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We present here results for the fourth frequency moments of current-correlation functions obtained by
simulating a Lennard-Jones system of 256 particles near its triple point. A comparison with the results of
Bansal and Pathak based on superposition approximation (SA) for the triplet correlation function g,(,#)
leads us to a conclusion that the errors involved in the calculation of moments due to use of SA are not of
much significance, in contrast to what is generally expected.

Frequency moments have long been recognized
to play an important role in the study of dynamics
of liquids. Recent studies of current correlation
functions in liquids are directed at the fourth and
sixth frequency moments.”> However, until re-
cently these higher moments were not of practical
use because of the multiple integrals requiring
knowledge of three-particle correlation function
&5(T, T and were treated as parameters fixed
through some physical property of the system.!
Very recently, Bansal and Pathak* (BP) partially
surmounted this difficulty by successfully perform-
ing the angular integrations associated with three-
body terms of these moments. They could then nu-
merically evaluate these moments for liquid argon
using the Kirkwood superposition approximation
(SA) for g,
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and a low-order decoupling approximation for the
quadruplet correlation function.

The purpose of this paper is twofold: (i) to re-
port our first results for fourth moments obtained
by the computer simulation of a Lennard-Jones
system, a so-called liquid-argon-like system, and
(ii) to compare these molecular-dynamics (MD) re-
sults with those obtained by BP and to investigate
the uncertainties involved in the calculation of mo-
ments due to the use of the SA for g,.

The calculations reported here were carried out
for systems of 108 and 256 particles and based on
the following ingredients.

Particles with mass m =66.332 X 1072 g (the
mass of an argon atom) were assumed to interact
in pairs according to the potential ¢ () = 4¢
X [(6/7)2 = (6/7)°], €/ =119.8°K, 0=3.405 &, »
being the distance between the particles and %, is
the Boltzmann constant. The potential was cut at
2.50. Using the method described by Verlet,® the
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integration of the equation of motion was carried
out for 1200 integration steps of 0.2 x 107! sec.
The calculations were first performed for a sys-
tem of 108 particles and then for 256 particles. In
the first case, a cubic box of size 5.027¢ was used
and the average temperature over the total MD run
of 1200 steps was found to be T'=85.5°K. In the
second case, the length of the cube was changed to
6.7030 so as to obtain the same density (mn=1.428
gcm™) as with 108 particles. The average temper-
ature in this case was 7'=85.8°K. This state of
temperature and density is close to the triple
point of liquid argon and the available experimen-
tal data’ for current correlations in liquid argon
correspond to this state. Furthermore, this also
enables us to directly compare our results with
those of BP obtained under similar conditions,
According to our previous work,* we define the
ntt frequency moment of the spectral function of
the current correlation function as

(w',',t)=K,',"+ZI,','i‘ n=0,2,4,..., (2)
i=2
where the subscripts ! and ¢ denote, respectively,
the longitudinal and transverse current. K»*' de-
notes the kinetic part and I%.f, I}.f,..., etc., re-
present the contributions due to static pair and tri-
plet correlation functions, respectively. Explicit
expressions for both (w7} ;) (n=0,2,4,6) are given
in Refs. 8 and 9. Comparing (2) with the exact ex-
pression for (w}), we note that
n2

Il= po— [ [ d¥ dF g (F,F')[1-2 cosqx+ cosq(x-x')]

XU, (U, ("), (3)

where U, (v) =8%¢ (r)/8x 87,, a denotes the Carte-
sian components x,v,z, and summation over doub-
ly occurring indices is implied. Using the defini-
tion of g,
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(5)
In our MD calculations, we perform these three-
particle summations using the following equality,

> Fri )= Y [(gf(r,.p) (Z h(@)
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i

The second term on the right-hand side of Eq. (6)
arises due to the inclusion of j=% term in the first
term on this side. Here we would like to point

out that in a recent paper, Michler ef al.'® have
also attempted to calculate (w$) but for liquid alu-
minium. Instead of equality (6), they use

> S h(ry) = (Zm,p) <z, h(m)>
i,

i ik i,d

itk i#j i#j
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which is obviously wrong (see Ref. 10).

Having calculated I}, we calculate I!; in a simi-
lar way. The calculation of I}y is straightforward.
The various contributions are then added according
to Eq. (2) to get full moments.

In Fig. 1, we have compared the results of our
MD calculations for I}¢ with those obtained by BP.
This comparison is made in order to investigate
explicitly the errors involved due to the use of the
SA for g,. Clearly, the wave-number dependence
of both I}; and I; is well accounted for by the BP
results based on the SA. Note that the magnitude
of the present results is always smaller as com-
pared to those of BP thereby implying that the SA
has overestimated the integrals of I};’. The aver-
age of all the 18 values of I}, shows that the over-
estimation due to the SA is within 20%. The same
holds true forIf,. Itis, however, interesting tonote
that the results for the full moments (w} ;) ob-
tained here and by BP are not very different.
These are shown in Fig. 2. The differences are
somewhat more at smaller g values (g <1.5 ™1,
where the structure is more and also the errors
are expected to be large., But for ¢>1.5 f&‘l, the
agreement is very good. On the average, these
differences are not more than 1.4% in the case of
(w$) and 1% in the case of {(w%). The reason for
this behavior is that at small ¢ values K} ¢ contri-
butes very little to (wj ;) and the dominant contri-
bution comes only from I};* and I%%. But as ¢ in-
creases, the K}* contribution increases relative
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FIG. 2. Wave-number dependence of the fourth frequency

moments of longitudinal and transverse current correla-
tion functions. Notation is same as in Fig. 1.

to that of I}t

To check that the MD program was generating
correct configurations, we also computed the sec-
ond frequency moments (w";, ¢), Which involve g(»)
and derivatives of potential only, and compared
the results with those obtained by direct integra- '
tion using the MD data of Verlet® for g(). It was
found that the two results were indistinguishable
when plotted on the same graph. Note that the MD
calculation of Verlet corresponds to a system of
864 particles whereas we have simulated systems
of 108 and 256 particles only. The present results
for (wj ,) obtained from two different experiments
with 108 and 256 particles also do not differ much.
These differences are of the order of 0.1% for the

largest ¢ and 2% for the smallest g investigated
here (see Table I). Since it is always difficult to
read the numbers from the published graphs, we
have tabulated our results for (wj ;) in Table I

As a by-product, we also get the second coeffi-
cient in the short-time expansion of the normal-
ized velocity autocorrelation function, namely, B
= (V(0)2)/(V(0)?). It comes out to be 1.138 x 1052
sec“‘,whereas the result obtained by BP is 3.5%
higher (1.178 x 10%2 sec™). Nijboer and Rahman'!
have also estimated B in their MD calculation of
liquid argon using a different interaction poten-
tial—6-exp function of the Buckingham type. They
obtain B =0.6648 x 1052 sec™.

From these results, we conclude that the SA gen-
erally overestimates the magnitude of triplet cor-
relations. This is consistent with the conclusions
of Krumhansl and Wang'? 4 and that of Raveché
et al.*® who studied the same system through the
Monte Carlo (MC) method. Krumhansl and
Wang'# 2 found that the MC g, and SA g, agree to
about 10% at low densities. They used these re-
sults in Born-Green equation to yield ¢(») and
found that the MC ¢(7) is in excellent agreement
with the exact ¢ (), while the SA ¢(7) is poor. In
another paper,* they studied the SA at high densi-
ty and found that the SA predictions for g, differ
from the MC results by as much as 70%. Similar
results are obtained by Mountain and Raveché'® for
liquid neon and Raveché et al.’® for the Lennard-
Jones system.

However, our motivation here is not to under-
stand the behavior of g; as such, but to check the
errors involved in the calculation of moments due
to the use of the SA for g,. It is interesting to note

TABLE I. Molecular-dynamics results for ( w} ;) (in units. of w§ x 10?" sec?) as a function
g obtained using 256 particles. The results in parentheses correspond to our MD calculations

with 108 particles.

q A1) (wh) (wh) g A% (wh) (w})
0.2753 11.2127 3.6093 2.7529 1.8908 1.2680
0.5506 14.3629 4.1093 3.0282 2.0771 1.1348
2.0286 1.0553
0.8259 15.1426 4,3432 3.3035 (2.0153) (1.0566)
12.0110 4.,1965
101 . . .
1.1012 (11.8134) (4.1494) 3.5788 1.8460 0.9985
1.3764 7.4375 3.7164 3.8540 1.6782 0.9467
1.6517 4.0810 3.0559 4.1293 1.6166 0.8976
1.6729 0.8560
1.9270 2.3357 2.4015 ©4.4046 (1.6712) (0.8532)
1.6510 1.8704
2.2023 (1.6506) (1.8467) 4.6799 1.7837 0.8266
1.6198 4.9552 1.8790 0.8092

2.4776 1.4990
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from Fig. 2 that the corrections to the SA are in-
significant as regards the calculation of moments
even though Iy? obtained from the MD g, and SA g,
differ by about 20% as stated above. The use of
the SA for the calculation of moments can, there-
fore, be safely recommended. There seem to be
no a priovi reason of not expecting a similar be-
havior in other simple liquids like liquid alumin-
ium and rubidium. Calculations for these two sys-
tems are also in progress and will be reported
elsewhere. Finally, we hope that our present re-
sults will be of immense help to other theoretical

workers in interpreting the experimental data on
simple liquids.

ACKNOWLEDGMENTS

We would like to thank Professor K. Singer for
providing us an access to his own MD program
which fascilitated the present calculation. Thanks
are due to Dr. N. K. Ailawadi for some discussions
and for reading the manuscript. Work supported by
the Deutsche Forschungsgemeinschaft.

IN, K. Ailawadi, A. Rahman, and R. Zwanzig, Phys.
Rev. A 4, 1616 (1971); K. Kim and M. Nelkin, ibid, 4,
2065 (1971) A. A, Kuglar, J, Stat, Phys, 8, 107 (1973)

*M, Machida and C. Murase, Prog. Theor, Phys. 50, 1
(1973); F. Yoshida and S. Takeno, ibid. 53, 293 (1975);
P, K, Kahol, R. Bansal, and K, N, Pathak, Phys. Rev.
A 14, 408 (1976)

p, K. Kahol D. K. Chaturvedi, and K. N, Pahak,
Physica A 87, 192 (1977).

‘R, Bansal and K. N, Pathak, Phys. Rev. A 15, 2519
(1977); 15, 2531 (1977).

SR, Bansal, Phys. Rev. A 16, 2191 (1977).

6L, Verlet, Phys, Rev., 159, 98 (1967),

K. Skold, J. M. Rowe, G. Ostrowski and P, D. Ran-
dolph, Phys. Rev. A 6, 1107 (1972); A, Rahman, in
Neutron Inelastic Scatteving IAEA, Vienna; 1968),
Vol. 1. p. 561; Phys. Rev. Lett, 19, 420 (1967); D, Lev-
esque, L, Verlet, and J. Kurkuarw Phys, Rev. A 7,
1690 (1973).

%D, Forster, P. C. Martm, and S, Yip, Phys, Rev. 170,
155 (1968).

°R. Bansal and K. N. Pathak, Phys. Rev. A 9, 2773
(1974),

g, Michler, H. Hahn, and P. Schofield, J. Phys. F 7,
869 (1977). Note that the first term on the right-hand
side of Eq, (5) gives two times two-body contribution,
four times three-body contribution, and also four-body
contribution. In addition to this, multiplication of the
second term on the right-hand side of Eq. (5).by N is
not upderstandable, Furthermore, as is clear from
Egs. (12) and (14) of their paper, the definitions of
£,() and &, (¥, T') are inconsistent with those used in
obtaining the expressions for moments.

113, R. A, Nijboer and A. Rahman, Physica (Utr.) 32,
415 (1966)

125, A, Krumhansl and S. S. Wang, J. Chem. Phys. 56,
2034 (1972).

133, A, Krumhansl and S, S, Wang, J Chem, Phys. 56,
2179 (1972).

145, s, Wang and J, A, Krumhansl, J, Chem, Phys. 56,
4287 (1972).

154, J. Raveche, R. D, Mountain, and W. B. Street, J.
Chem, Phys. 57, 4999 (1972).

16R, D. Mountain and H. J. Raveche, J, Chem. Phys. 55,
2250 (1971); H, J. Raveché and R. D. Mountain, ibid,
57, 3987 (1972).



