorption
of the vuv radiation along the path of the laser
beam and gives rise to Mie scattering. This ef-
fect limited the repetition rate of the laser to about
0.5 Hz. The fog is generally removed due to con-
vection inside the inner heat pipe.

The laser beam was focused very weakly by af
= 100 cm lens to a spot area of 0.01 cm' (corre-
sponding to a confocal parameter of 550 cm) into
the heat pipe. The power of the incoming funda-
mental wave was measured by a calibrated fast
photodiode, the power of the harmonic signal by a
solar-blind photomultiplier after atteriuating the
signal by a factor of 10 4 to avoid saturation of the
detector.

For determining the absorption cross section of
Sr at 191.97 nm a small portion (7%) of the gener-
ated vuv radiation was reflected back into the heat
pipe by means of a MgF, plate placed at the end of
the heat pipe. The power of the reflected beam
transmitted through the Sr vapor column was sim-
ultaneously monitored at the input side of the heat
pipe using an additional solar-blind multiplier.
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IV. RESULTS

The purpose of our experiments was to obtain a
quantitative understanding of the two-photon reso-
nant THG in a metal-vapor-noble-gas system.
For the analysis of the system we performed all
our measurements with a nearly parallel light
beam. We investigated the phase-matching can-
dition, the dependence of the third-harmonic power
on the length and particle density of the active me-
dium and on the power of the fundamental wave.
Finally, we performed absolute power measure-
ments to determine the conversion efficiency. The
results of these measurements demonstrate the
importance of the absorption of the generated vuv
radiation in a Sr-Xe system for the phase-matching
curve as well as for the absolute conversion effi-
ciency.

In order to measure a phase-matching curve we
started with a pure-strontium-vapor column at a
pressure of 8.5 torr and a length of 30 cm. The
measured third-harmonic power was normalized
with respect to the third power of the fundamental
power, and monitored as a function of the Xe pres-
sure. The vuv signal increa, sed slowly with in-
c~easing Xe pressure and reached a peak at a
pressure ratio of Px,/P~, =53.0. Higher Xe pres-
sures caused a steep drop off in the THG. The
powe~ of the third-harmonic wave increased by
about three orders of magnitude at optimum phase-
matching compared to the harmonic power in pure
strontium. Hodgson et cl.' reported an increase by
only a factor of 5. They also saw the steep drop
off for high Xe pressures which so far has not
been understood. In Fig. 5 the measured phase-
matching curve around the optimum pressure ratio
is shown. The curve is asymmetric and reveals
the rather large density gradient as demonstrated
ln Fige

To compare our measurements with the calcula, -
tions the values for the absorption cross section
0, of Sr and for the steepness of the density gradi-
ents (characterized by the quantity o.) must be
known. The absorption cross section was mea-
sured with the arrangement described in Sec. III.
To eliminate contributions due to the transition
zones, only differences in the optical depth were
used to determine the cross section g3." The
length of the vapor column, determined by the
temperature profile of the heat pipe, was mea-
sured with a pyrometer and varied between 25 and
40 cm at a pressure of 7 torr strontium and be-
tween 20 and 30 cm at a pressure of 12 torr. The
incoming fundamental beam was attenuated to a-
void THG of the beam which was reflected back
through the heat pipe. The value of the absorption
cross section of strontium at 191.97 nm measured
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in this way is a, = (3.5+ l.0) x 10 "cm' in good
agreement with the value given by Hudson et al. '
and a factor of 3 lower than the value given by Koz-
lov and Startsev. "

The quantity n cannot be measured directly. But,
as shown in Fig. 3, the asymmetry of the phase-
matching curve is very sensitive to this value.
The best fit of the measured curve was achieved
for @=0.6 cm '. On the other hand it is possible to
extrapolate the value of a, using the data of the
Bb-Xe system" and the known dependence of the
diffusion length on the reduced mass p, and on the
temperature T, n, -v'p, /kT. This method yields a
value o. =0.59 cm ' in very good agreement with
the optimum fit. The solid line in Fig. 5 shows the
calculated phase-matching curve using g, = 3.5
x10" cm', a=0.6 cm ', L=30 cm, andP„=8. 5
torr corresponding to a temperature of 865'C.
The agreement with the measured curve is excel-
lent.

With these values of N, L, and o, we have a typ-
ical optical thickness of NLg, =7.5. Hence, from
Eq. (5) we expect the THG to be independent of N
and L. In order to prove this point we changed the
Sr pressure from 6.5 to 14 terr keeping the length
of the vapor column constant at 30 cm and main-
taining optimum phase matching. The generated
harmonic power showed rio significant increase.
Furthermore, we kept the Sr pressure constant it
8.5 torr, adjusted the phase matching, and varied
the length between 20 and 45 cm. Again no signif-
icant change of the third-harmonic power was ob-
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merical calculations using Eq. (1) are also shown
in Fig. 6. Note that due to the multimode structure
of our laser the single mode results of Eq. (1)
have to be multiplied by a factor 3( (Ref. 26).
The dashed line represents the result assum-
ing a Gaussian radial intensity distribution and
a density gradient of a =0.6 cm ', but neglect-
ing any absorption processes. The solid line was
obtained in the same manner, but including the
third-harmonic absorption cross section of o3
= 3.5 x 10 "cm'. Since the third-harmonic power
is independent of length and particle density of the
nonlinear medium and since I',« is determined ex-
perimentally all necessary parameters are speci-
fied and the solid line in Fig. 6 is obtained without
fitting any free parameter.

V. SUMMARY

10

10

I I IIIIII I I 1 IIIII

10 10 10'

FUNDAMENTAL POWER [ W I

FIG. 6. Third harmonic power vs fundamental power.
The dashed and the solid lines represent numerical cal-
culations neglecting and including the absorption term.

served in accordance with our theoretical predic-
tions.

To investigate the THG as a function of the input
power we used neutral density filters to attenuate
the fundamental power. The intensities of the har-
monic and fundamental waves were monitored si-
multaneously on a dual-beam oscilloscope. The
results are shown in Fig. 6, where the power of
the third harmonic is plotted versus the power of
the fundamental wave. Each point represents a
single laser shot. Varying the input power from
about 1 to 40 kW (corresponding to intensities from
1.2 x 10' to 5 x 10' W/cm') the third-harmonic
power increases over the full intensity range pro-
portional to the cube of the fundamental power.
The maximum power conversion achieved was 2
x10 '.

For the comparison with our theoretical predic-
tions the value of I',« in Eg. (7) is needed. This
value was determined to 1",«= 0.4 cm ' by scanning
the laser wavelength over the two-photon transition
5s'-5s5d and monitoring the corresponding third-
harmonic power. The corresponding results of nu-

A detailed quantitative analysis of the third-har-
monic generation in a Sr-Xe mixture has been
carried out, using the two-photon transition 5s'-
5s 5d. The influence of the absorption cross sec-
tion g3 on the THG was investigated in detail. The
optimum phase-matching ratio and the phase-
matching curve were determined. The dependence
of the harmonic power on the fundamental power
and the absolute power conversion efficiency were
measured. All experimental results were found to
be in excellent agreement with theory.

We therefore can draw the following conclusions:
(i) The suggestion of Hodgson et al. ' that autoio-

nizing levels give rise to a further resonant en-
hancement of THQ, is only valid for optically thin
systems or for optically thick systems if &k»&xQ.
This has to be considered also for the study of au-
toionizing states using frequency-mixing experi-
ments as done by Sorokin et al. '4

(ii) In order to get the highest possible conver-
sion efficiency for a given input intensity @y NL
has to be optimized in a phase-matched system.
In this case one should aim at an optical depth 7

= 1 where the adjacent autoionizing level which is
also responsible for strong absorption, is no lon-
ger advantageous by increasing the nonlinear sus-
ceptibility y~

' but may even deteriorate the con-
version efficiency.

Our experiments have so far been restricted to
intensities where no saturation phenomena are de-
tected. Based on this understanding quantitative
investigations of saturation phenomena already ob-
served above 10' W/cm', are in progress.
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