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A self-consistent field theory for one-positron, many-electron systems derived by Schrader [Phys. Rev. A

1, 1070 (1970)] is solved in first order for positron-hydrogen and -helium elastic scattering below the

positronium formation threshold. The perturbation is the positron-electron interaction, and the zeroth-order

target, in the case of helium, is the Hartree-Fock atom. The first-order target equation is solved

variationally. Unlike the polarized-orbital method of Callaway-Temkin, no further simplifying

approximations are made here for s-wave phase shifts except the use of a finite basis in which to expand the

perturbed electronic orbitals, and in the case of helium the neglect of a certain small and intractable integral

at an intermediate stage of the calculation. In addition, for non-s-wave phase shifts we follow much previous

work an& neglect contributions of an excited target. Our approach is fully nonadiabatic, and is contrived in

such a way that the zeroth-order target equation contains the positronic Laplacian operator. The
nonadiabatic polarization potential thus generated by the positron differs significantly from that in other

more approximate nonadiabatic theories. The positronic scattering phase shifts of the s, p, and d waves are
calculated and compared to the best available results from other methods. Our calculated phase shifts for the

hydrogen target lie midway between those for a static target and the exact results, thus revealing a serious

lack of accuracy for any first-order method, at least when applied to systems similar to hydrogen. Our

results for helium are more accurate but still not satisfactory. Our results thus cast doubt on the validity of
many earlier calculations in which the polarization potential obtained from a first-order perturbation

calculation is adjusted to improve the resulting phase shifts.

I. INTRODUCTION

Positron and electron scattering from hydrogen
and helium atoms is the central problem in scat-
tering theory. Only if these simple systems can
be quantitatively understood on the basis of meth-
ods applicable to more complicated targets can we
claim to understand those targets. Hence we see
the significance of the concept of the polarization
potential.

Progress in scattering calculations has been
much slower than in bound-state calculations on
corre'sponding systems. Hylleraas' produced ac-
curate wave functions and energies for the ground
state of heliumlike atoms soon after the introduc-
tion of quantum mechanics. His calculations have
been refined numerically by later workers, but his
results are essentially quantitatively correct. In-
deed, his wave functions are still used today in
various applications. For scattering systems of
the same complexity, an electron or positron scat-
tering from a hydrogen atom, accurate calculations
were presented much later, in 1961, by Schwartz. 2

Schwartz's results, presented in the form of s-
wave phase shifts in the elastic region, have since
been numerically refined and extended by Bhatia,
Temkin, Drachman, and Eiserike, ' and by Regis-
ter and Poe,4 but are essentially quantitatively
correct. For the nezt most complicated target,
helium, accurate s- and p-wave phase shifts for

an incident positron were reported quite recently
by Humberston. ' Humberston's method, as that of
Hylleraas, is not practically extensible to arbi-
trary targets.

One's goal in devising an extensible method is
first to demonstrate that the method reproduces
these accurate results for these simple systems.
The methods involving a polarization potential arp
very appealing and have been widely used. The
notion that the incident particle distorts the target
atom and thereby creates for itself an attractive
potential in which the scattering takes place can be
traced to Slater and Bethe. 7 Of course, for the
simplest targets, those considered here, the cal-
culation of the scattering potential is an inter-
mediate step which can be eliminated by treating
the projectile-plus-target systems as a simple
problem in many-body quantum mechanics, as was
done by Schwartz for hydrogen and by Humberston
for helium. However, for more complicated tar-
gets, the calculation of the polarization potential
provides certain advantages not found in more
fundamental methods, namely, physical insight
into the scattering process, and computational con-
venience as well, in that the unpolarized target
wave functions are now known in the Hartree-Fock
approximation for most atoms and many small
molecules. It is surprising that this extensible
method had not, until now, been given a definitive
test for simple targets for which accurate phase
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shifts are available. In the present work, we be-
lieve we have provided such a test.

Modern approaches to the calculation of polariza-
tion potentials are usually based upon perturbative
calculations of corrections to the unpolarized
Hartree-Fock orbitals of the target; hence the
name, the method of polarized orbitals. Very
early workers in this area were Bethe' and Lud-
wig, ' although the rebirth of interest in this yrob-
lem which is still alive today dates from more re-
cent work by Callawayo and Temkin. ' Both of
these latter authors assumed, in their first works,
that the target is instantaneously polarized by the
projectile regardless of the mass and energy of
the latter, an approach called the adiabatic approx-
imation. Other approximations also made in these
early works have to do with inexact treatment of
exchange (in the case of incident electrons), neg-
lect of the effects of penetration of the incident
particle into the interior of the target, incomplete
multipole expansions of the perturbed target or-
bitals and per force of the polarization potential,
and various numeric@1 approximations made for
convenience. Subsequent effort has been directed
at studying one or another of these approximations
(see Drachman and Temkin" and Callaway" for
reviews), although three assumptions seem to be
nearly uniformly accepted in work performed so
far: the use of Hartree-Fock wave functions for
the target (in the case of helium), the use of first-
order perturbative methods on that target, and the
neglect of virtual excitation of the target for non-
s-wave phase shifts.

%'e accept these three assumptions in the pres-
ent work, and remove all others essentially com-
pletely. The use of a Hartree-Fock wave function
for the target is probably a reasonable self-im-
posed restriction in view of the availability of such
wave functions for simple molecular targets. As
for a first-order method, we note that all other
approximations (nonpenetration, incomplete multi-
pole expansions, etc. ) have not (until the present
work) been completely removed in a first-order
calculation, and should be in order to assess the
utility of this restriction before going on to higher
orders. Other workers have obtained good agree-
ment with experimental phase shifts, "binding en-
ergies, ' etc. , using methods of calculation in
which several of these other approximations are
made. Under these circumstances, one never
knows whether good agreement is a consequence
of a good theory or of a fortuitous cancellation of
error arising from the several approximations.

Another nearly universal approximation is the
use of adiabatically determined polarized orbitals
to estimate nonadiabatic contributions to the polar-
ization potential. That is, if nonadiabatic effects

are considered explicitly, the first-order orbitals
are first calculated in the adiabatic approximation,
and then these are inserted into expressions for
nonadiabatic contributions to the polarization po-
tential. This amounts to an inconsistent mixing of
orders in a perturbation expansion: the nonadia-
batic effects are treated as though they arise from
a second-order interaction, but the corresponding
Coulomb interactions are not obtained. In Sec. VI
we discuss a few of the dozen or more examples
of this procedure.

In the present work we calculate dynamically
polarized orbitals in first order, and furthermore
we remove all other numerical approximations
having to do with aonpenetration and incomplete
multipolar expansions by solving the first-order
orbital equations exactly, within the variational
framework (except for ignoring a small integral in
an intermediate stage of the calculation for the
helium target). Our work should thus be regarded
as a definitive test of the use of first-order per-
turbative methods for electron- and positron-atom
scattering.

Schrader" in 1970 pointed out that calculating
accurate positron annihilation parameters depends
on calculating an accurate wave function in the re-
gion of coalescence of the positron and an electron.
He presented a self-consistent-field (SCF) theory
for one-positron, many-electron systems for this
purpose. His theory, which amounts to a varia-
tional (i.e., all orders of perturbation) polarized
orbital method, permits op.e to take all positron-
electron correlation effects into account in a fully
self-consistent way. However, attempts to solve
this self-consistent problem have met with severe
computational difficulties. ' In this paper we

simplify those difficulties by expanding Schrader's
SCF equations in a perturbation scheme. The
zeroth-order equations are for a Hartree-Fock
target and a zero-energy, noninteracting incident
positron. The first-order equations, which we
solve in this w'ork for hydrogen and helium targets,
are generalizations of the Callaway- Temkin polar-
ized orbital equations in that ours introduce diaba-
tic corrections in a transparent manner and to a
consistent order in the perturbation. Our approach
is directly extensible to larger targets, for which
it is an extension of the coupled Hartree-Fock
perturbation theory. " We include all nonadiabatic
terms in our theory, both in the first-order equa-
tion and in the second-order energy-correction
term, and calculate the phase shifts for hydrogen
and helium to compare with the existing exact and

adiabatic results. From these results we assess
the applicability and validity of an effective poten-
tial theory by the polarized-orbital method or any
first-order perturbative method.



2082 Y. -C. JEAN AND D. M. SCHRADKR

&p.(r„r,) I p.(r„r,)), -=I. (2)

Integrals in this work are indicated by angular
brackets, and a subscript on the ket denotes the
integration variables. In Eq. (2), for example, the
integration is over the. spatial coordinates of the
electron. The integration variables will be indi-
cated when their identity is not clear from the con-
text.

Schrader shows in detail that minimizing the ex-
pectation value of the Hamiltonian subject to the
constraint (2) leads to the electronic equations

(
1 ~ 1 ~ 1——v'- —v' —————e (r ) &t) (r r ) =0
2 1 2 P ~ & e P e 1' P

1 Ip

(
1 ~ 1 ~ 2 1

+2Z(r r ) K(r r )-I 2 P 1~ p l~ p
1 1P

-B(r„r ) 0 —a, (r~))0,(r„r~)=0, (30)

H. DERIVATION OF THE FIRST-ORDER TARGET

EQUATIONS

In Schrader's presentation of the theory, " the
positron is assumed bound to an atom or molecule,
the electrons of which constitute a closed shell.
The theory is equally applicable to positron elastic
scattering, and from targets which differ from a
closed shell by one electron, so that an approxi-
mate target wave function of the correct symmetry
can be written as a single determinant. Positron
scattering from hydrogen and helium targets are
the simplest such systems.

In Schrader's approach the positron-plus-target
trial wave function is written for the two systems
considered here (equations in this work are desig-
nated a and 5 if they are specific for the hydrogen
or helium target, respectively),

e „=P,(r, )P,(r„r,), (»)
e«, = y, (r&,)y, (r„r&,)P,(r„r&,) . (Ib)

Spin functions are factorable and always integrate
to unity in the present work, and are therefore
suppressed pa.re orbitals and the subscripts de-
note either the positron or an electron, which are
numbered. These trial wave functions have a form
whi. ch is extensible to a complicated target: the
product of a positronic function and a Slater deter-
minent of perturbed electronic orbitals. Equation
(la) is not a savings in labor for the hydrogen tar-
get for it is potentially exact, but it provides a
prototype of the desired form.

The electronic orbitals P, are determined
uniquely by Schrodinger-like equations and the ad-
ditional constraint

~

——V', + + ~,(r, ) —E ~y,(r,) =0,1
2 P & e P. ) (5a)

~
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2 ~ r~
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-K (r„r~)—B(r„r~) ~ v~ ( y, (r„r~)), ,

where E is the total energy of the positron plus
target. Equations (3) must be solved first for P,
and e„and these functions are inserted in Eqs.
(5), a simple central-field problem which is then
solved for the positron- scattering function. We
propose to solve Eqs. (3), the target equations, in
first order.

For each zeroth-order target we take a zero-
energy positron and an isolated target. Then the
zeroth-order equations are

——v ——v ———~& & y& &(r ) =01 ~ 1 ~ 1
1 2 p & e e

I

——V ——V ——+2m& ' &(r )(
1 ~ 1 ~ 2 oo
2 ' 2 P y I

1

(6a)

—K' ' '(r ) —)3' ' ' V —3' ')0' '(r )=0. . (30)

Aside from the positronic differential operators,
these equations are simply the Schrodinger equa-
tion for the hydrogen atom and the Hartree-Pock
equation for helium. The superscripts on J, K,
and B indicate the order of P, that appear in Eqs.
(4). Equations (6) contain the leading terms in the
perturbation expansions

P,(r„r,) = P,"&(r,)+ y,"&(r„r,)+ ~ ~ ~,

e (r ) = a&0& + e&»(r )+ ~ ~ ~

where

= y.(r„r,) Z(r„r, ) y.(r„r,),
y'l2 " '

2

B(r„r~) G(r„x;) ()
&Q,-(r„r,) [G(r„r,)}, V,p,(r„r,),

and where e,(r~) is a Langrange multiplier that
normalizes P,(r„r~) identically according to Eq.
(2).

The equations obeyed by the positronic scatter-
ing functions, P~ in Eqs. (I) are given by Schrader
as

where (r, )0&=e "~/W», (Ba)
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(j)(0) and p, are each normalized, from which it
follows that g(1& must obey the constraint

&y(0)(~1) I y(1)(r„r,))1 = o, (10)

where we have assumed (j),'" to be real. The first-
order eigenvalues in Eqs. (9) are now seen to be,
using Eqs. (6) and (10),
~(1)()r ) — g(0 &0)(0r )p

0(1)(1 )
— j(00)(1r )p

+2&&"&(0 )iJ""(r )lp"'(r r ))

(1 la)

It is important to realize the implication of as-
signing the kinetic energy of the incident particle
to the zeroth-order Hamiltonian in Eqs. (9). This
procedure, not original with us, gives rise to
nonadiabatic contributions to the potential seen by
the incident particle. "'o These contributions
arise in first-order implicity [Eqs. (11)] via the
effect of the incident Laplacian on the first-order
target orbitals. In all previous work known to us
(but see Sec. VI), this contribution is lost due to
the use of adiabatically determined first-order
target orbitals.

HI. SOLUTION OF THE FIRST-ORDER TARGET EQUATIONS

We wish to solve Eqs. (9) subject to the con-
straint (10). Variational functionals which have
Eqs. (9) as their Euler-Lagrange equations are

q )- y ) V P + y()(2 (1 1 2 1 2 1 1
e 2 I 2 P y 2 e

1 1,p

+ 2 (1) (o)-1

rip '
1 p

——V -—V ——(2) (1) 1 2 1 2 2
2 1 2 P y1

(12a)

&«) =-O.91V96,

and P(0) for helium is the normalized Hartree-
Fock orbital. " The first-order equations are now
seen to be

——p' ——V ——+—p& (r r)1 2 1 2 1 1 1)
2 1 2 P r 2 e

1
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1 I
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Up to this point we have made no approximations
whatever in solving the scattering problem for in-
cident low-energy positrons and Hartree-rock tar-
gets except the use of first-order perturbation the-
ory. Now we introduce minor approximations.
One of them, the use of a finite basis in which to
expand p(" is unavoidable. The other approxima-
tion consists of dropping &(t(("

i
J'(0 '&

i'd&0&)1 0 from
Q(0' for helium. J'( '& is the potential generated
by an electron in a charge distribution which con-
tains a total charge of zero and hence is probably
small. If we try to get a rough idea of the magni-
tude of J' " from the Mulliken approximation, "
well known in molecular quantum mechanics, we
get zero. In terms of the interparticle coordinate
r„=ir, —ri j, the integrand of Z( '" depends upon

y2, rp, r», and y». In the language of molecular
quantum mechanics, it is a three-center integral,
the centers being the positions of the nucleus, the
positron, and the external electron (number 1).
Some three-center integrals can be simply evalu-
ated by use of Fourier transforms. By restricting
the basis set for our expansion of p,"&, we could
have managed to obtain an integral sufficiently
simple to use this method. We choose instead to
ignore the g&'" integral in Eq. (12b) and use an
unrestricted basis set for p&'). General methods
for evaluating J&' " are available, "but their use
wouM have multiplied the complexity and cost of
our calculation prohibitively. It shouM be noted
that the same troublesome integral appears in the
expression'for e,"&, Eq. (11b); however, it appears
in the form &/&0)iZ(0 "ip,'0&), its zeroth-order
average, which is easily evaluated by interchang-
ing the order of integration, as indicated. Our
second approximation consists, therefore, of cal-
culating the perturbed orbital P,"), while ignoring
P&0'& in ()&(0' but keeping J'0" in the first-order
energy, e,'", which appears as part of the poten-
tial in the scattering equation for the positron
[Eq. (5b)]. It turns out that a cancellation of this
part of e,"' with a part of V,'," takes place, so J""
does not actually appear in the scattering prob-
lem, Eq. (5b). This small integral thus influences
the scattering problem in a very indirect and prob-
ably numerically insignificant way, and omitting
it from Eq. (12b) seems like a safe approximation.

A third approximation is implicit in the use of a
unique Hartree-Fock target. For p-waves (as
well as higher l-waves) a p-target and an s-pro-
jectile also contribute to the scattering process.

Now we expand Q,"& as an orthogonalized linear
combination of Hylleraas-type basis functions:

+g (0,0)(~ ) ~(0) y(l)
l,p

+2 ") — +J' ') r r
1P 10p

(12b)

&""('»'r)=((-I(|")((|"I(Ifc,w(r„rrr„&,
(13)~ (y, y' 0' ) yn(y'I &y, (e-( 1r1+8&rp+ y &r10 )

1~ Py 1P 1 P 1P 0
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TABLE I. First-order electronic orbital for the hydrogen target [Eq. (31)].

1

2
3
4
5
6

8
9

10

0.311 602
-0.008 866
-0.338 374
-0.016 916
-0.022 140
0.178 176

-0.059 483
-0.000 283
-0.001 745

0.000 155

n;l;m;

000
002.
000
110
020
000
110
031
030
040

0.8
1.0
0.97
1.26
0.892
1.0
1.217
1.12
1.14
1.07

-0.184
0.7
0.93

-0.37
0.033
1.75
0.94
0.0
0.056

-0.065

0.7
-0.2
-0.135

1.22
1.032

-0.15
0.0
0.8
0.7
0.6

-4.831
-7.573
-8.021
-8.355
-8.400
-8.482
-8.536
-8.681
-8.811
-8.985

' Equation (12a) as N [Eq. (13)] is increased from one to ten.

Q'2' is evaluated in terms of the coefficients C, by
performing the operations indicated in Eqs. (12).
Minimizing Q"' with respect to the C, leads to a
linear algebraic system of equations with the C,
as solutions.

The C, values obtained for hydrogen and helium
are given in Tables I and II. The parameters n, 1,
m, P, and y are separately optimized for each ba-
sis function. The calculated Q' ' are given as suc-
cessively larger basis sets are used as a means to
assay the convergence of the expansion. Conver-
gence is seen to be good.

A major concern with using Hylleraas-type ex-
pansion is in getting the correct long-range behav-
ior in the polarization potential. However, the
variational principle together with some basis
functions which have a very long extent (the last
three in Tables I and II) give V 2&(r~) the correct
behavior for large r~ (-10). The functional values
of V"'(r, ) converge nicely as N in Eq. (13) increas-
es. Beyond r~ =10, a stratagem (see below) is used
to get the proper behavior.

IV. SOLUTION OF THE SCATTERING EQUATION; THE

NONADIABATIC POLARIZATION POTENTIAL

In Eqs. (5) the positron scatters from the nucleus
and electrons. The electron-positron effective po-

tential V(r~) which enters there is

(14a)

(14b)

We already have V(r~) to the first order:

V(0& + V(&& — & g(OA&&(r )p

V' ' + V'" = -2.86168 —2J'' ' '(r~) .
(16a)

(16b)

The number in Eq. (16b) is Clementi's" Hartree-
Fock energy for helium. Equations (16) provides
only the unperturbed target energy and the static
target part of the effective potential V. Second-
and higher-order contributions to V constitute what
is commonly called the polarization potential. Ne
calculate V"' from the first-order electronic or-
bital. The desired expression comes from Eqs.
(14) with V,",& deducible from Eq. (5b) and e&'& from
the second-order electronic equation. This can be
derived by extending the expansions in Eqs. (7)
and collecting second-order terms in Eqs. (3). The
result of these operations is

where V„ is defined in Eq. (5b). We of course
want the most accurate potential available to us
and that means the highest-order perturbation ex-
pansion:

V(r ) = V"' + V"'(r ) + V"'(r ) .

TABLE II. First-order electronic orbital for the helium target [Eq. (31)].

0.151 863
-0.178 294

0.451 200
-4.959 45
-0.004 645

0.006 060
0.001 153

000
002
110
000
020
030
031

1.61
1.41
1.34
1.673
6.67
1.47
4.03

-0.43
1.37
0.845
2.50

-0.26
0.0
0.0

0.96
00
1.25
0.01453
0.923
0.7
0.8

-2.160
-2.41
-2.43
-2.44
-2.45
-2.63
-2.641

' Equation (12b) as N [Eq. (13)] is increased from one to seven.
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FIG. 1. Polarization potentials for hydrogen. V ~ ~—
nonadiabatic potential, this work [Eq. (17a)]; .V~~2~

adiabatic potential. of Dalgarno and Lynn (Bef. 27);
V cLpD nonadiabatic potential given by CaBaway,
LaBkhn, Pu, and Dud. er. (Bef. 37).

~I) (p)

y&&) -(y y(&) .
I

lq y(&)&

+2 ' & ——g — + J~p'p& y g~p) (&)
e 2 & ~ & e e

j.

(1Va)

(1) (p) (1Vb)

These expressions are the integrands of the var
iational functionals Q"', Eqs. (12), and hence can
be regarded as possessing a kind of bounded char-
acter in the local sense. The "locally" variational
form of the polarization potential has not been used
before in a calculation, to our knowledge. Such a
form, while not quite satisfying all -the postulates
of Empedocles's range relaxation theorem" and
thus not demonstrably rigorously variational point
by point, nevertheless has a very desirable char-
acteristic which one associates with pointwise
boundedness: as we use progressively more basis
functions to improve the accuracy of P,'", the ap-
proach to convergence of V'2& as given by Eq. (1V)
is much more rapid and more nearly point by point
monotonic than that shown by any other form. The
nonadiabatic potentials are shown in Figs. 1 and, 2

as y(2)

For example, one such alternative form, fre-
quently used in more approximate nonadiabatic
treatments, is

04
G

S

LL.

-0.8CO

+ g~ — r~y rp y
18a

I - l.2 +2 e +y e rx~ rp . 18b

-1.4-

0.8
I

1.6
I

3.2

FIG. 2. Polarization potentials for helium. V'~~.—
nonadiabatic potential, this work [Eq. {17b)];V~~ ~L—
adiabatic potential tcalculated by the present authors
from the work of Dalgarno and Lynn (Bef. 27) with the
screened nuclear charge parameter in the .orbital
taken to be 1.6875]; V~z,,H~—adiabatic polarizatio5, po-
tential resulting from a Hartree-Fock target @regent
work). V~2~ also u.'ses a Hartree-Fock target (present
work).

The forms (1V) and (18) are equivalent if the exact
solutions Q,

'" to Eqs. (9) are used, but if a finite
expansion (13) introduces even the tiniest error in
g&" at r~ =0, the forms (18) diverge at that point.
V"' given by Eqs. {1V)is very much to be pre-
ferred over (18) for this reason. This point was
noted by Reeh'~ and by Eissa and Opik, ' but our
vrork represents the first use of this expression in
a calculation.

The first term in each of the above equations is
a dynamic correction term, calculated with the
first-order electronic orbital which implicitly con-
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1 1E=-p+ 2k

E = -2.86168+ —'k
(19a)

(19b)

Substituting the above equations and V' &+ V"&+ V& &

as V into Eqs. (5) by use of Eqs. (14), we obtain
the scattering equations for the positron with po-
tentials up to second order. We then integrate
these equations to a large value of r~ (10a.u.),
using the Bulirsch-Stoer numerical-integration
method. " The integrations are carried beyond

r~ = 10 until the calculated&hase shifts stabilize to
five significant figures. In the asymptotic region
(r~ ~ 5), V"' is taken to be C,/r~+ C,/r~e, where C,
and |."6 are calculated by fitting V'~' at x~& 5. The
method reproduces the phase shifts of previous
authors when their polarization potentials are used
in place of our V"'. The results, tabulated in
Tables III and IV and compared with other results
in Figs. 3-8, are discussed below.

tains nonadiabatic effects. Other nonadiabatic the-
ories lead to a dynamic term of this form, but in
all previous work known to us, it is calculated ap-
proximately by using the adiabatic first order or-
bital, a procedure which introduces an error. This
point is discussed further in Sec. VI. The second
terms in (18) are called the "polarization potential"
in Bethe's original work. ' All polarization poten-
tial theories, whether adiabatic or nonadiabatic,
give rise to such a term, but only in the present
work is it evaluated with a fully nonadiabatic first-
order electronic orbital.

The total energy of the target plus positron of
Eq. (9) equals

s wave, qo p wave, q, d wave, q2

0.00
0.01
0.02
0.03
0.04
0.05
0.1

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

-1.039
0.0099
0.0188
0.0268
0.0338
0.0400
0.0589
0.0556
0.0235

-0.0200
-0.0667
-0.1125
-0.1554
-0.1943
-0.2289
-0.2591

0.00
0.01
0,02
0.03
0.04
0.05
0.1

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

4.50
0.0073
0.0131
0.0181
0.0223
0.0261
0.0396
0.0519
0.0548
0.0531
0.0489
0.0433
0..0370
0.0303
0.0235
0.0168

4.50
0.0013
0.0026
0.0038
0.0050
0.0062
0.0114
0.0198
0.0259
0.0305
0.0338
0.0362
0.0377
0.0386
0.0389
0.0387

k in atomic units of momentum, phase shifts in radians.
"Scattering length, lim (-go/k).

k~Q
' Dipole polarizability, lim (15'& /n'k ).

k-+ Q

Dipole polarizability, lim (105qz/n'k ).
k~0

TABLE IV. Phase shifts for helium-target nonadiabatic
calculation. '

TABLE III. Phase shifts for hydrogen-target nonadiabatic
calculation. '

V. ADIABATIC POLARIZATION POTENTIAL FOR THE

HARTREE-POCK HELIUM ATOM
s wave, go p wave, q& d wave, q,

In the adiabatic approximation, one completely
neglects any dynamic effect due to positronic mo-
tion. In the first-order equation, the perturbed
electronic orbital P,"&d depends on the positronic
coordinate only parametrically [i.e., V~/,'",d(~»' r )
=t)]. Therefore the first-order-target equations
(9) are reduced to

(
1 1 1——V' ——+—y"' (r .r )e ad 1~ P

1

+ — —q &'&d r~,' & y; =0, 20a
1

lP

v, ——+ z ' '(r) —op) pt"„('r,; i,~)
1

+ ~e ad p e 1 =0, 20b
1

where p,'",
~ obeys the same orthogonalization con-

traint as g,"~, Eq. (10). The equation for hydro-

0.00
0.01
0.02
0.03
0.04
0.05
0.1

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1,0

-0.352b

0.0034
0.0065
0.0093 '

0.0119
0.0141
0.0219
0.0219
0.0072

-0.0166
-0.0458
-0.0777
-0.1107
-0.1436

,
-0.1755
-0.2062

0.00
0.01
0.02
0.03
0.04
0.05
0.1

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.323'
0.0024
0.0046
0.0066
0.0084
0.0101
0.0173
0.0271
0.0330
0.0364
0.0379
0.0382
0.0375
0.0360
0.0341
0.0317

1.323
0.0004
0.0008
0.0012
0.0016
0.0020
0.0038
0.0074
0.0106
0.0135
0.0160
0.0183
0.0203
0.0220
0.0234
0.0247

' k in atomic units of momentum, phase shifts in radians.
"Scattering length, lim (-qo/k).

k~0
Dipole polarizability, lim (15@1/zk ).

k-+ Q

Dipole polarizability, lim (105@&/wk ).
k-+ 0
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FIG. 3. s-wave phase shifts for hydrogen. AD—
adiabatic results (Ref. 13); EXACT—essentiaQy exact
results (Ref. 3); PO—polarized orbital results (Bef. 13);
NONAD —present work; FC—frozen-core (static) ap-
proximation.

gen, Eq. (20a), has been solved approximately by
Temkin26 and exactly by Dalgarno and Lynn" in a
prolate coordinate system. The exchangeless
electronic perturbed equation for electron-helium

FIG. 5. d-wave phase shifts for hydrogen. Same
labels as in Fig. 4, except VAB—essentially exact re-
sults of Ref. 4.

scattering, Eq. (20b) except for a sign, was solved
by LaBahn and Callaway" by a numerical method
in multipole components, but several simplifying
approximations were made. McEachran et gl.2'

gave solutions for helium which result from sup-
pressing the monopole part of the perturbation

O. I 8 I /I

EXACT

0,&

0, 14—
AD

0,08

o
O. IO

V)I-
0.06

0,04

0.02

0

~ONAD
0

I
QQ4

-0.02-

~FC
I

-0.08I

-0.06—
I

08 09
I

0.60 0.4
k (a.u. )

FIG. 4. p-wave phase shifts for hydrogen. EXACT—
essentially exact results (Ref. 53); AD—adiabatic re-
sults (Ref. 13); PO—polarized orbital results (Ref. 13);
NONAD —present work; FC = frozen-core (static) approxi-
mation.

I I

04

k Ia.u.j

0.6 0.8

FIG. 6. s-wave phase shifts of helium. AD(HF)—
adiabatic results (present work) PO—polarized poten-
tial results (Bef. 29); ACCURATE —accurate results
(Bef. 5); NONAD —present work; FC—frozen-core
(static) approximation.
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O.IO

0,08—

O 0.04

LLI

x
Q

0 —..
IJJ

CL

-004—

AD (HF)

ATE

FC

as indicated; they are not constants as those in the
nonadiabatic case. The functional Q&,',)(r~) is min-
imized at each value of r~ to.be used in the scat-
tering problem, thus providing the coefficients as
functions of r~. Thus P,")~is endowed with the cor-
rect r~ dependence for both long and short range
as an automatic consequence of minimizing Q&,)(r~)
for each value of r~ separately, and all questions
pertaining to those problems for the nonadiabatic
(()),"' are irrelevant here

The second-order contribution to the scattering
potential for the positron has the same form as the
polarization potential part in the nonadiabatic case,

I

0.2 0.4

(a.u. )

0.6 0.8

FIG. 7. p-wave phase shifts for helium. Same sym-
bols as Fig. 6.

(1) - P)1

1P 1
(21b)

where, unlike the nonadiabatic treatment, the inte-
gration is only over the electronic space [cf. Eq.
(12b)]. We expand &t),")~ in a basis,

& (",,.= () —
I &

(")(&!"I ) g C(() ))&(,,()'„)„),
(22)~, (r, r )=r"&r" &e a&r, +y& r»)i,ad 1t 1P 1 1P

Here the expansion coefficients C, depend upon r~

0.05

&b 0.04—
Z

O
Cfl
I—

0.02
x
IJJ

x
CL

0

-0.01
0.2

I

0.4
I

06

FC

0.8 09
(~.U. )

FIG. 8. d-wave phase shifts for helium. . Same sym-
bols as Fig. 6.

-I/r». An accurate variational solution for Eq.
(20b) has thus not been given before. It is pre-
sented in this section in order to have a compari-
son with our nonadiabatic results of the previous
sections. We now describe our method for solving
Eq. (20b).

The variational functional Q&,~', for Eq. (20b) is

()( ) () ) —.
(&

(U —() —'(.g N )(y )
I 1

I)&2) —2(y&&)
( j y&0))

1

lp
(23b)

but p&"„above is the adiabatically perturbed or-
bital, quite different from nonadiabatically per-
turbed orbital calculated in the previous sections
(see Sec. VI). As a consequence of minimizing
Q&J~, there is no distinction here analogous to that
between the variational and nonvariational forms
of V"' [Eqs. (19) and (18)].

In order to assure the accuracy of the basis set
employed, we first solve Eq. (20a) for the per-
turbed hydrogenic electronic orbital by the same
method, reproducing the Dalgarno-Lynn potential"
in the range of interest to about six significant fig-
ures. Then we employ the same basis functions
with reoptimized exponential parameters to the
Hartree-Fock helium orbital. We find that the ex-
pansion for (t),"),~ converges more rapidly than in
the nonadiabatic case, and the exponential param-
eters do not vary much for different values of r~.
Of course the coefficients C, vary for different r~.
We use 18 basis functions for the range of r~ from
the origin to 10 a.u. , and obtain the adiabatic pol-
arization potential to five significant figures. The
adiabatic polarization potential is exhibited in Fig.
2.

The solution of the positronic scattering equation
and the derivation of the s-, p-, and d-wave phase
shifts proceeds as before. They are given in Figs.
6-8 with other results. The scattering length ob-
tained is -0.807, and the dipole polarizability from
the p- and d-wave results is 1.323 which agrees
with the perturbed Hartree-Fock result. "

VI. DISUCSSION

The calculation for the adiabatic case is much
simpler that for the nonadiabatic. Unfortunately,
when one applies the method used for the former
problem to the latter, one arrives at a set of
coupled differential equations which have proven
so far to be intractable. The equations have the
coefficients c, as their solutions. The c, are known
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asymptoti, cally, but integration inwards from the
asymptotic region has proven to be unfruitful due
to round-off losses."

A third-order contribution to the adiabatic polar-
ization potential,

(3) — (~)

1P

y(3& 2~(3) + y(si
ad e ~ad ee

(24a)
CD

e

C3

(24b)

is available from a first-order calculation of the
electronic orbital, in accordance with the cele-
brated 2pg+1 rule, "although no authors except
Drachman' have used it in a calculation to our
knowledge. The corresponding expression for the
nonadiabatie case is

e

FjG. 9. Zeroth-and first-order electronic orbitals
for hydrogen. Ze is the z coordinate of the electron
measured from the nucleus. The positron is on the
z axis at a distance of 1 a.u. from the nucleus. The
values of orbitals are those along the nuclear-positronic
axis (i.e., the z axis).

(25a)

(25b)

i.e., the unknown second-order nonadiabatic or-
bital p,"' cannot be eliminated owing to the non-
hermiticity in electronic space of the generalized
Hartree-Fock-type operators in Eqs. (3). V'" is
therefore not available in a first-order nonadiabat-
ic calculation; in general, p,'"' yields at best
V'"+" in the nonadiabatic case. This nonhermitic-
ity seems to be very widespread in treatments of
diabatic effects ~ and was first commented upon
in electron-positron-atom scattering theory by
Mittle man. "

The adiabatic polarization potential for hydro-
gen" is known to be much too attractive and an
ad Roc reduction of this potential has been shown
to give improved phase shifts. ""In the case of
the helium, the adiabatic polarization potential cal-
culated here for an accurate Hartree-Pock target
is even more attractive than that of the less real-
istic single-zeta orbital results. " As a result the
s-wave phase shifts for these two adiabatic poten-
tials are each higher that the accurate phase
shifts.

In the past, most authors attempted to reduce
this excessively attractive potential using semi-
empirical arguments" or by developing an approx-
imate nonadj. abatic correction. O' ' ' All of
these attempts to moderate the excess of the adia-
batic potential are based upon the first-order adia-
batically perturbed orbital. In the present work

we use quite a different method in that we solve
directly, without significant approximation, the
first-order problem with nonadiabatic effects. The
nonadiabatic operator, —

& v~, which appears in the
zeroth-order Hamiltonian [Eqs. (6)], as well as in
the second-order energy correction, has never
been dealt with before in this direct fashion except
in Taylor's application of the RPA method" ~' and
in the nonextensible methods of Schwartz, 2 of
Humberston, ' and of Hunter and Kuriyan. ' By in-
cluding the nonadiabatic operator in this way, we
find that the first-order orbital is very much dif-
ferent from the adiabatic orbital, especia1ly for
the short range, as is seen in Figs. 9 and 10. The

3

.2

Cl
O
6

—.I

FIG. 10. Zeroth (Hartree-Fock) and first-order elec-
tronic orbitals for helium. See the caption of Fig. 9
for an explanation. Figures 9 and 10 are drawn to the
s arne scale.
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quantity (Q",))~ is calculated by numerically inte-
grating the Dalgarno-Lynn adiabatic hydrogen po-
tential over r~. The result, -17.5 a.u. , is about
twice the value for the corresponding quantity in-
volving the nonadiabatic potential for hydrogen
(Table 1), -8.985 a.u. Thus nonadiabatic effects
reduce the first-order polarization potential by
about one half in some average sense.

Although the adiabatic approximation has been
widely used in scattering and bound-state calcula-
tions, one should be aware of the very large ap-
proximation embedded in such a procedure. Non-
adiabatic effects influence the polarization poten-
tial riot only in the short-range part but they also
spread out to a large range. The nonadiabatic ef-
fects are not simply additive, but rather they in-
fluence the polarization potential in a complicated
way, as can be seen by comparing V",,' and V"~

(Figs. 1 and 2).
The widespread practice' 2 ~'" 37 4 4 of cal-

culating the nonadiabatic potential V"' with the
adiabatically perturbed orbital P,"&, substituted for
p&» in Eqs. (17) is not to be recommended either;
for example, it is found that the polarization po-
tential calculated in this way for hydrogen is zero
at the origin. This result is an artifact resulting from
the use of the adiabatic orbital in the nonadiabatic
expression. V~~pDin Fig. 1 was given some time
ago by Callaway, LaBahn, Pu, and Duxler" as
the nonadiabatic polarization potential for an ex-
changless electron (and hence also a positron)
scattering off hydrogen. These authors made a
number of approximations in calculating their po-
tential, the main of which is, in our opinion, the
substitution of P,"&~ for P&'& in their expression for
the polarization potential. When this and other ap-
proximations are removed, one obtains V"~ in Fig.
1 VggpD and V"' differ qualitatively, which sug-
gests the approximation is poor.

Our first-order nonadiabatic phase shifts for hy-
drogen are very inaccurate; they lie midway be-
tween adiabatic and frozen-core results. Our re-
sults are a little more accurate for helium than

for hydrogen, as we can see for Figs. 3-8. This
reveals to us that a first-order approximation can
get only about half of the polarization effect into
account. Second-order contributions to the per-
turbed orbital are also significant and must be cal-
culated in order to obtain acceptable accuracy in
the phase shifts. The need for higher orders is
shown also in Figs. 9 and 10, where it is seen that

y,"& is not small compared to p,"'. Thus, the
principal conclusion to be drawn from this work is
negative in character, although still useful: first-
order approaches to positron- (and electron-)
atom scattering are inadequate. This conclusion
has been reached by others on different grounds. 4'

Various approximate improvements can be (and
have been) devised for the first-order calcula-
tion, "' ' "but the failure of our essentially exact
calculation shows that such procedures lack rigor.
Nevertheless, our approach has a unique combina-
tion of virtues; it is extensible to more compli-
cated targets and it includes nonadiabatic effects
in a realistic and orderly manner. It is also ex-
tensible to higher orders, as it must in order to
obtain phase shifts of satisfactory accuracy. Fin-
ally, we note that our approach is applicable to
electron-atom scattering, although in such sys-
tems allowance must be made for exchange.
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