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An excited state of an atom which can autoionize can also undergo radiative decay. We consider the
interaction between the final states resulting from these two modes of decay, and its effects on such
quantities as the fluorescence yield of the excited state, excitation profile of the excited state, and the
spectra of the emitted photons and electrons. It is shown that the fraction of decays of the excited state
resulting in a photon (fluorescence yield) is particularly sensitive to the details of the final-state interaction.
In lowest order in the final-state interaction, the fluorescence yield is increased by a factor (1 + 1/¢ ?) from
the traditional value, where g is the Fano g parameter relating to the excited state and the final atomic

state.

I. INTRODUCTION

An excited state of an atom which can autoionize
can also decay to a lower-lying state of the atom
via spontaneous emission of a photon. For neu-
tral atoms, the lifetimes of these excited states
due to allowed autoionization (typically 10°!5-107!3
sec) are shorter by many orders of magnitude than
the lifetimes due to allowed E1 transitions (typic-
ally 10™ sec). In these cases one is quite justi-
fied in neglecting the emission process in theo-
retical! and experimental® analysis of these states.
However, if the excited state is forbidden to auto-
ionize in the LS coupling scheme the rates of
these two processes can become comparable’—
or the spontaneous emission rate may even be-
come dominant. In addition, the two rates may
become comparable in excited states of highly
stripped ions. This occurs because autoionizing
rates are roughly Z independent (Z is the effective
nuclear charge), while dipole rates vary roughly
as Z%. For the same reason, in heavy atoms, the
emission rate may dominate the ionization rate for
excited states involving one or more inner-shell
excitations?; this is reflected in a fluorescence
yield of the order of 3 or greater. Recently de-
veloped techniques for carrying out Stark studies
of autoionizing states also hold promise of allow-
ing studies in regimes where autoionizing and
spontaneous decay rates are comparable, since
both rates can be “tuned” through application of
electric fields.®

Traditional theoretical analyses of the autoion-
ization process either do not consider the possi-
bility of spontaneous emission of the excited state,
or assume that the two processes are additive.®
However, as we shall show below these processes
should not, in many cases, be treated as simply
additive. Rather, there is competitive interfer-
ence between the two processes which greatly

1

complicates the problem and may cause significant
corrections to the usual expressions for the frac-
tion of atoms decaying either via autoionization or
via spontaneous emission.

In the following we will use the word “atom” to
indicate either an atom or an ion and the word
“ion” to indicate the next stage of ionization.

In Sec. II, we consider the problem of an atom
in an excited state la) which can decay either via
autoionization to an ionic state |i) or via spontan-
eous emission to an atomic state [f). In Sec. III,
we will approximate the rather complicated re-
sults of Sec. II in order to indicate the magnitude
of the effects which can be expected. In Sec. IV,
we consider several experiments which could be
carried out on a system such as discussed in Sec.
II. InSec. V, we extend the results of Secs. II
and III to the more general (and realistic) case in
which the state |a).can decay via spontaneous emis-
sion to a set of states If,); in Sec. VI, we consid-
er the case in which the state la) can decay via
autoionization to a set of states |4,). Finally, in
Sec. VII, we present our conclusions.

II. THEORY: TWO-LEVEL ATOM

Let us consider the case of an excited state |a)
of an atom which can decay either via autoioniza-
tion to the state ]i) of the ion, emitting an electron
of energy e, or via spontaneous emission of a pho-
ton having a definite angular momentum and ener-
gy w (=1) leaving the atom in the state | ). We
denote the former state of ion plus electron by

ie), and the latter state of atom plus photon by

fw). For later use, we shall specify that |ie)
and |f) are all given in terms of time-independent
position state wave functions; Iw) is, as usual, a
state in the occupation number representation.
We shall further assume that ]ie) can also decay
to ’fw) through action of the atom-field Hamilton-
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ian Hyy. We shall generalize to the case in which
many final states [ fw) of the atom exist, or in
which many possible states of the ion plus electron
exist, in following sections.

The Hamiltonian for this system can be written
in the form

H=HA+HF+HAF; (1)

where H, is the atomic term; Hy the field term;
and H, y the atom-field interaction. The states
|a), Ifw), and ]ie) will be assumed to satisfy

(a|H|a) =E,,

(fw|H| fw') = 8(w - w')(E; +w) = E,b(w - »’),
(ie IH iie') =0(e—e’)(E; +e)=Eb(e—e’),
(@|H|fw)=(a|Hyz| f0) =Hay

(a|H |ie) =(a|H,|ie)=H,,,

(ie|H| fw)=(ie|Hyp | fw)=H,,.

We will take both |ie) and |fw) to have 6-function
normalization

(fwl fw') =8(w - w’),

(ie [ie’) =58(e-e’).

(2)

(3)

Let us first consider the case in which the atom
is in the state |a) at £=0. At ¢>0 the wave func-
tion can be expanded as

[9) = a,(t) |a) + jde a,(t) |ie) + fdw at)| fw)

“)

and satisfies
Hlp=i Z|4) (5)
ot '

Note that both |ie) and | fw) belong to continua of
states with, in the former case, the energy of the
emitted electron belonging to a continuum, and, in
the latter, the energy of the photon belonging to a
continuum. This fact, plus the fact that (ie IHAF
Ifw)aﬁ 0, greatly complicates the solution of this
problem. To see this we substitute (4) into (5)
and manipulate further to obtain [using (1)]

lda(t) - Eaaa(t) = fde ae(t)Hae

+ f dw a ,(t)H g %ié(t),
(6)
ide(t) - Eeae(t) =aa(t)Hea + fdw aw(t)H“”

1, (1) = By (t) =QaH oo + [ de ay(OHy, .

We Fourier transform Eqs. (6) according to’

1 +o+ie

a,t) =- G,(z)e"* dz (7

2w —cosie

obtaining the algebraic equations

(2 - E,)G,= fdeHaeGe + fdewGw +1,
€= E)G,=HoGu+ [ dwHouG, ®)

(&= E )G, =H, .G, + fdeHweGB.

Unfortunately, these equations are not easily solv-
ed due to the coupling between the two continua.??
It is therefore more convenient to start not with
|ie) and |fw) but with two sets of new states |1E}
and [2E} which are already diagonal with respect
to Hyy. The decay of |a) into these states can
then easily be evaluated, using the technique of
Fourier transformation just described, as there
will be no coupling between these two new continua.
One of the most straightforward techniques for
“diagonalizing” continua involves the use of the
so-called “reaction” or K matrix.®? A detailed
discussion of this approach can be found in Refs.
8 and 9. Briefly, we are searching for a wave
function |E} satisfying:

H|E}=E|E}, ©
where lE} is composed of states from the continua

| fw) and |ie). In particular, it can be shown that
Eq. (9) is satisfied by

|E}=Z <|lE) +;@ de' Uﬁ};lf—f?‘%"—”i)Bz(E),

(10)

where IZE) is either the state [fw) of energy E,,
=E, or the state Iie) of energy E, =E, ® indicates
principal value integration, and the K-matrix ele-
ment K;g, ;5 satisfies the integral equation

Kypy1z=(jE'|Hye|IE)

+Z 0de” UE'IHAEIEZ?K"E""E . (11)

Equation (9) is satisfied for any value of the con-
stants B;(E); we shall choose them such that the
wave functions [E} have the desired asymptotic
form.

Physically, it is clear that, at large distances
from the atom, one of the solutions (10) should
correspond to an ion in the state [i) plus an out-
going electron of energy e, and the other solution
should correspond to the atom in the state | f) plus
a photon of energy w. Mathematically, this means
that as we let the coordinates of one electron, the
nth, for example, in an n-electron atom, go to
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infinity, we will get in the former case an asympt-
otic dependence of the type

|1E}F;[i;rl,72, v o5 Ve )(C /7, sin(er, + 8,)

(12)
and, in the latter case,
le};,—::lf-l;rl)'rZ, .. ,1,-"_1)Cfe'“'fn’ (13)

where in (12) 2 is the momentum of the outgoing
electron (in the continuum) and 3§, is the total
phaseshift associated with this electron.

lf“;ﬁ, <+« s74.y) is the wave function for the atom
with its nth electron removed; the wave function
of this electron has an asymptotic dependence
e™n  where k is real and positive.

Inserting these asymptotic values into Eq. (10)
and carrying out the principal-value integrals, one
finds that the solution of (9) which has the asymp-
totic form of an ion plus electron is

[1E}=AE)Y[1 - i1K ., (E)]|ie) +iTK ,0(E) | fw)}
— |ie) (14)

rey-y

and the solution which has the asymptotic form of
an atom plus photon is

2B} = AB)M[1 - inK,,(E)] | fw) + 1K, (E) | ie)}
7= ). (15)

In Eqgs. (14) and (15) K,,(E) is an “on the energy
shell” element of the K matrix®

K(E)=K;p, 5. (16)

lie) and | fw) are the states |ie) and | fw), respec-
tively, modified by admixtures of other continuum
states:

lie) = |ie) + @ fd -l—z—e—%z—,'ﬁ‘i

+0 f dw’ UE}L:)K———-%E,UE , 17)

’ 1 'Kllw
lfw>=lfw)+c>.fde Jl_e_El:eE&,L.L

4
+o [aw Jﬂ’%—fu—ﬁ— (18)
and

A(E) =det|1 -irK(E) |,
;—_'[1 - inee(E)][l - i"wa(E)]+"2 [Kew(E) IZ-
’ (19)

The states |1E} and |2E} satisfy the orthonormal-
ity condition (see Appendix)

{E|FE}=06(i,7)6(E - E’). (20)

One can now calculate the decay of the state l a)
into the two continua |1E} and |2E}. With the sys-
tem bemg at state Ia) at =0, its wave function at
t> 0 will be given by

|9 =aa®)| @)+ [dE a5, 0)] 15}

+ f dE, ayg,(t) | 2E}. (21)

Proceeding as before one obtains the Green’s func-
tion equations:

(@ = Eo)Gy= f dE,H,, 5 G1z,

+ f dEyH,, 35,Goz, +1,
(Z - Ei)G1E1 =H1E1,aGa)
(Z —EZ)GZEZ :HZEZ.AGG' (22)

Solving the last two of equations (22) for Gig,; and
substituting in the first, one obtains

[z = wy(z) +iv,(2)/2]G,(2) =1 (23)
with

wa(Z) E,+@ J—dE J-I—Ia'iEl-L +(§>J‘dE Ha.2E2

va@) =21 |H, 15 |3, + ]Ha.2E|E=z]' (24)
We shall make the usual assumption™!? that the
matrix elements in (24) are varying with energy
E slowly enough that one can replace z by E, in
both w,(z) and y,(z). We shall comment on the
validity of this assumption below. - With this ap-
proximation we replace w,(z) and y,(@) by

Weo=w,(z =E,),

Ty =742 =E,), @)
and (23) becomes

(2 = W, +iT,/2)G,(z) =1. (26)

Inserting the value of G,(z) obtained from (26) into
the Fourier transform (7) we find the probability
of being in the state la) as a function of time:

P(t) = |a,(t) |2=eTet, (27)

We can further calculate what fraction of the de-
cay produces an electron [ |a)—~ |1E}] and what
fraction produces a photon [|a)—~ |2E}]. Using
Eqgs. (22) and (23) one finds

Gig, =[H1E1.a/(z - Ey)]G,

_ HlEl,a
T (2 = Ey|z - w,(z) +iv,(2)/2]"

(28)

We need only find the components of @ g, which
survive as {— «, since these correspond to what
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will be measured. Using the method of residues one obtains

H1E1.a
E, - w,(E,) +iv,(E;)/2

a1E1(t"’°°)= e tF1t,

(29)

The total probability of finding an emitted electron as {— « is then

Fe= dex oy, (t— ) |2

|Hizq,a ]

= far, (B = 0u(By) +75(E,)/2)(E, = w,By) = 7, (E)/2)

_?_W_I_HtEna {% SWa =
= —————1——Fa

M|

where w,(E;) and v,(E,) can be obtained from (24).
In obtaining the last part of Eq. (30), we have again
supposed that the quantities w,(E,), 7,(E,), and
Hig,. are not strong functions of the energy E,,

and that they can be treated as constants equal to
W,, T, and HlElvulEl'-'Wa’ respectively, in the inte-
gration over E;. Finally, using Eq. (14) one finds

I, =|AaE)|220{(1 +7%|K,, |2 |(@]|H]|ie) |?
+72| K ol 2| (@ [H | f) |
+27Im[(1 - i7K ) KX,

X (fw|H|a)a|H |ie)]},
(31)

where the “on energy shell” elements of the K ma-
trix are evaluated at E =E,.

In a like manner, we find that the fluorescence
yield, or relative probability of decaying into the
states |2E}— emitting a photon—is just
M&%ﬁﬂ =, (32)

a a

T, 5,=

which becomes, using Eq. (15),
I, 5,= | AE) | 22n{(1 +7%|K,,|®) | (a|H | fw) |?
+7| Koy |*|(a|H i€} |?
+ 27 Im[(1 - i7K,,)KX,
X (e |H|a)(a|H| fw)]}.
(33)

At this point we introduce a parameter g; by ex-
tending Fano’s analogous definition!:
__(alH| fw)

9 = Ha\H1ieYKag | 5.p, (34)
Examining the definition of the matrix elements
(2) and of the K matrix (11) we note that K,,, K,
and gy are real quantities. Now using the defini-
tion (34), we write

Ko, =(1/g)a [H| fw)/(a|H |ie); (34")

(30)

introducing this in Egs. (31) and (32) we obtain the
compact expressions

_nl(iHlie)
La%=""Ta@)]

x [1 + (erw —;11; l—l%{.—:—%ﬁ—) 2] (35)

and
2nl(alH| fw)|? 1)?
ror 2O 1 (e - LY oo

Now, since we have simply “diagonalized an
energy matrix” in going from the continua I fw) and
|ie) to the new continua |1E} and |2E}, the trans-
formation between the two sets must be unitary.
Thus we must also have that

T,=Ti=21(|(@|H|fw) |} 4z, + | (@l|H |ie) [},5,),
37
i. e., the total probability of decay of ]a) should be

- invariant under a basis set transformation. Any

lack of equality between I') and T, is an indication
that the approximations used in resolving Eqs. (22)
are in error. That is, that one cannot treat v,(z)
and w,(z) as constants.

Even though the total decay probability should be
equal for the two “representations” this is not nec-
essarily true for the relative probabilities in (30)
and (32). Thus &, and §, can differ from the tra-
ditional fractions going into each of the decay chan-
nels

e=2ﬂ|(a|H|ie)l?z,,=E,,/l"2 (38)
and
F,=21rl(a|Hlfw)[2Ew,Ea/I‘2 . (39)

In Sec. ITI, we shall consider this point in

more detail. (We shall henceforth leave off the
subscripts which indicate the energy at which the
matrix elements are to be evaluated, since it is
always at the energy conserving value.)
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III. APPROXIMATE BRANCHING RATIOS

In order to investigate the differences between
the usual branching ratios F, and F,, and the more
complicated ratios ¥, and &, derived in Sec. II,
we shall consider an approximation to the
K matrix defined by Eq. (11). In particular
we will keep only the lowest-order term in an ex-
pansion of K in powers of Hyy. Thus

Koz, o5 =(fw, E |Hy g |ie, E'), ' (40a)

KyE, e =Kep, e =0, ‘ (40b)
and from Eq. (19)

|AE) 2= (1 +72|H,, |})? (41)

In this limit, the definition of ¢; [Eq. (34)] becomes
identical to that of Fano.!
Since, from Eqgs. (25), (30), (32), and (37)

§e+~3p:1,

T, can be obtained in this approximation by adding
together the resulting (35) and (36).

ra=ra(9e + ti)

=ﬂ22—|ﬂﬁ;’—|2'”(a[1{|ie>i2 +@|H|fw)|q]. (42)

Since this is not obviously equal to I'J, it is not
clear that unitarity is preserved at this level of
approximation. However, it will be approximately
preserved if 72 |H,,|?<1, i.e., if the final-state
interaction is small.

If we now further approximate (a ]H lie) and
(a IH Ifw) by their first terms (omit principal value
integrals), we find

1 [@HIfw)l* 1 F
2 2 _ = = '
m lHewl —a}' [(alH\ie)l? —C;?—Fe “3)
and -
1F, \!
g 1} —£
I'a_I‘a(1+£I‘;"Fe) .
Then

T,5, = [271](0!]1111'6)]2/(1 +c}%%)z]

1 1(alH| fw)!*
x( L+ 7 el )

af

N3]

and

o=[m/(+352)) 63)

Equations (44) and (45) indicate that, if g; is small,

or

—

45)

the correction to the radiative fraction (fluores-
cence yield) can be quite large independent of F,,/
F,. If F,/F, is larger than 1, then the correction
to F, can also be large. However, as noted above,
if (1/4})(F,/F,) is large, unitarity may be strongly
violated and Eqs. (44) and (45) may be seriously in
error. Itis nevertheless interesting to note that
in the very strong final-state interaction limit,
(1/a))F,/F.)>1, §,~F, and §,~ F,.

IV. THREE -LEVEL ATCM

We will now consider the case in which the atom
plus field is in the state |g,K,) at #=0, where the
state |g) is connected to the states |a) and lie) by
the atom-field Hamiltonian H, . The wave func-
tion ‘Eo) indicates, in the occupation number rep-
resentation, the wave function for a photon of mo-
mentum Eo and energy wy, with E, - E, =w,. We
assume that |g)# |f), and that the radiative decay
from |a) and |ie) to |g) is insignificant compared
to the analogous decay to |f). We will make cal-
culations corresponding to a number of experi-
ments which can be performed on such a system.

First of all, let us consider the probability of
absorption of the photon w,y as a function of w,.
Proceeding as before [Egs. (22)-(25)] we have that
at £> 0 the system wave function will be given by

[0 = (1) | gKy) + ag(t) |a)
+de1a1E1(t)l1E1}+ dezazEz(t)lez}.
(46)

Fourier transforming, we obtain the Green’s-
function equations:

[z = (B +wy)IG, = J-dE1H .15,G1x,

+ [ 4By Hypp,Gomy+ HoiG +1,

(47a)

(@ = E;)Gy=HqeG, + deiHa. 12,G1p,
+ f dEy Hy,25,Gox, » (4Tb)
(& = E\)Gig, =Hip,,¢G¢ + Hp,,oGa» (47c)
& - E2)GZE2 =H2E2,gcg +Hygp,, oGa- (47d)

- Solving the last two equations for G;g;, i=1,2 and

substituting in the first two, one obtains
[z - w (z) +iv,(2)/2]G,(2)
_ =[wea®) = 7 (2)/2]G,2) +1,
[z = w,(2) +iva(2)/2]Ga(2) (48)
=[was &) — 174,2)/21G, (2),
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with

2
w,(2) =E, +w, +0 de1 Iﬁ'—’lf—;d—
- E,

de !H"ZE
Ye(z) = 2] |Hg,1E1 IE1=2+ ]H ) 2B, |%:2=z] s

IHa 1E IZ
w,2)=E,+¢ |dE, __.Z'_lf_
=&y

]2
+0>de2 Hayzm

z-E, ' (49)
Yalz) =2 |H,, 1B, |E1-z + IHa,2E2 !Ez-z]’

He,151H 51,0

Weale) =Hey +0 [, 2ot
-1

+@ f a, Bzl }f;f =,

Yea@) =27{(He, 15, H1p )5,
+ (Hy, 2E2H2E2,u)E2=z]'

w4 (2) and v, (z) are obtained from w,, and v,, by
interchanging a < g. The matrix elements not
previously defined are

Hg = (gE() {HAF la),
Hyo=(gky |Hpp|ie), (50)
H,, =gk |H 4| fw).

]

(Weq — iT 2/ 2)(
56!{4-11‘,,/2

We again make the assumption that the matrix ele-
ments in (49) are slowly varying functions of ener-
gy and we replace z by E, ~E, +w,. We denote
the resulting y’s and w’s with the corresponding

capital letters, and Egs. (48) become
(@ = Wy +iTy/2)Ge(z) = (Wgy = iT,,/2)G,(z) +1, 51)
(@ = W, +iT5/2)Gy(z) = (Wye = iT4,/2)G,.

Solving the second equation for G,(z) and inserting
in the first one obtains:

T, (Wea= iTge/2) (W= iTy/2
(z'W‘”"?f'(‘ ::—Lavé)-f-zl"i/; /)) Gele)=1.

(52)

This equation can be introduced in (7) and the re-
sulting problem solved exactly. However, it is
convenient to consider an approximate solution
valid for |Hg¢|, T, «<T,. This corresponds to the
usual experimental conditions. Then z in the de-
nominator of (52) can be replaced by W, leading to

Ge(2) %<z -W, +i£2"-

(W= il o/2) (W, = iT,./2) !
B W:i W,,+z‘f“a/2 ‘ ) - 63

This can be separated into real and imaginary
parts, using 6=W,~ W,:

iTg/2) (52 42 >-1 {5 ([W“ - JE;'LLZ) - %"Re(rmWag)

_z[ (]Wx |2- I__ﬁaf)+5Re(r,.,W,,g)]}
() o (1w - ') Tt

. T r ,
_,|Wg,,+sﬁm|2-;-}+z

Consequently, use of Eq. (7) leads to

|lae()|?=e, (55)
where

o=r,- Zal’ Lo |W‘%;f11:§/'/41r L e
If we further define a “q parameter”

qg=2W,/Tq, (57
0 becomes

[Cel? , [Cpel? [3Tag, v 02

o=Te= "7, T, ~ Iri+o

(58)

That is, the absorption spectra will display the

T, |
T, (54)

lf';:uniliar Beutler-Fano profile.’!! There are, how-
ever, several differences between Eq. (58) and

the corresponding results of Fano.! First, the
detuning 6 contains both a shift in the energy of

Ia) due to the interactions with the final states l fw)
and [ie), and also a shift in the energy of [g) due
to the interaction with the ionization continuum

lie): In the approximation of Sec. III we have

|Hee L_ de

B=E,+wy—E,+©®

E,+wy—
co f il ji_..eﬁde,
E,~Ef-w E,~E,

The shift in the energy of |a) due to | fw) is just
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the Lamb shift of |a) in the approximation that the
decay to lg) is negligible. The decay probability
T', appearing in (58) is the total probability of de-
cay—not just the one due to autoionization. Fin-
ally, ¢, defined by Eq. (57) does not reduce, in the
limit of Sec. HI, exactly to the corresponding g

Finally, we note that, due to the approximation
made below Eq. (52), the present results hold also
if |g)=

Now we can further calculate the profile of the
emitted electron (the final state being |1E,}— |ie)
as well as that of the emitted radiation (the final

state being |2E,}— | fw, the limits representing
7— ), From (47c) we have

parameter of Fano,! which we denote by q‘;. In-
stead

4e =q; (1 +(1/qD)(F,/F,)]. (57)

Hipy,e Higy,a
Gig =725 G L=G
184 _El € Z"El 4

1 W —il,,/2
— Yag— ' a
—Z—E <H1E1'5+H1E1'“z W +1I-| 72)63

Hib,e(2 = W, +iT,/2) + Hip|,a(Wee— iT',,/2)
“e-E)k-W, +zr,/2)(z-W +1T /2) = (Weo= T30/ 2)(Wop = iT,,/2)]

(59)

We insert now (59) in (7) and retain, as before the component of %yg, (¢) which does not decay exponentlally
with time:

i (f— o) = Hipy,o(E = W, +iT,/2) + Hipy,a(Woe = iT4p/2) oeiByt (60)
1B T(E; - W, +iT,/2)(E - W, +il'/2) - (Wu—zl"g,/Z)(W T2 ¢
or
layp. (= ) | |H1E1.e(5 +iT,/2) + Hipy,a(Wae = il4e/2) 2 (61)
1B T (0405 = Taly/4— TWog 1P 4 1 Tgg 17/8)2 +[5,T/2 + 6,T5/2 + Re(T g W, I
with 6, =E, - W,, 5,=E,- W,.
In a similar manner we have from (47d):
GzE2 =(z~ Ez)'l(szv:z,eGg +H2E2,aGa)
Hiry,e(z = W, +zr,,/2)+szz,a(W —iT,/2) (62)
TG-Ey)l-W, +zl",/2)(z = W, +iT,/2) = (W, = iT 4/ 2) (W, — iT,,/2)]
which substituted in (7) results in
g (f— ) = Hygy,e(5, +iT,/2) + Hamy, oW,y = iT,,/2) S-iEyt (63)
2E, (8¢ +1T/2)(8, +1T,/2) = (W = i Tgp/2)(Wog = iT,,/2)
with 6, =E,~ W, and 5, =E,- W,. Finally,
| @y, (= ) |2 Iszz,g(a +iT,/2) +Hapg,o(Wyy = iT4/2) 2 64
28, T (80, — Tol /&= |Wyq|?+ | Tpql /)% +6,T/2 + rg/z +Re(Te(uWe) -
If we expand the K matrix, as in Sec. III above, we obtain for (61) and (64) (H,, =0)
gw
it (o ) oo fete
— = - =2 + s
|zt~ ) [* = g L wn |99 F e e ar) T\t - i g (65)
and
Ia (t—»oo)IZ__ Iraglzina‘Z 4 _1+££._I_1_££.>2+ q; +q _E&_-H_eg_x ? (66)
2Ey T4n’qiH,, 1*1 + 7% H,, %D 7 TuH. F 48T T Hoa ’
where
— T, 1W,!* IT £|z )2 (1_1& v, )2 7
D_(ng-z— it 4% F QX +0t T /5 (67)
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and
x =8,/(T/2). (68)

If we further make the approximation that ] |
«T, and Ty, =27H,H,,, then Eq. (66) reduces to
the result obtained earlier by Armstrong and
Beers'? when the limit I',— 0 is taken. Specific-
ally we have :

|H 1
—_ 2..____5__
laiE1(t ) |*= q; (A +71H,,1%D

F 2 F 2
X [(ngf -Fi 'HIfx) + (qgfe ) ]
e

\ (69)
|H, I F
— 00) |2 = =& —_2
|eam,t )| —“E?—Fe(lmzmwtzzp
X [(g,q95)* + (g, + a5 - x)?] (70)

with
D =(8x = 2| W, | /Ty + (xT /2 + 6, + 2T (oW, /T,)
= (5,x)% + (xT,/2 + 8,)2 =631 +x%). (71)

Both Egs. (61) and (64) are quite complicated and
it is difficult to make general statements concern-
ing the shape of the spectrum of either the elec-
tron or photon. However, it is clear that if §,
= 0§, (that is, if W,=W,), and for large values of
Wi, the states |a) and |gw,) will form Autler-
Townes doublets,!3 and asymmetrical doublet
structure will be observed in both electron and
photon spectra. However, the value of W,, at .
which the doublet structure appears is not easily
obtainable from these complicated equations.

V. MANY FINAL STATES

Let us now generalize the theory of Secs. II and
III to the situation in which there are a number of
lower energy atomic states | f,) into which the ex-
cited atom can decay radiatively. We assume
there are n such atomic states; when the outgoing
photon states Iw,) are included, there are »n con-
tinua If,w,). The states are assumed to satisfy
relations similar to those given in Eq. (2).

If one proceeds as in Sec. II and takes the Four-
ier transform of the time-dependent coefficients
a,(t), one arrives at a set of (z +2) coupled equa-
tions similar to those in Eq. (8). As before, de-
coupling of the equations is achieved by the K-ma-
trix method. In the present case, the (n +1) eigen-
states of H are given by

|AE}= Zt ]lE)+Z f"E Wiy 4 )B{*(E)

=3% Bi@) 1B), (72)

I=1

where the elements of the K matrix are given by
Eq. (12), with

[1E)=|ie) and |IE)=|f.w,)
for 2<l<n+1. (73)

In Eq. (72), A =1 corresponds to the eigenstates
asymptotically describing an ion plus an out-
going electron, and A=2,...,n+1 correspond to
the n eigenstates asymptotically describing an
atom in state ] fa) plus an emitted photon of fre-
quency w,. From the boundary conditions and the
orthonormality of the eigenstates IAE}, (see Ap-
pendix) one obtains the equations satisfied by the
BME):

‘; (1= imK) ;g B2 =5(A, A') (74)

or
B} =cofactor(T ,,;)/|T]| (75)

where T=1 - i71K.
With the formal solution of the eigenstates, one

~ has the decoupled equations

@=-E)Gy=1+ f dE\H,, \5,Gux, (76)
A

(z 'EA)GAEA=HAEA.AGN all A,

which lead to the expression

[z = wg(2) +3i7,(2)]G.(z) =1, (717)
where
|Ha AE I
w,(2) =E, +Z ¢ | dE, —=—A—
Sz, e -

Ya(2) =21TZ |Ha, aE, [%‘An-
ry

We make the same simplifying assumptions as in
Sec. II thus introducing into Eq. (77) W, =w,(E,)
and I'; =v,(E,). Then proceeding through the same
steps that led to equations (30) and (31), one fin-
ally arrives at

=(27/T,)|H,, 5, |* (79)

Foa=Q1/To) [Hy 45, 1%, A>2 ~ (80)

where ., §,, are the fractional probabilities of
decay into llE} and lAE} The usual fractional
probabilities for transition into the various chan-
nels are, in this case,

F,=(21/TY|(a|H|ie)|? (81)
Fpr=21/TY |(a|H | fiw) |2, (82)
where

re=ar[lallio)?+ 3 lalalrwolt]. @9
1=2
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Now let us make the same first-order approxi-
mation as in Sec. III, so as to investigate the char-
acter of solutions for many final states. If we
keep only the first-order contributions to the K
matrix, then only K;; and Ky;,7> 2 are nonvanish-
ing and explicitly evaluating the matrix T in this
approximation, one finds

7| =147 % |&, 2,

cofactor(T;) =inKy;, l#1

cofactor(T,;) =inK,y, 1#1

(84)
cofactor(T,y) =1,
cofactor(T;;) = |T| - 72|k, |2, 1#1
cofactor(Ty;) =- 1K ,K;1, k,l,#1, k#1
Then, the eigenstates have the form
[1E}=|T | (]1E}+iw2 Ky |lE)) (85)

and
|AE}= |AE) + |T | (iTrKMIIE)

-t ;Z: K AKy, llE)). (86)

The evaluation of the fractional probabilities is now
quite straightforward.

In order to express the quantities F, and J,in a
form analogous to the previous result, we intro-
duce the Fano ¢ parameter for each state ]lE),
1=2

q,=(a|H|IE)/n(a |H|1E)K,,. (87

Before calculating &, and ¥, we must find the
relationship between T', and I'), It is readily found
that

+1
_I‘,‘,’Fe[ <_1." f_m)z] .

l—'afie——l—T—lg' 1+ Fe; . (88)
and

riF 1 124 /F,, qs—q,\]2
TuFpn =52 +[1+— (—L"—L—’?
eTPATIT {ﬂ F, & \'q,  a, _

89)

Summing over A in the above equation and adding
to this the expression above it, we find

0 - -——-1 [_._1 ( _1 2’2)2 1 k]
Ts F“{l ITTLF \ & g, "‘; "‘grqh .
(90

Let us denote € the proportionality constant relat-
ing the I'’s so that

RABIPETR)
==2=|T Ti—=] — Pk
era Illl F, ;qk + qk2 .

k
(91)

The fractional probabilities then are given by

o _ EF, 1 Ee_k_)z]
JG_W[I-F(FQ ij qk (92)
_EF, ) 1 __1_ A [ Fppga—4s 2
=it g+ [105 8 (G},
(93)

The above expressions for the fractional probabil-
ities are quite complicated. Their deviation from
the usual F, and F, depends on (1/F,)(F,,/q,;) or
1/43 not being very small for some value of 1.

VI. TWO OR MORE ELECTRON CONTINUA

In this section we examine the case of an excited
state |a) which can decay to state |f), by emitting
a photon of frequency w, and also can autoionize
to a number of states |k),k=1,2,... by emitting
an electron with energy e. We will limit our cal-
culation to two states, |ie) and |je), of the latter
kind for the sake of simplicity. Generalization to
more states is straightforward.

First following Fano,! we construct two new

. states [le) and ]Ze):

[1e) = (21/T ) |ie)(ie |H |a) + |je)(je |H |a)]
‘ (94)
|2¢) = (21/T)? |ie)(je |H |a) - |je)ie|H|a)] ,

where
T, =21]|(a|H |ie) |2 + | (a| H| je) |?], (95)

The new states have the properties

(me [ne’):é(m,n)é(e -e'), m,n=1,2
and
(alH|2e)=0.

As in the previous sections we employ the K-ma-
trix method to diagonalize the Hamiltonian with
respect to states |1e), |2e), and |fw). The new
states are given by expressions analogous to Eq.
(72) and the pertinent expansion coefficients are
given by Eq. (75). Repeating the procedure which
led from Eq. (21) to Eq. (32) and making the same
type of approximations we obtain

Fio=(21/T,)|(a|H|ie}|?, i=1,2
5,=20 |(al] fw}?

with

T,=2{|(a|H|1e}|2 + |(@|H|2¢e}|? + | (a|H| fw}|?}.

(96)

To obtain a first-order expression for § and I',
we consider the same approximation to the K ma-



trix as in Sec. III. Namely, we will consider only

the lowest-order term in an expansion of K in pow-

ers of Hyy. Thus the resulting T matrix is

1 0
T=1-i1K= 0 1

-i1K,,
—imK,y, (97)
— 11K, ~ 11K, 1

and
A=det|T|=1+7(|Ky, >+ | Ko |2). (98)
Introducing the approximate expressions for Ile}
|2e}, and |fw} in Eqs. (96) we obtain

5o f—’jp |t +7°|Kpu || H | e)

+itK , (a |H | fw)|?,

(99)
~ 2T 2
Foe =37 AT I - KinwZ(a]Hhe)
T,A
+inK (e |H| fo) |,
21 g,
Ty —N-zf—A—z lme(a IH | 16) +(a [H Ifw) '2.
a
If we define a profile parameter
=(a|H|fw)/m(a|H|1)K,, (100)
and
Ty=7%|K,, |? (101)
Eqgs. (99) become
g B foenreve(E)]
Se=37 raF1e 1+Tp) +1/q Folb
LI F Ty (1+2 ) (102)
Fre=x7T Lol /)’
11 1
se=arT, Fo\lt 7 )
and
rO
T, =321 +T,Fy), (103)
A= 1+%&+T2 (104)
Fie

Finally, we have for the fraction of decays result-
ing in a photon

Fp=(Fp/A) 1 +1/g%) (1 +T,F )™ (105)

and for the fraction resulting in an electron
Ty(F,
Fe= Fyo+ Foe=F [1+T b( —T2> .
e 1e 2e ie st A Fb b

As discussed by Fano,! any number of electron
continua can be handled in a straightforward fash-
ion by making combinations of states analogous to
those defined in Eq. (94). We shall therefore not
discuss the many electron-continua problem.
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VII. CONCLUSIONS

We have studied the effects of final-state inter-
actions on the decay of (highly) excited states of
atoms which can autoionize. It is shown that this
final-state interaction can affect the relative prob-
abilities of autoionization and of radiative decay of
such states. Physically, this is due to the fact
that, in the case of autoionization, the resulting
electron and ion can undergo dielectronic recom-
bination, leading to a final-state atom plus emitted
photon; in the case of spontaneous emission, the
photon can be reabsorbed, resulting in the emis-
sion of an electron. Thus, as can be seen in Egs.
(43) and (44), the probability of autoionization is
reduced by a factor (1 +72|H,, |[?)" =1 - 72|H,, |?
which describes the loss due to recombination, and
increased by an amount ~ 72 |HwHwe [2, which des-
cribes the rate of reabsorption of emitted photons.
Exactly parallel statements can be made concern-
ing the probability for spontaneous emission of a
photon.

The approximate expressions obtained for §, and
¥, in Sec. III show that these quantities can differ
from the usual expression F, and F, if 1/q,2e is of
the order of unity, or if (1/¢3)(F,/F,) is large. As
discussed in Sec. III in the latter case the final-
state interaction is so large that the approximate
Egs. (43) and (44) may be suspect and the more
complicated expressions of Sec. II should be used.
However, if (1/¢})(F,/F,) <1, then Egs. (43) and
(44) should be quite adequate to describe the effects
of final-state interactions. Perhaps the most
striking prediction of these equations is that, even
when (l/q})(F,/Fe) is very small, there can be a
large difference between 3, and F, if l/q} is large.
That is, the fluoresence yield is particularly sen-
sitive to the effects of final-state interactions.

In Sec. IV, we showed that the absorption spec-
trum of the autoionizing state will be qualitatively
similar to that predicted by theories having no
final-state interaction.! However, it was noted
that g,, which parameterizes the absorption spec-
tra [Eqs. (57) and (58)], is defined somewhat dif-
ferently from the ¢’s which parametrize the emis-
sion spectra [Eqs. (34), (88), and (100)]. These
emission ¢’s go, in the limit discussed in Sec. III,
to the ¢ parameter of Fano'; the absorption g, does
not, however, being related in this limit to a
“Fano-~type” gf' by

*Qg[l +( l/qf (Fﬁ/F

Although the difference between these terms is
small in the limit in which this approximation is
most nearly correct, it does indicate that in gen-
eral g parameters measured in emission will be
slightly different from those measured in absorp-
tion.
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In Sec. IV, we also showed that this final-state
interaction caused the spectra of both the emitted
electron and emitted photon to be quite compli-
cated. However, because of their complicated
form these spectra can be used to obtain a great
deal of information concerning the final-state in-
teraction; in particular, they can be used to deter-
mine the ¢ parameters of both the initial and the
final atomic (ionic) states.

The calculations of Secs. V and VI can also be
done in an alternative manner which makes the
computationally equivalent to the problem consid-
ered in Secs. Il and III. This alternative consists
of first using the K matrix to diagonalize H, y with
respect to all of the possible “ion + electron” and
“atom + photon” states. Then, following Fano,!
from that subset of diagonalized states whichas-
ymptotically look like the atom plus a photon, one
can make one linear combination which interacts
with ]a), with all the other orthogonal combinations
having zero matrix elements with ]a). Similar
combinations can be made using the subset of diag-
onalized states which asymptotically go to ion plus
electron. Then, the state |a) interacts with only
a single combination of states which are asymp-
totically atom + photon, and only a single combina-
tion which are asymptotically ion plus electron,

just as in Sec. II." The resulting expressions, al-
]

s, 000E - )= 3 B @38 (08 )+ 3 [ s 7 ) e

ILm

+Z J-dE”(lE!kE” KkE" mE?

jlp

Iym

+Z o,fd "K E"IEKE"mE"
J

(E-E")E"-

But Fano! has shown that

f(Ell)

though more compact than those of Secs. V and
VI, may be less convenient to use. For example,
although this approach would easily give the total
fluorescence yield, it would not lead in a straight-
forward way to the fluorescence yield to a partic-
ular final state. In addition, the resulting g para-
meters would be quite complicated functions of
Fano-like ¢ parameters.
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APPENDIX

The requirement that the wave functions con-
structed by the K-matrix technique described in
Sec. II be orthonormal leads to requirements on
the set of coefficients Bf(E). We note that the op-
erator H,y is a Hermitian operator so

V!E',iEE(jE'lHAF‘iE)

= VTE, JEt (Al)
The orthonormality condition requires that
{aE|BE}=5(c, B)5(E - E'). (a2)

It follows that

EII

E II

+ Z de" deu:KtE-llE KgEn,mE' (]E”lkE”')>

E n E 4 E "

=3 (o, mI0(E - B) + (B~ B Kis,ms: = Khgnss)

)B"‘*(E)Bf,(E'). (A3)

J’dE"(E BT ET) =0 de"f(E"){

so that the principal value integral in Eq. (A3) becomes

(E-E')! de "Kipw, VIEKIEO',mEl(I/(E' -

1 1
E'—E" -E—E"

)+7r26(E—E')5(E—E”)} (A4)

E")=1/(E~E") +1K}g, 15K 5, med(E — E').

The integral may be simplified by expansion of the K-matrix elements as before
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(E ,) ( J‘dE " IE", IEK,[E‘I'I. mE! _ @ dell K*[E'E, lE_‘I(Elﬁl, mE')

1 K ”, ’
=<5:-E—) 0 fae (G (Vom0 faz
s

E_EII

View skE, ,E)

E-~¢

-€

K*" V » ’
__M(V,E.,msv +y e fde _IE_I.;_S.,._s_._mLH
s

E_EII

1 Z :VZ,. Kigw,me: V
. e | dg” E", IE-*JE¥, mE’ _ ! jEm mE®* ,[E",lE)
E—E')[ f ( E'-E”

H

J'd " fde T ”)(E )(Vse.jE'K:‘e,lEKlE',mE'-Vse,lB'K:e,lEKjE",mEl)]

(A5)

where jE” and se have been interchanged in the second term in the integrand of the double integral. There-
fore, the double integral vanishes, while the first integral is equal to an expansion of (K;p, mps = Knges, 12)

/(E—=E'). Summing up terms, we find
8(a, B)O(E - E') = Z (5(1, m)S(E - E')+m* Z K5, 16K 18, mp.O(E — E')) BY*(E)BS(E'). (A8)
Iym i

The orthonormality condition then reduces to
5, B) =7 (6(l m) +w22 K}"z(E)K,m(E))
I,m
X BY*(E)B},(E)

= Z {65 - inK ;;(E)1BY (E)

X {[8;m— 11K ;(E)1BEE)}D).  (AT)

{
A sufficient condition for orthonormality then is

>~ [65 - inK 4, (E)]BS (E) =5(j, ) . (A8)
1

Defining the matrix T by

T(E)=1 - inK(E) (A9)

it follows that B is given by Eq. (75).
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