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Sharp peaks observed recently in a levitation-power experiment are caused by partial-wave resonances. The
theoretical results computed from the Mie-Debye theory are compared with experimental observations. The
first resonances in each partial wave are extremely narrow and they were not detected in the experiment. %e
conjecture that the peaks in levitation power do not exist if levitated particles are irregularly shaped.

Optical levitation' (the suspension of small par-
ticles by the force of radiation pressure) has re-
cently been used in the study of photoelectric ef-
fect' and resonance phenomena in radiation pres-
sure. ' The technique is useful whenever it is de-
sirable to suspend a small particle in a given posi-
tion without mechanical support. This proves par-
ticularly convenient in studying single-particle
light-scattering, evaporation of liquid droplets,
evolution of water droplets in cloud physics, etc.

The observed variation of the radiation pressure
force as a function of the wavelength and/or the
size of a dielectric spherical particle shows a reg-
ular series of sharp resonancelike peaks. ' In this
study we show that the resonant structure of the
light pressure force is caused by partial wave res-
onances in the partial-wave expansion of the scat-
tering amplitude. Our analysis shows that the first
resonance in each partial wave has a halfwidth of
the order of &x/x='10 '-10 ' (for the refractive in-
dex n= .l74and the size parameter x=2@x/g-40,
where x is a radius of an observed droplet and X is
the wavelength of the incident radiation). Since
the reported experimental resolution was n, X/X
= &x/x = 10 ', such narrow resonances were not
observed in the experimental work of Ashkin and
Dziedzic. ' The secondary resonances in each par-
tial wave have a, halfwidth of the order of Ax/x = 10 '
and all of them were observed (in the case of n
= 1.47 and x -40).

The problem of scattering of a plane monochro-
matic electromagnetic wave on a small spherical
particle has been solved by Mie and Debye. ' The
two nonzero components of the scattering matrix
can be written (using the notation standard in op-
tics) in the form of partial-wave expansions
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The explicit form of the complex partial-wave
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Finally the normalized radiation pressure is

4 " n(n+ 2)Q„=Q,„,—+ g —
1 Re(a*„a„„+b+b„.,)
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+

( 1)Re(a*„b„),

where the asterisk indicates complex conjugate.
The levitation power is inversely proportional to

It has been shown' that the ripple structure of the
extinction curve is caused. by resonances in the
partial-wave amplitudes a„and b„occurring in the
neighborhood of x-n for a sufficiently large x. It
is therefore natural to expect the resonant struc-
ture in Q„„,Q,~, and Q, „

to be caused by the same
partial-wave resonances in a„and b„.Numerical
calculation confirms this conj ecture.

For a nonabsorbing particle (real index of re-
fraction), at the center of a resonance peak, we
have' Ha4„=1and Ima„=O or Beb„=1and ImB„
= O. The distance in x between the two a„orb„
resonances is

ar clan(n' —1)'~'

(&2 1)1/2 (7)

where n is the index of refraction.
We have calculated the real and imaginary parts

scattering B,mplitudes a„andb„and of the angular
functions g„and v„canbe found in available mono-
gl aphs.

The dimensionless normalized extinction, scat-
tering and absorption cross sections (efficiencies
for extinction, scattering, and absorption) are re-
lated to the partial-wave amplitudes by

Q,„,= + g (2n+ 1) Re(a„+b„),2

n=l

2229 1978 The American Physical Society



PETg, {:HYLEK, J. T. KIEHL, AXD M. K. %. KO

2 01
I b45

bs0 b41 I 04s bl b

42
51 b

0 I

41

2.2—

I 2
osl 046

I
I b2

4T 3
b43 I

047 1 2 3
b53 b48 b44 I
I 05

2
'48 I

,b54 b4

n =1.47

54 021
48b

3
46 5

bs6 b
1

501

4~

05
1

b
'
, %4I bl

's8 46bs
b3

cb 2.0-
Ci

I

2.5, —
~ 05-

.2 .4,6,8 && .2 .4 .6 .8 +0 .2,4 .6 .8 II,2 4 .6 .8 4& .2 .4,6 .8 43 .2 .4 .6,8 44 2 .4 6 .8 +5
X

FIG. 1. Each sharp peak in the normalized extinction cross section Q,„,and in 1/9„,is caused by a resonance in one
of the partial waves &„or&„. The first resonance in each partial wave (dashed line) is very narrow and the instrumen-
tal resolution 4A/A, =&x/x at least of the order of 10 ~ is required for their detection, The experimental measurement
of the levitation power by Ashkin and Dziedzic3 is shown in a curve &. From the peaks morphology it can be deduced
that the curve + is misplaced toward the larger size parameter x by approximately two units in x. The correct position
of the experimental curve is given by the curve b. We notice that the radius of a droplet is changing during the mea-
surement. From the position of each measured peak we can calculate a radius of a droplet at the moment of measure-
ment around considered peak.
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FIG. 2. To demonstrate the shape and the width of partial-wave resonances,
nances ofb 53 is shown for three different imaginary parts of refractive index.
sition of a resonance peak.

X

the real part of the first three reso-
The scale in x is measured. from the po-
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FIG. 3. Imaginary part of refractive index af the order of 10 reduces the strength of the first-order resonances by
a factor of 10 4 so that they are beyond detection. The second- andthe third-order resonances are now responsible for
a resonant character of extinction, absorption, and radiation power.

of a„and b„,Q„,and 1/Q„for refractive index n
= 1.47.and the size parameter 38&x&45. To find
all the resonances in the considered region, we
have used, in selected regions of x, an increment
&x=10 7 which gives a resolution of Lx/x=&X/X=
2.5 x 10 9. The fact that Ima„(or Imb„) changes
sign at the center of a resonance peak provides a
convenient check that we have indeed found all res-

onances. The results of our calculations are shown
on Fig. 1. Each resonant peak (the ripple struc-
ture) in the Q,„,curve is denoted by the symbol
a„orb„corresponding to the resonating partial
wave. In the investigated range of the size para-
meter x there are several resonances in each par-
tial wave which can be associated with peaks in the
extinction curve. The first, second, and the third
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FIG. 4. In the size para-
meter region &-60 the de-
tection of the first- and
second-order resonances
requires the instrumental
resolution of the order of
»/~=10 ' and 10&, re-
spectively. Consequently,
with resolution of the order
of 10 only the third- and
higher-order resonances
were detected3 (the lower
curve).
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TABLE I. Position of resonance peaks for refractive
index n = 1.47.

First-order resonances

b5p

b52

b53

b54

b55

b56

b57

b58

b59

38.194 757
38 ~ 905 705
39.616 241
40.326 381
41.036 136
41.745 521
42.454 545 3
43.163 221 4
43.871 559 8

44.579 570 5

Q5p

Q5)

Q52

Q53

Q54

Q5r,

Q56

Q5y

Q58

38.663 506
39.375 079
40.086 213
40.796 930
41.507 225
42.217 133
42.926 659 8

43.635 817 9
44.344 6193

Second-order resonances

2

b46

b47

b48

b49

b5p

b5i
b52

b53

38.314
39.052
39.788
40.524
41.259
41.993
42.726 2
43.458 6
44.190 3

2
Q45

Q46

Q47 .

Q48

Q49

a5p

Q5)

Q52

Q53

38.719
39.460
40.199
40.938
41.675
42.412
43.147 4
43.882 0
44.6157

Third-order resonances

b4,

b43

b44

b45

b4~

b48

b49

38.41
39.17
39.93
40.67
41.45
42.21
42.96
43.71
44.47

Q4g
3

Q42

Q43

a 44

Q45

a46

a47

Q48

Q49

38.67
39.44
40.18
40.98
41.75
42.50
43.27
44.04
44.79

resonances are denoted by the corresponding su-
perscript. Thus, for example, b4', denotes the se-
cond resonance in the b«partial wave. It turns
out that the halfwidth of the first resonances is. of
the order of Ox=10 '. The second resonances are
broader with 5x= 10 '. The resolution of Fig. 1 is
not sufficient to show the structure of these res-
onances (the structure is shown in Fig. 2) and con-
sequently the first-order resonances are then re-
presented by a dashed line and the second-order
resonances by a solid line. The same resonances
appear in the 1/Q„curve.

Curve a in Fig. 1 shows the measured power for
levitation as reported by Ashkin and Dziedzic. '
Note that the first-order resonances were not ob-
served, Based on the results of our calculation, it
seems probable that the scale of the size parame-
ter x as given in Ref. 3 is not correct. However,
the x scale in Ref. 3 was derived from the X scale
using an approximate value of the droplet radius
determined by a microscope with the accuracy

+5%. Thus the position of curve 0 111 Fig. 1 with
respect to the x coordinate may be shifted (due to
the + 5/0 accuracy in the measurement of the drop-
let radius) by two units of x. From the morphol-
ogy of the peaks it follows that a qualitative agree-
ment (agreement between the peaks structure) be-
tween the 1/Q„calculation and the measurement
of the levitation power can be achieved by shifting
curve a by about two units of x toward smaller x
values (curve b) O.bserving how the peak a~2, is su-
perimposed on a4, a" on a, and a~, on a'34, we
conclude that this identification (of the proper posi-
tion of the measured curve with respect to the x
scale) is unambiguous. We also note that ihe x
scale on the measured curve is compressed com-
pared to the theoretical curve (observed peaks at
low x are shifted to the right from their correct
position and observed peaks at high x are shifted
to the left). This can happen only if the radius of
an observed droplet is changing during the mea-
surement. A simple calculation shows that the
droplet's radius was not a constant but changed
from x, = 3.830 p. m when the b'„resonance was ob-
served to r, = 3.793 p. m when the b~, resonance was
measured. This is consistent with the evaporation
of the droplet during the experiment.

The effect of a small absorption of the droplet's
material is shown in Fig. 2. Our calculations show
that with an increasing imaginary part of the re-
fractive index, the height of a resonant peak is re-
duced and the width of a resonance increases. The
first-order resonances are affected the most by the
change in the imaginary part of refractive index.

%hen the refractive index is changed to n = 1.4'7

—10 4 i the peak of the first-order resonances is
reduced from 1 to 2 x 10 4 (see Fig. 2) and the first-
order resonances practically disappear. The nor-
malized extinction and absorption cross sections
and 1/Q„for this case are shown in Fig. 3. Thus
there is a chance that the first-order resonances
will not be observed even with improved instru-
mental resolution if the droplet material is slight-
ly absorbing.

Figure 4 shows another levitation-power mea-
surement' and corresponding theoretical curve.
In this case none of the first- and the second-order
resonances were detected. The required instru-
mental resolution is &A/A. -10 ' for the first- and
&A/A. -10 ' for the second-order resonances.

To summarize, we have shown that there are
many sharp peaks in the Q,„„Q,~, Q„„and1/Q„
which are a manifestation of the resonances in the
partial waves a„and b„.All resonances in the con-
sidered range of x with a halfwidth of the order of
10 ~ and larger have been experimentally detected
in the levitation experiment by Ashkin and Dzied-
zic.' However, there are many resonances with a
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smaller halfwidth which have not been observed
with their present instrumental resolution. In Ta-
ble I we have listed the approximate position of the
resonance peaks in the investigated range of the
size parameter x. The few first sharp resonances
in each partial wave are connected with a surface
wave' on a spherical droplet. It has been conjec-
tured that these resonances do not exist if a par-
ticle is of an irregular shape. ' Consequently, we
predict that the peaks in the radiation pressure
force or in the levitation pressure do not exist if a
suspended particle is irregularly shaped. It would
be of interest to confirm or to disprove this con-
jecture experimentally. By an irregular particle
we mean a particle without axial symmetry whose

surface curvature changes significantly over dis-
tances comparable to the wave height X of incident
radiation; and whose deviation from a sphere is
not limited to a thin surface layer of a thickness
t&A.. Thus, for example, a slightly deformed
sphere or a spheroid does not represent an irreg-
ular particle. On the other hand typical dust or
soil particles or laboratory prepared nonspherical
aerosols' may represent irregular particles.
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