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Calculations of binding-energy curves and charge distributions have been carried out for low-lying states of
Si2 and Ge2 using the local-density-functional formalism. Calculated spectroscopic constants are in good
agreement with experiment for the states of Si, which have been identified, so that predictions for other
states should be reliable. The binding-energy curves of the two dimers are remarkably similar, as are the s-
p valence orbitals of silicon and germanium atoms. Charge-density difference are similar to those calculated
previously for C2 and orbital densities show pronounced differences from results of a recent pseudopotential
calculation, even in regions far from the cores.

I. INTRODUCTION

In previous papers, we have shown that solutions
of the Hohenberg-Kobn-Sham' (HKS) density-func-
tional equations give a good description of low-
lying states in first-rom diatomic molecules and
alkali-metal dimers. The linear muffin-tin orbi-
tal (LMTO) method used4'5 has the advantage that
heavier elements can be treated without increas-
ing the basis. In this paper, equally good results
are obtained for those states of Si2 which have
been identified spectroscopically, and we predict
spectroscopic constants for other low-lying states
of Si2 and Ge2. To the best of our knowledge, these
are the first ab initio calculations of the multiplet
structure of these dimers. %e compare our re-
sults with par ametrized extended Haeckel calcula-
tions of Anderson.

Many calculations for bulk silicon and silicon
surfaces use the local pseudopotential method. "'
Though the method has not been applied to the cal-
culation of energy curves for Si2, Cohen et al.
published orbital densities, and we compare our
results with theirs (Sec. V). Although the pseudo-
charge density is commonly assumed to equal the
real charge density outside the core region, we
find qualitative differences for the m„-orbital den-
sity, indicating that either the pseudopotential used
by Cohen et a/. ' was too simple or the plane-wave
expansion was not converged.

In Sec. II we discuss in detail the application of
HKS calculations to molecular multiplets and note
some limitations of the approach. In Secs. III and
IV w'e give the binding-energy curves and spectro-
scopic constants of states of Si2 and Ge2, respec-
tively, and compare with experimental values
where available. Section V contains a discussion
of charge-density differences and orbital struc-
ture, and our concluding remarks concern the use
of pseudopotentials in energy calculations. De-
tails of the procedure used to solve the HKS one-
particle equations and determine the energy have

been given earlier. '3'5 In the present calculations,
however, we allow for relaxation (though not pol-
arization) of tbe outer-core levels, which are par-
ticularly extended in the case of germanium. In
the alkali-metal dimers, this improvement caused
only slight changes in the spectroscopic constants,
but gave better agreement with experiment. Full
details of the core-relaxation procedure will be
given elsewhere.

II. MULTIPLET DESCRIPTION IN

HOHENBERG-KOHN-SHAM THEORY

The HKS approach draws a correspondence be-
tween an interacting system in its ground state
and a noninteracting system with the same den-
sity. The ground-state energy is found by mini-
mizing the density functional by solving a single-
particle wave equation, so that the difficult prob-
lem of evaluating the many-particle wave function
does not arise. An extension of the method'0 al-
lows its application to the state of each symmetry
which lies lowest in energy. The energy of a giv-
en state can then be found by minimizing the ener-
gy functional for all densities compatible with one-
electron wave functions having the same symmetry
properties as the state under consideration. In
the case of the lowest-lying 'Z~ state of a mole-
cule, for example, one must. determine all den-
sities of a noninteracting system which are com-
patible with this symmetry and belong to a sing1.e
configuration.

To show that only single-configuration indepen-
dent-electron wave functions are admissible, we
consider the Hamiltonian'

&a =T + ~Vei-ei+ V~+ V~ ~

which formally draws the analogy between inter-
acting and noninteracting systems. T and V„„,&
are, respectively, the kinetic energy and Coulomb
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interaction of the electrons, V~ is the nuclear
potential. , and V), an external potential, with X a
number between 0 and 1. If V& is zero, then H&

is the Hamiltonian of the interacting system, and
we denote its lowest-lying eigenstate with quantum
numbers p, by ~(„'). If perturbation theory is val-
id, we may reduce A, infinitesimally and adjust
V& so that the density is unchanged. By success-
ive repetition of this procedure, ~(„') changes
smoothly to tC), the corresponding eigenfunction
for a noninteracting system of the same density.
Since it is an eigenstate (not necessarily the
ground state) of an independent-electron Hamilton-
ian, ~g„) is, in general, a simple sum of Slater
determinants belonging to the same configuration,
and is usually a single determinant. . This argu-
ment shows that mixing configurations to describe
~|C) (Ref. 11), even if it yields a lower total en-
ergy, involves the use of the density functional
outside its range of definition. It justifies our
choice of configuration in calculating the Z~ state
in C2 and corrects the discussion in Ref. 2 con-
cerning configuration mixing in HKS theory,

In using the density functional scheme for multi-
plet structures, we approximate the exchange-
correlation part, E"', by a simple local-spin-den-
sity (LSD) term. In atoms, this approximation is
not generally adequate, since angular correlations
cannot be described. For example, the 2P2 con-
figuration in the carbon atom gives rise to fifteen
states, three 3P (approximately degenerate), five
'D (degenerate), and a 'S state. Of these, only the
last has a spherically symmetric density. Within
the central-field approximation the functional can
describe only two states, a "singlet" 2P(40) and a
"triplet" 2p(04), whose splitting (1.25 eV) is de-
termined solely by the spin dependence of E"'.
This value agrees with the observed splitting be-
tween the 'P ground state and a 'D state. How-
ever, the 'D-'S splitting (1.5 eV) is not described
by the functional at all. To go beyond the central-
field approximation does not solve this problem,
since it seems impossible to find a simple approx-
imation which guarantees the degeneracy of states
having different densities. A more promising ap-
proach might be to retain the central-field scheme
but to introduce an explicit l dependence of E".

In molecules, the symmetry is lower and angu-
lar correlations are less important; so the situa-
tion is much more favorable. From the low-lying
molecular orbitals we construct Slater determin-
ants which have the required quantum numbers.
With the corresponding occupation numbers held
fixed, the density n(x) and spin density rn(x) are
calculated and the one-particle HKS equations
iterated to self-consistency. Degeneracies still
arise, however, if different states give rise to
the same occupation numbers. For example, the

TABLE I. Comparison of calculated spectroscopic con-
stants of 02 with experiment. Experimental values from
P. H. Krupenie, J. Phys. Chem. Ref. Data 1, 423 (1972).

/.

Ea (eV) e(ao) ~, (cm ')

Expt.

Expt.

Expt.

3.91
5.213
2.90
3.577
2.90
4.231

2.50
2.282
2.52
2.318
2.52
2.297

1400
1580
1300
1433
1300
1509

lowest-lying states of 02 ( Z, , '4~, 'Z,') corres-
pond to the configuration w~. This configuration
gives rise, however, to only two sets of occupa-
tion numbers: v~(40) and m'~(fk), and in the LSD
approximation, therefore, the energy curves of
the '~~ and 'Z~ are identical. Furthermore, since
the 3Z~ differs from these states only in having a
net spin (m(x) + 0), its energy curve is essentially
parallel to the others and lies ~E below them,
where

4E=- dxn x P'n x, rn x -P'n x, 0

(2)

In Table I, we show that the calculated spectro-
scopic constants are in semiquantitative agree-
ment with experiment. The experimental curves
have approximately the same vibration frequency
and equilibrium internuclear separation, and the
singlet-triplet splitting (1 eV) agrees with the cal-
culation. The separation between '4~ and 'Z~
states (0.6 eV) is only one-quarter of the 'D-~S
splitting in the oxygen atom (2. 2 eV), illustrating
the greatly reduced angular correlations in the
molecule.

The discrepancies between calculated and experi-
mental values for 02 ( l. 5 eV in binding energy,
8% in equilibrium separation, and 15% in vibration
frequency) are typical for sP-bonded molecules in
the first row. As discussed in Ref. 2, this is due
in part to the "common-v" approximation we have
used, which is only accurate when the eigenvalue
spread is small. An estimate based on eigenval-
ues suggests that the error due to this approxima-
tion is approximately 1 eV, and is largest for E2,
where the eigenvalue spread is greatest. The re-
cent calculations of Baerends and Ros, ' who use
a discrete variational method to solve the one-
electron equations, imply somewhat larger, though
consistent basis errors in E& for these molecules
( 2-3 eV). Their converged results give, .how-
ever, only minor changes in (o, . and x„and lead to
improved agreement with experiment. The pre-
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dictive capability of any ca,lculation requires, of
course, that discrepancies with experiment be not
only small, but consistent.

Multiplet structure in C2, Si2, and Ge2 is more
complicated than for 02, because the im„- and
2&~-orbital eigenvalues lie close together. In ad-
dition to states which correspond to the low-lying
states of 02 mentioned above, Slater determinants
can be constructed with 'Z~, 'II„, and 'II„symmet-
ry. Of these six nondegenerate molecular states,
only two have identical occupation numbers in the
I SD approximation ('d,, and 'Z,'}. Our results for
the four lowest-lying states of C, agree well with
experiment, apart from predicting a 'II„ground
state, rather than the closed m'-shell 'Z~. The in-
correct ordering of these may be due to the better
description given by the LMTO basis for 0' bonds
or to an apparent tendency of the LSD functional
to overestimate the exchange-correlation energy
of a localized density distribution compared
with that of a more diffuse density. ' Experience
with C2 suggests that states in Si2 and Ge2 involv-
ing m electrons will lie too high compared with
states involving mainly o' electrons.

III. MULTIPLETS OF Si2

Binding-energy curves were calculated for 14
states of Si2 with typically ten internuclear sep-
arations. The results for low-lying states (Fig.
1) and their spectroscopic constants (Table II)
show striking differences from the corresponding
results for C2. Binding energies are much small-

0-

0.5-

1.0-

UJ

2.0-

FIG. 1. Energy curves for low-lying states of Si2.

r, (ao) , cu, (cm ~)

Expt.
2.32
3.0

1.91

1.83

1.68

4.60
4.24

4.34
4.072

430
510.98

410

Expt.

0.82 520

270
271.32

er, since the tails of the 3s and 3p valence states
are more extended than the 2s and 2P states in
carbon. '4 In addition, the level ordering is sig-
nificantly different. The closed 7t-shell Z~ state,
for example, is the experimental ground state in
C2 but lies well above the Si2 ground state. The
tendency of the LSD approximation to underesti-
mate m-bond strengths is certainly no more than
0. 5 eV, and does not affect our identification of
the lowest- lying levels.

The tendency to maximum occupancy of the 2o~
orbital in Si2 is clear from the self-consistent
eigenvalues for the Z~ states in C2 and Si2 (Fig.
2}, which show that the Im„ level in C2 lies rela-
tively low compared with the 2o'~. Bonding-anti-
bonding splittings are less pronounced in Si2 and
w bonding is sufficiently weak so that the 5II~ state,
in which the 1m~ level is occupied, has a similar
binding energy to the 'Z,' state. The loss in "bond
energy" in the former is balanced by the energy
lowering due to the existence of parallel spins.
As noted in Sec. II, curves for states having es-
sentially the same electron density but different
spin densities are almost parallel. The 3Z~-
~g', 'II„-~II„, and 'II -3II splittings are 0.49, 0.23,
and 0.76 eV respectively.

Band spectroscopic data available for compari-
son" '8 are much less extensive than in the case
of C2, although the Z~ ground state and its dis-
sociation energy' are established. The value we
obtain (2. 32 eV} is in accord with the discrepan-
cies found in other sP-bonded molecules, as are
the 15'%%uo underestimate in the vibration frequency
and g%%uo overestimate in equilibrium separation (see
Table II). As it is unlikely that errors in other
states are greater, our results support the as.—
sumption of Douglas" that the 'II„state is low ly-

TABLE II. Calculated spectroscopic constants for some
low-lying states of Si2. Experimental values from Refs.
15-19 (see text).
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FIG. 3. Energy curves for low-lying states of Ge&. As
noted in the text, the nonvanishing of the 3d-core function
for small muffin-tin radii can lead to an unphysical lower-
ing of the energy. As a result, the minimum of the ~Z~

couM not be determined.

05-

0.25-

the reversal of the almost degenerate'H„and'Z'
states, the ordering is the same, and internuclear
separations are only slightly greater in Ge&.
Force constants are similar, though vibration fre-
quencies are substantially less due to the increas-
ed nuclear mass. In contrast to the EH results,
the raising of the 1w„eigenvalue with respect to the
2o'~, observed for Cz Si&, does not continue for
Si& Ge&. As shown in Fig. 2, the valence eigen-
values for Gez differ from those of Si& only in that
the la~ and 1o'„ levels lie slightly lower in energy.
Not only are the eigenvalues very similar, the

-0 25- e 4p

r(a, )

tails of the atomic valence orbitals are almost
identical, as shown in Fig. 4.

FIG. 4. Comparison of self-consistent valence orbitals
r R„&{r)for Si and Ge atoms (a) s orbitals (b) p orbitals.
Note the remarkable similarity outside the core.

V. CHARGE- AND ORBITAL-DENSITY DISTRIBUTIONS

Eg (eV) re(a()) (clQ

30u

3g

1.97

1.55

1.53

1.32

0.62

0.28

4.75

4.76

4.49

4.48

5.76

5.65

240

240 .

250

150

160

TABLE III. Calculated spectroscopic constants for
some low-lying states of Ge&. Vibration frequencies are
less precise than in Si& (see text).

The charge transfer which occurs on molecular
bonding can be discussed most conveniently in
terms of the density difference b, n(x} between the
molecular state in question and a superposition of
spherically symmetrical atomic charge densities
with the same geometry. In first-row molecules,
the present method gave plots of 4n(x } which were
similar to those determined from Hartree-Fock
calculations, and the results for the 3Z~ ground
state of Siz and Ge& at the equalibrium separations
(Fig. 5) show features present in the earlier re-
sults for this state in Cz. Particularly notable is
that the largest density changes occur inside the
core region and close to the nuclei. As discussed
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FIG. 6. Density plots for m„orbital in (a) C2. contour
interval 0.008 electrons ao, (b} Si2. contour interval
0.002 electrons ao, (c) Ge2. contour interval 0.062- elec-
trons ao . One quadrant is plotted with the midpoint of
the molecule to the right of each frame, and the inter-
nuclear separations are close to the calculated equilibri
um values.

FlG. 5. Density difference 6n(x) in ground state of (a)
Si2 (b) Ge2 for separations close to the calculated equi-
librium values. The zero contour is broken and the in-
terval is 0,004electrons ao . For reasons of clarity, con-
tours in particularly dense regions are not shown. The
main effect of bonding is a transfer of charge from the
immediate vicinity of the nucleus to other regions along
the bond axis.

in detail by Ruedenberg, it is a misconception to
equate bonding between atoms with the accumula-
tion of charge in the overlap region. In s-bonded
systems such as H2 and the alkali-metal dimers, '
much of the bonding comes from a lowering of the
potential energy due to charge contraction around
the nucleus. In the present case, the charge trans-
fer is complicated by s-P hybridization and by

small admixtures of d orbitals.
Although density-difference plots for a given

molecule vary greatly from state to state, the or-
bital densities from which they are derived are
relatively insensitive to the state and to internu-
clear separation. Recently, Miller and Haneman2~
pointed out that the orbital densities calculated by
Cohen et al. ' using a local pseudopotential method
showed some unexpected results. In particular,
the 1m„-pseudocharge densities showed maxima
opposite the bond center, whereas results of a
P-wave linear- combination- of- atomic- orbitals
(LCAO) calculation23 yielded maxima opposite the
nuclei. In Fig. 6, we show our results for the
1s„orbital density for the Z~ states of C2, Sit,
and Ge2 for separations close to equilibrium. The
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level has prominent P„(P,) character, but the
lobes are drawn towards the bond region, due to
overlap and a small d„, (d„) component. The plots
are qualitatively different from the pseudopotential
results, even far from the cores, indicating that
the pseudocharge density in this calculation is
nowhere equal to the real charge density. This
may be due to the inadequacy of the pseudopoten-
tial or to the inherent difficulty in converging
the plane-wave basis in an open structure such as
a molecule or a surface. Other levels gave pseu-
docharge distributions more similar to ours out-
side the core region.

VI. CONCLUDING REMARKS
I

The results we have obtained for silicon and
germanium dimers are further confirmations of
the accuracy and usefulness of the local-density-
functional scheme in calculating energies. There
is every reason to expect equally good results for
the bulk and surfaces of these materials, provided
the HKS equations are solved using a method, such
as the LMTO method, which is valid for open
structures. The availabi1. ity of band spectroscopic
data on dimers makes them an ideal testing ground
for methods which are used to calculate bulk and
surface properties. Since the local pseudopoten-
tial approach is so widely used, it is therefore
rather disquieting that what little work has been
published on Si2 is in such poor agreement with
the present ab initio calculations. A carefully
constructed pseudopotential can certainly give
excellent energies for small molecules, as shown,
for example, by Bardsley et a/. ' for Na2. These
calcu1ations, however, used a pseudopotential
which was strongly l dependent and more detailed
than those commonly employed in solid-statephys-
ics. Moreover, the determinantal trial functions
were calculated from partially optimized Slater-
type atomic orbitals, not from plane waves.

The applicability of pseudopotential concepts
within the local-density-functional formalism de-
pends on the role the core states play in the bond-

ing. The orthogonality requirement between mo-
lecular orbitals means that core states influence
not only valence orbitals of the same atom but
those of other atoms with which they have suffi-
cient overlap. This leads to a repulsive force due
to the increase in valence kinetic energy. While
such a force is present in calculations which em-
ploy a local pseudopotential, it is not obvious that
its detailed dependence on internuclear separa-
tion can be sufficiently accurate to describe
adequately the bmding-energy curve in the re-
gion close to the minimum. In spite of this reser-
vation, the present results are further evidence
that the details of the core states are relatively
unimportant. The similarity of the binding energy
curves for Sil and Ge2, which have very different
cores, are in accord with our results for the al-
kali-metal dimers, where trends in binding-ener-
gy curves followed closely the behavior of the
tails of the valence orbitals.

If it is a general feature that the binding-energy
curves are determined almost solely by the na-
ture of the orbitals outside the core region, a des-
cription in terms of a "pseudodensity functional"
would follow naturally. The core could be repre-
sented by a fixed potential adjusted so that the
tails of the nodeless pseudoatomic functions agreed
with those of a self-consistent atomic calcula-
tion. 2' In the context of HKS energy calculations,
this choice of pseudopotential would seem more
promising than fitting the eigenvalues of the bulk.
We are currently recalculating the energy curves
presented here using such an approach to test
whether a simple local pseudopotential gives the
energy variation with bond distance accurately or
whether an l-dependent potential is essential to
describe the core orthogonalization force.
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