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Charge transfer in collisions of atomic hydrogen with Os+, He 2+, and H+
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The charge-transfer process 0'+ + H(ls) —+0 + + H+ is considered for 0'+ impact energies from 0.025 to
200 keV/amu, using the atomic base 8 matrix formulation represented by time-dependent bases which

denote moving atomic orbitals. In the evaluation of the S matrix, models of two extreme types, the

unitarized model and the absorption model, are introduced. The numerical results show that there is only a
small difference between the cross sections obtained using the respective models for impact energies above 0.5
keV/amu, while the cross section due to the unitarized model becomes smaller than one-half of that obtained

with the absorption model at an impact energy of 0.05 keV/amu. The data are also compared with other

calculations of the same process. For the investigation of the validity of our formula, the unitarized formula

is also applied to the processes H++ H(1s)—+H+ H+ and He2++H(1s)~He++ H+. The results are in

good agreement with the experimental data.

I. INTRODUCTION

In the study of the atomic processes in a con-
trolled fusion reactor, charge-transfer processes
involving impurity gas atoms are very important.
Electron capture from an H atom by a highly
stripped impurity ion is considered to be one of
the rate-determining processes in plasma heating
by neutral-hydrogen-beam injection. From this
point of view and from theoretical interest itself,
a plan has been formulated to evaluate the cross
sections for charge transfer between hydrogen
atoms and completely stripped heavy ions.

Recently, Salop and Olson' have calculated the
cross sections for charge transfer between ground-
state atomic hydrogen and completely stripped
ions of C, N, 0, Ne, Si, and Ar in the low-veloc-
ity range from 6 x 10' to 7 && 10' cm/sec (20—2.5
&& 10' eV/amu). Furthermore, Olson and Salop
have developed a formalism using the absorbing-
sphere model based on the Landau-Zener method
which is applicable to the class of reactions A~'
+ B-A' "+B', where 4 «Z ~54. Their method
is useful for relative velocities v & 1 x 10'cm/sec
(5 keV/amu). Bottcher' has also considered colli-
sions between completely stripped ions and hydro-
gen atoms at low velocities using a model involv'ing

only a finite number of crossings between diabatic
states, however, these results are considerably
different from each other.

In the present paper, the cross sections for the
charge- transfer process

dependent bases which denote atomic orbitals
moving in opposite directions. In the evaluation
of the S matrix, two extreme models are consi-
dered, the "unitarized-distorted-wave approxima-
tion (UDWA)" and "absorption model. " For the
unitarized- distorted-wave approximation, all in-
teractions among the product channels are ignored
and the matrix elements are treated as in the case
of resonant charge transfer. On the contrary in
the absorption model, the product channels are
considered to be closely coupled and as for the
absorption process, tQe transferred electron is
assumed not to be recaptured by the hydrogen ion.

Since no experimen. tal results are available at
the present time, the present results are com-
pared only with the theoretical results mentioned
above.

The UDWA formula is also applied to the charge
transfer processes

and

H'+ H(ls) -H+H' (process II)

He"+H(1s)- He'+H' (process III).

II. FORMULATION

We will consider the rearrangement collision

In Sec. II, a formulation based on the S-matrix
theory is described and in. Sec. III, the numerical
results are given and discussed. Atomic units are
used throughout the paper, unless otherwise stated.

0"+ H(1s) -0"+ H' (process I) B+ (A+ e) - (B+ e) + A, (2 1)

for impact energies between 0.025 and 200 keV/
amu in the laboratory system are evaluated. The
cross sections were calculated using an atomic-
base S-matrix formulation represented by time-

that is, through the collision the projected particle
B (mass Ms, charge Zse) captures electron e
which is initially bound to the nucleus A (mass M„,
charge Z„e). The straight-line-trajectory ap-
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proximation is used for the relative motion of the
two nuclei, where the position vector R of B rela-
tive to A. is described as

R= vt+ e„lo, (2.2)

where v is the impact velocity, p the impact pa-
r3meter, and e„ the unit vector perpendicular to
v in the collision plane. If we can obtain the prob-
ability P(p) for process (2.1) for a given impact
parameter p, then the cross section can. be calcu-
lated using

later, the charge state may approximately be ex-
pressed by either basis (t'„"}or ((s}. The use of
this expansion leads to coupled equations simpler
in structure than those usually encountered and
this reflects more directly the physical situation
of the process. In the limit of infinite separation
or t-+ ~, Z„ la„(t) I' tends to unity, and the 8 ma-
trix conserves the unitarity property. Here let
the state vector be I +(t)& which is composed of the
components (a„(t)}. Substituting Eq. (2.7) into Eq.
(2.4), we obtain the following equation for the vec-
tor I4(t)&:

I'(p) pd p (2.3)
i —I e(t)&= el e(t)& (2.8)

The electronic wave function x(r, t) satisfies the
Schrodinger equation

(2.4)

w ith

JJ=s 'h (2.9)

w ith

K = —,
' 6 Z~/r„zi)/rs, (2.5)

where s and h are the matrices of which elements
are given by

(2.10a)
where r„= lr„l, re= Irsl, r= Irl, r„, rs, and r
are the position. vectors of the electron relative to
A, B and the midpoint of A and 8, respectively,
and 4 is the Laplacian with respect to r.

As basis vectors to expand X(r, t), we use the
following time-dependent vectors ((„"}and ($s}
which denote atomic orbitals moving in opposite
directions:

= (5 5.) (2.10b)

and s ' is the inverse matrix of s.
Using Eqs. (2.6a) and (2.6b), the elements of the

matrix H can be written

and

td)( t) yA(~r )e if/ 8-2 (2.6a) &m IHln&= (&o„+-,'v')6 + g (s ') ~u~„

with

(2.11)

t„'(r, t) = y„(r,)e'"'", (2.6b)

where Q„"(r„) and (t)„(rs) are hydrogenlike wave
functions of the systems A+ e and B+e having
eigenenergies &„" and ~„, respectively. In the
present system nuclei A and B are moving with
relative velocity v and the time dependence of g„"

and $s comes through the positions of nuclei A and
B. Hereafter we use implicit expressions with re-
spect. to A and B, unless explicit notation is neces-
sary. For example, we write f(„}for ($„"}and (gs},
and ((u„}for (~„"}and j(u s}.

We can express X(r, t) in terms of $„(r, t) as

u "~=(g", [-z„/r ]&i)) (2. 12a)

(2.12b)

(2.12c)

(2.12d)

In the second term of Eq. (2.11), the factors,
(s ') „, are introduced due to the nonorthogonality
of our bases, which compensates for the fact that
Q„lt &&t I ~ l.

Furthermore, we will introduce a state vector
I C (t) & which satisfies the equation

X(r, t) = g a„(t)$„(r,t), (2 7) i —I c(t)&=a' Ie(t)&, (2.13)

where a„(t) is the expansion coefficient. The ex-
pansion is not with an orthogonal set and is over-
determined. However, if we truncate the series,
the problem of overdetermination is removed. At
a finite internuclear distance, Q„a„(t)I2= 1 is not
satisfied due to being nonorthogonal. Considering
that the charge transfer occurs mostly at an inter-
nuclear distance larger than 3ao as we will see

&m IH' In) = &n la ln&6

The solution of Eq. (2.13) can be written

(2.14)

(2.15)

where H ' is the diagonal part of the matrix JJ,
whose elements are given by
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Let the state vector I4(t)) be expressed as t t
t&"'(t)=exp( if tt'ttt tt'"exp iJ -tt ttt'l

t
Ip(t)&=exp( -t tt'ttt) lp'"(t)&. (2.16)

with

(2.18)

Then upon substitution into Eq. (2.8), we get an
expression of the interaction representation ~ int ~ Bo (2.19)

i—I +™t(t))= H"'(t)
I +"'(t))

dt

where

(2.17)
The solution of Eq. (2. 17) is given by

I
~""(t))=U(t, -")

I +"'(-")),
with

(2.20)

U(t, ) = t+ (-i)
t t

dt, H~™(t,)+ (-i)' dt,
tj

dt, P "'(t,)H"'(t )
«e 00

t
+( i) dt,

tj t2
dt, dt, H'"(t, )H'"(t2)H ' (t,)+ (2.21)

Since

U( ~ ~)=f,
we have the following relation. :

I+(-"))= I+"'(- )).
The S matrix defined by

I +(~))= s I +(—~))

can be written

(2.22)

S = exp -i &'dt S'",
«e ()0

where

S kelt U(~ ~)

The matrix U(~, -~) can be rewritten using the T exponential. Thus, we obtain

(2.24)

S'"=Texp -i H'" t dt
«e 00

ee eo 00

dtH ~ ~(t) dt dt T(H~™(t)H (t )}1! „ 2!

i)3 «I ee

dt, dt, dt, T(H'"(t )8'"(t )H"'(t )}+ ~ ~ ~

3f ~ 00 ~ O0 «e eo
(2.26)

where T is the chronoLogical-ordering operator which rearranges any product of the operators H'"(t) in
chronological order with the factor 8'" containing the latest time on the left

In the high-energy region, we can use the first-order approximation of S"' in which the terms including
more than one H'"(t) are ignored in Eq. (2.26). However, we are interested in evaluation of charge-trans-
fer cross sections in the energy region from 10 to 100 keV/amu where the first-order approximated S'"
is not. always satisfied. Because of the moving factors I exp(+iv ~ 2r)] in Eqs. (2.6a) and (2.6b), H"'(t) is not
a Hermitian operator. Therefore U(t, -~) is not necessarily unitary in Eq. (2.21) whereas S"' should be
unitary from its original definition. Our main, objective is to obtain a proper formula which will be valid
in the middle energy region where the first few terms in(2. 26) are significant. In order to obtain a uni-
tarized S matrix for this purpose we will ignore the operator T and all matrix elements except
(m, B IH '

(t) IO, A) and (O, A IH"'(t) Im, B), where IO, A) is the initial-state vector and Im, B) is the state
vector in the product channel. The validity of this approximation is examined later. Thus we obtain the
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charge-transfer probability for a given impact parameter p as follows:

P(p) = Q 1&n, & Is""
I 0,A& I' (2.27)

with

&n, mls'"Io, A&=( t) at &n, a IH"'(t)
I o, A&

«OQ

2 OO OO

x 1+, dt, dt, O, A H~™t, m, B m, B "'I,, O, A31
rn oQ «OO

+-, QQ dt,f ds

fn
«oo

at, &o,A IH"'(t, ) It, a) &t, a la™(t,) lo, A)

x &0, A IIf'"(t,) l~, »&~, & ltf~'(t. ) Io, A&+ ~

(2.28)

ds(u nln"'(s)(o d)d "* d"' d"'s lu' -"—)—-1
5t

at (n, B IH"'(t)
I 0,A) p '. ' sinp' '

with

p= g at &n, a le"'(t) IO, A)
«oo

Then we have

p(q) = sin'p't '.

(2.30)

(2.31)

In above derivation, we made use of the property that H"'(t) has only nondiagonal nonvanishing components
according to Eq. (2.19). The charge-transfer cross section can be obtained by the substitution of Eq. (2.31)
into Eq. (2.3).

Using Eqs. (2.11), (2.14), (2.18), and (2.19), we can rewrite Eq. (2.30) as follows:
CO u t

)t=g f dS g (s ')„;"u"„"+g (s ')„u„" sup i ts„'-u,"s Q (s ')„;"u,"„'+g (s ')„u,'„'
n j(t

2

Q(s)ss sup(s-)sus)dS (2.32)

Ignoring the states (Ik, A), k ao) and the off-diagonal elements {ups, m pn), we get

g]AA SAB~BA t SBA~AB SBASAB BB
p=g at

I

Bs+ —8 + n n lexp j
I
~&++sB no on no on nn

I-& ls"'I' i -- k" ""
1 p Is»ln )

2

(2.33)

Detailed derivation for Eq. (2.33) is shown in the Appendix. If p„ls,"„sI'«1 is satisfied, Eq. (2.33) can be
appr oximated as

p = g &n, It I
T'"'A

I 0,A) I' (2.34)

where
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(2.35)

dN
— = -XN, (2.36)

where X is a rate coefficient. The DWBA prob-
abili. ty p given by Eq. (2.34) is thought to be the
time integral of X, i.e. ,

It should be noted that Eq. (2.35) is the classical
DWBA formula of the probability amplitude which
is equivalent to that of Bates derived using the
two-state approximation. ~ Here we call Eq. (2.31)
with Eq. (2.30) "unitarized-distorted-wave approx-
imation (UDWA). "

It may be difficult to introduce (m, B ~H"'(t) ~n, , B),
which is ignored in this approach, in a more
rigorous manner. However, as an extreme case
it is possible to take these into account using the
absorbing reaction model in which the electron
transferred to nucleus B cannot be recaptured by
nucleus A. In classical treatmen. t, the decay of
the occupation probability N of the electron on the
orbital of the nucleus A obeys

principal and angular momentum quantum num-
bers.

In. order to evaluate the numerical precision,
the Brinkman-Kramers-type cross section ob-
tained using the matrices defined by Eq. (2.12b)
was compared with the analytically calculated re-
sult from the formula. "

2"m'(Z Z /n)'v8

5 [v'+ (Z„—Z~/n) 2] [vm+ (Z„+Z~/«)'] ' '

(3.2)

The relative descrepancies between them a.re
within 10 '.

I I t

)
I I I )

[
) I

3 0.1 keV /arnu

(2.37)

Then the survival probability of the electron in an
orbital in A is e ~. Therefore, for the absorption.
probability in a classical sense, we have

p(p) =1 —e '.
With increasing velocity, both of the probabilities
given by Eqs. (2.31) and (2.38) tend asymptotically
to P, which is the sum of the probabilities obtained
by the two- state approximation. . Comparison of
Eq. (2.38) with Eq. (2.31) is thought to be useful in
the estimation of errors in cross sections due to
the ignorance of (m, B )H"'(t) ~n, B). The numeri-
cal comparison will be described in Sec. III.

The problem with connection to the ignorance of
the chronological operator T will also be discussed
based on numerical results for typical cases.

10

/ /w 5

//

III. NUMERICAL RESULTS AND DISCUSSION

Using formula (2.35), the DWBA probabilities
for electron transfer from the 1s state of an H
atom to an (nlm) state of a hydrogenlike 0" ion,

I

5
o p (au. )

6()(10)
1

( l P8+
i

TDwBA
i 1 H+) (3.1)

were calculated for 0" impact energies from 0.025
to 200 keV/amu, where n and (l, m) denote the

FIG. 1. Partial DVJBA probabilities p„ for the pro-
cess 0 '+H(lg) 0 '+H' vs scaled impact parameter
o. p for an 0 + impact energy of 0.1 keV/amu, where
the parameter n denotes the principal quantum number
of the hydrogenlike ion 07+, p is the impact parameter,
and o. = ~ (1+8/n).
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FIG. 5. Same as Fig. 4 for 0+ impact energies from
1 to 200 keV/amu.

FIG. 4. Total DWBA probabilities p for the process
0 + H(lg) —0 7' + H' vs impact parameter p at 0 '
impact energies from 0.025 to 0.5 keV/amu.

TABLE I. Cross sections for the process 0 '+H(ls)
0 + H', where OUD&A, cr~h„and os~A denote the cross

sections based on UDWA, the absorption model, and the
DNA, and p denotes the relative increase in the cross
sections due to the extrapolation, and Z =8.

P(p) =P. (3.7)

f 1g I I
f

I I

0.05 keV/amu-

crossings involving the product channel states n
=3, 4, and 5, respectively.

The charge-transfer cross sections O„D„„and
o,~ evaluated using Eqs. (3.5) and (3.6), respec-
tively, are given in Table I, with the DWBA cross
section obtained using

@os+
(keV/amu)

~VDm'A/Z

(cm2}
0,~/Z2
(cm2)

+DNA/Z
(cm~)

200
100
75
50
25
10

5
2.5
1
0.5
0.25
0.1
0.05
0.025

5.6V(-18)
2.s5(-lv)
4.23(-1V)
5.83(-17)
v.31(—lv)
s.ol(-lv)
v.se(-lv)
8.37{-lv)
1.01(-16)
9.93(-lv)
7.36(-17)
5.19(-1V)
2.77(-17)
3.98(-17)

5.43(-18)
2.63(-lv)
3.sv(-lv)
5.33(-17)
6.86 (-17)
8 41(-17)
9.38(-lv)
1.O3(-16)
1.12(—16)
l.le(-le)
1.21(-16)
1.21(-16)
l.ls(-le)
1.14(-16)

6.08 (-18)
3.59 (-17)
5.sv(-lv)
9.1o(-lv)
1.46 (-16)

&0.3
&0.3
&0.2
&0.1
&0.01

CL

0.5
e~

Cl0
a
4

L Mi
10 15

Impact Parameter p (a.u )

FIG. 6. Probabilities based on the two models vs
impact parameter at an 08' impact energy of 0.05
keV/amu. The solid line ( ) denotes the probability
based on the UDWA and the dashed line {-—) that based
on the absorption model.
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value evaluated at an impact energy of 2.5 keV/
amu using the absorbing-sphere model based on
the Landau-Zener method. ' This value is also
shown in Fig. 10, however, it should overestimate
the cross section because use waS made of the
perfect absorbing-sphere model. The present re-
sults based on the two models are within the
range estimated from these extreme cases.

Bottcher's results based on the unitary- approxi-
mation to the S matrix, ' as in the present case,
present a considerably different behavior from the
present results. A great difference can be found
in connection with the definition of H~™given in

Eq. (2.18). Bottcher has ignored the (s „u„jterms
which are included in Eq. (2.18). These should ap-
pear due to the nonorthogonality of the atomic
bases and are important in the present work.
Moreover, the definition of ~„—U in his work
is somewhat different from that used here. Fur-
thermore, the present formula increases in valid-
ity with impact energy, while the validity of Bott-
cher's formula should break down for high impact
energies because moving atomic bases are em-
ployed in the present work instead of the static
atomic bases of Bottcher's work. He has obtained
a decreasing cross section at high impact ener-
gies using a cut-off factor depending on the impact
velocity.

The UDWA cross section is very close to the
cross section obtained by Olson and Salop' using
the classical trajectory Monte Carlo method and
that obtained by the same authors' using the close-
coupling method based on seven molecular states.
It is now under investigation as to why the agree-
ment is so good even below 1 keV/amu.

The validity of neglecting the chronological-or-
dering operator T was checked by numerical cal-
culation of the probability P(p) for the process
0'+ H(ls) -0"(n = 5)+ H' for impact parameters
p=5.6—8.4 a.u. where the cross section is almost
determined. In Fig. 11, the results are shown
against P'~' (square root of the DWBA probability)
for impact energies of 0.25, 1, 5, 10, and 25
keV/amu. Results show that agreement of the
probability obtained by the UDWA and that ob-
tained by taking time ordering into consideration
is very good for an impact energy 25 keV/amu,
and that the UDWA is useful as a modified method
to the DWBA for impact energies greater than 10
keV/amu.

We have also made the UDWA calculations for
processes II and III, i.e. , H'+H(ls)-H+ H' snd
He"+H(ls) -He'+H', for the purpose of investi-
gating the validity of the UDWA method. For
process II, theoretical and experimental ap-
proaches have been reported by many authors.
Here, we compare our result for process II only
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FIG. 11. Comparison of probabit. ities P ( p) obtained
using Eq. (2.28) with and without time ordering for the
process 0 +H(ls)-0 (g= 5)+H, where e is the
principal quantum number. The abscissa represents
the DWBA probability (top) or its square root (bottom).

denotes the results obtained without time ordering,
Q, 6, , Q, L, and the results with time ordering for
impact parameter p = 5.6-8.4 a.u. and for impact energy
being 0.25, 1, 5, 10, and 25 keV/amu, respectively,
and ——the DWBA probability.
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Impact Energy (eV)

FIG. 12. Cross sections for the charge-transfer pro-
cess H +H(1s)-H+H . denotes the present results
obtained using the UDWA, and ——the present results
obtained by the UDWA in which Eq. (3.8) is used for the
partial process H+ + H(1s) —H(1 s) + K" instead of Eq.
(2.35). Experimental data: 0, McClure (Ref. 9) and 0,
Fite et al. (Ref. 10).

with experimental data, because the agreement
between these experiments and theories is already
considered to be satisfactory for incident energies
of 10—2 x10' eV. In Fig. 12, the cross sections of
UDWA calculation for process II are shown. with
the data of McClure' and Fite et al." Our results
(solid line) agree very well with experimental data.
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FIG. 13. Cross sections for the charge-transfer
process He '+H(ls) He +H with Z=2. —denotes
the present results (UDWA), --- the results of McElroy
(Ref. 11) (DWBA), ———the results of I'iacentini and
Salin (Ref. 12) (three-molecular-state close coupling
method), ———the results of Winter and Lane (Ref. 13)
(20-molecular-state close-coupling method), and 0
the results of Olson et al . (Ref. 14) (Monte Carlo
method). Experimental data: L Fite et g. (Ref. 10),
~ Shah and Gilbody (Ref. 15), 0 Bayfield and
Khayrallah (Ref. 16) and & Olson et al. (Ref. 14).

&n, a I
To"B"IO, A&=

u~"- s~"u~"
n0 n0 00 (3 8)

I
s"~1'

eo On

which is obtained from Eq. (2.31) by neglecting all

However, for the symmetric resonance process

H'+ H(ls) —H(1s)+ H' (process IV),

the quantity Q, Is,",B!'cannot be ignored compared
with unity for an impact energy smaller than 40
keV. Therefore, it is reasonable for process IV
that we use the following formula instead of Eq.
{2.35),

terms except ones for k = n in the summation over
k, where n stands for the 1s-state. Thus, we get
the cross section shown by the dotted line in Fig.
12. Agreement with McClure's data' became con-
siderably better.

For process III, there is also much theoretical
work; i.e. , those of McElroy, "Piancentini and
Salin, "Winter and I ane, "and Olson et aE. ,

'~ as
well as much experimental work; i.e. , those of
Fite et al. ,

"Shah and Gilbody, "and Bayfield and
Khayarallah. " The cross section versus incident
energy curve is not completely established yet.
The result of our UDWA calculation is shown in
Fig. 13 along with the above-mentioned theoreti-
cal. and experimental results. The present results
agree fairly well with the experimental data ex-
cept the data of Fite ef al. below 1 keV/amu.
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APPENDIX

For the derivation of Eq. (2.33), we ignore the
state (!k, A), k II 0) and the off-diagonal elements
(IIBB, m xnj in Eq. (2.32), we get

00 t
df {s 1)BAMAA+ Q (s 1)BABA

OO oo

10B MA+ (S-1)BA AB+ (S-1)BBQBB

I

(S 1)AAQAA —Q {S1) ABQ BA

The elements of the matrix s ' for the truncated
bases, IO, A) and fl/r, B)j, are easy to evaluate
since the resulting matrix s should be a unit ma-
trix except for the row and column which are the
overlap matrix elements between IO, A) and {I~, ~)).

These are given by

(S 1) B= D1S, (S 1)BA=—D—lS0k Ok' ~ &0 &0

(A2a)

(A2b)
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and 1 p [sos /a (A2d)

(s 1)BB=D s s (p glI)

w ith

(A2c)
D being determinant of the matrix s. Using Eqs.
(A2a)-(A2d) in Eq. (Al), we obtain Eq. (2.33).
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