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Electronic resonance enhancement of coherent anti-Stokes Raman scattering
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We analyze the enhancement of the coherent anti-Stokes Raman-scattering (CARS) susceptibility when the
frequencies of the waves involved are tuned into resonance with discrete and continuum one-photon
absorptions, and discuss the applications. We first derive the expression for the susceptibility by means of
the usual iterative treatment of density-matrix perturbations. We then show that this, derivation can be done
in a straightforward manner by means of a time-ordered diagrammatic representation, which brings novel
physical insight into CARS mechanisms. This representation can also be used to analyze the transient
behavior of CARS as the pump fields are turned on and off. In addition, we discuss resonant CARS
spectroscopy in the gas phase. The spectrum is composed of the expected enhanced Raman lines and also of
double-electronic-resonance lines. All these lines occur as doublets. We derive their relative intensities based
on detunings, collisional broadening, Franck-Condon overlap integrals, and rotational transition moments.
The line contours are predicted by representing the susceptibility in the complex plane. The problems arising
from saturation and the optical Stark effect are also considered; all should be small below pump densities of
100 MW/cm' in gas mixtures near STP. Fluorescence interference is negligible, except at power densities
high enough for the Stark effect to be large. Beam absorption is also negligible at STP if the resonant
species concentration is less than 1000 ppm; phase matching is then satisfied. Finally, an experimental
resonant CARS spectrum of I2 at 1 mb in air near STP is presented and interpreted; the susceptibility is
about 400 times larger than that of 0, off resonance and under the same thermodynamic conditions.

I. INTRODUCTION

Coherent anti-Stokes Raman scattering (CARS)
ranks among the most powerful optical tools for
chemical analysis of gases in reactive media and
for high-resolution molecular spectroscopy. CARS
belongs to a family of related third-order optical
mixing techniques such as the Raman induced Kerr
effect' ' (R1KE) or stimulated Raman gain spec-
troscopy' (SRGS) which were proposed recently.
All these techniques offer attractive alternatives
to conventional Raman spectroscopy; their superi-
ority over spontaneous Raman scattering (RS)
comes from their coherent nature. In particular,
the advantage of CARS is particularly striking when
the spontaneous Raman emission i.s small com-
pared to laser-induced fluorescence or chemi-
luminescence. '"~ Thus, CARS has been used suc-
cessfully in combustion diagnostics, "instantane-
ous turbulent combustion measurements' and in
discharges in low-pressure gases. e'9 It can also
be used in plasmas studies for which R~ was
originally proposed. Using cw lasers, it has been
applied to ultrahigh-resolution Raman spectros-
copy in liquids and gases, a task fox which
SRGS also appears well suited. It has also per-
mitted fluorescence-free resonant Raman spectra
of biological samples to be obtained. ~ ' %jth
picosecond lasers, it can be used as a diagnostics
tool in fast relaxation processes, "reaction dyn-
amics, spectroscopy of transient molecules in
discharges'9 and excited-states studies.

CARS is characterized by a third-oider nonlinear
susceptibility g '(e, ). In general, the pump beams
are focused, so that the anti-Stokes wave gener-
ation takes place near the focus; the anti-Stokes
power P, collected during a measurement is then
independent of the focal length and reads, in the
notation of

p. =[4 '( .& ')]'( / )'&', &,Ix"'( .)I',
where'~ andes are the pump powers at +~ and
&o, ; y~'i(v, ) is the sum of a Raman resonant part
y „contributed by the closest vibration-rotation
resonances of the particular species which is being
probed, and a slowly varying nonresonant contrib-
ution y „~ from all the species. Delicate problems
are posed in the interpretation of the spectra when

()f~( ~ )y „J. For that reason, the discrimination
of a trace gas against the dominant species in a
mixture is ultimately poorer in CARS than in RS.
In practice, the detectivity limit is around 1000
ppm for most diatomic gases. ~"' There are two
ways of improving it. One is to reduce y~„with
respect to y~ by provoking destructive interfer-
ences between several contributions to y»"20,
this, however, cannot be very useful in gases
where rapid temperature and concentration Quc-
tuations are often encountered. The other one,
which is discussed in this paper, is to enhance g ~
with respect to g» by tuning one or two of the
three field frequencies to the electronic resonances
of the molecules to be detected (resonant CARS).
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The resonance condition can be achieved either
near discrete absorption lines, or in the vibra-
tional dissociative absorption continuum. The dis-
cussion will be generally restricted to the case of
molecular species in the gas phase. The problems
one encounters in the liquid phase are quite sirni-
lar and, in many instances, less severe than in
gases. Some characteristic differences, however,
will be pointed out.

The calculation and physical interpretation of
resonant susceptibility terms have been given
great attention; particular attention has also been
paid to the retrieval and interpretation of resonant
CARS spectra; finally, preliminary experimental
results have been analyzed. The work is divided
as foDows:

In Sec. II we derive a quantum-mechanical ex-
pression of y

' (e, ) in order to display the influence
of electronic resonance. For the case of reso-
nances with discrete absorption lines, the calcu-
lation is carried out in the density-matrix formal-
ism by means of the well known iterative treatment
of time-dependent perturbations. The density-
matrix formalism is convenient for the treatment
of line-broadening mechanisms (Sec. IIA).

It is shown in Sec. IIB that the time-ordered
diagrams of Yee and coworkers'"" are well suited
for the treatment of resonant CARS. This repre-
sentation brings new insight into the quantum-
mechanical processes that create the anti-Stokes
polarization. In particular, we address the prob-
lern of energy transfer between waves and mole-
cules on resonance, as well as the spectral dis-
tortion resulting from some time-ordered terms
previously included in X». Finally, we extend
this analysis to the case of a resonance into a con-
tinuum (Sec. IIC). This type of excitation presents
interesting spectroscopic advantages which may
prove useful for the study of rapidly Quctuating
.media.

In Sec. III we investigate the essential charac-
teristics of resonant CARS spectra on the basis
of the previous theory and discuss their application
to analytical chemistry. We examine the spectral
content for discrete and continuum resonances
(Sec. IIIA). We show in Sec. IIIB that the line con-
tour can be easily predicted by representing the
susceptibility as a vector in the complex plane.
Recent experimental results in liquids ' are thus
explained without resorting to numerical calcula-
tions. In Sec. IIIC, we consider in turn rotational
selection rules, collisional broadening, population
perturbations and the optical Stark effect, and
discuss their influence upon CARS spectra. All
these effects must be carefully considered when
using resonant CARS in analytical chemistry. The
detectivity improvement is also inferred through

comparison with experimental results in resonant
spontaneous Raman scattering (RRS).

In Sec. IV the diagrammatic representation is
used to analyze the transient behavior of the CARS
power as the pump fields are turned on and off.
This behavior is of particular interest when, short
pulses are used. Significant differences from
transients in RBS are predicted.

In Sec. V experimental results obtained in Iodine
vapor are discussed in the -light of the preceding
models. Satisfactory agreement is found, notably
with regards to spectral content and susceptibility
enhancement. '

II. QUANTUM-MECHANICAL DERIVATION OF X~3i(u, )
(STATIONARY CASE)

The creation of the anti-Stokes wave is due to a
third-order coherent nonlinear polarization
P~~z~(v, , t) induced in the medium at frequency
m, = 2m~ —or~ by the pump beams. This polariza-
tion is strong whenever M~ —(d~ comes close to a
Raman-active vibrational frequency ~b„and can
be further enhanced if |d~, +~, or v, comes close
to some of the absorption frequencies of the mole-
cules. This polarization is capable of generating
a coherent wave at co, subject to growth and propa-
gation as determined by Maxw'ell's equations; the
latter problem will not be considered here, and
we shall confine the discussion to the spectral and
temporal properties of 9~~~3~(m, , t) and its associ-
ated susceptibility )(

'
(&o, ).

A. Densify matrix

In order to account for the discrete electronic
resonances; a calculation of P„~ i(&o~~, , t) has been
done using the density-matrix formalism; this
calculation, which follows the approach used in
Befs. 23 and 24, is only outlined here since simi-
lar treatments have been used in the past for the
calculation of nonlinear susceptibilities (Refs.
25-29). The quantum state of the scattering mole-
cules is represented, as is conventional, by the
density operator p(t) with the well-known equation
of motion

IIp is the fre e molecule Ham iltonian with a dis-
crete spectrum of eigenstates ~n) corresponding
to eigenenergies Se„; the Hamiltonian describing
the interaction of the molecules with the radiation
fields is V(t) = -P E(t) in the dipolar approxima-
tion; P is the dipole moment operator and E(t) the
instantaneous value of the electric field; 8 p/9 t~~,~~
is the damping term, which is determined by
stochastic processes such as spontaneous emis-
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(3)

with I'„„i= —,'(I'„„+I'„i„i)+ I"'„„i; I'„„is related to the
finite lifetime 7(/I'„„of state [n) due to spontane-
ous emission and inelastic collisions, and 2F'„„i is
the full broadening of the absorption line between
states ) n) and [n') due to phase interrupting elas-
tic collisions; W„„ is the transition probability via
inelastic collisions between states )k) and ~n). It
is seen from (3) that the three approximations
above [hereafter called approximation (3)] result
in Lorentzian line broadening. Note also that ap-
proximation (iii) does not imply that the relaxation
of states ~n) (or )n')) to other states via inelastic
collisions is negligible as can be seen in the first
e(iuation of (3}; this approximation is valid if the
condition I'„„~ v„„i is satisfied. '

Assuming that the perturbation V(t) is weak
enough to validate a solution of (2) expanded in
successive powers of V(t), the nonlinear polari-
zation of interest Ãp)(0)„t) is, in a pure gas

P Z~Zi((t)da=NT„P(') (u&„i) P

=N g P(b)(0)„t)5

sion of light and collisions between molecules.
Several approximations are usually made on the
collisional mechanisms, which leads to a simple
expression for the damping terms. ' ' " These
approximations are (i} the assumption of stationary
stochastic processes, (ii} the impact approxima-
tion, and (iii) the isolated line approximation.
Approximation (ii) is e(luivalent to assuming that
the time interval between two collisions is larger
than their duration. It, is usually valid in gases;
it agows one to replace the fluctuating time-de-
pendent interactions between molecules by an ef-
fective time-independent interaction which is not
Hermitian. ' With approximation (iii) the coupling
by relaxation among the off-diagonal matrix ele-
merits p„„can be neglected. Bp/Bt)a, ~ in (2) is
then written' '

where N is the number density of the molecules
and p(') ((0, , t) is the third-order perturbation term
of p„„(t)proportional to those terms of [V(t }]'at
frequency +, . In the calculation, the radiation
fields are taken in the form of quasimonochromatic
plane waves traveling along the z. axis, all with the
same polarization so that the total field can be
written

E(z, f) =e[Z~(z, f) expi(k~z —&0~i)

+Z»(z, i) expi (kzz —0), t)

+Z,(z, t) expi(k, z — (i)t)] +c. c. ,

where k~, k~, and k, are the usual propagation
vectors at (u~, e~, and co, , the field envelopes
E~, E~, and E, being slowly varying functions of
z and f with lZ, I

& IZ, I, IZ, I ~

If the rise and fall times of the pump beams are
long conpared to the (I'„„'}'sand (I' ')'s, one does
not need to take into account the transient solutions
of E(l. (2) (the contribution of transients to the
scattering can be important near resonance and
will be studied in Sec. 1V). The field envelopes
Zz z(z, t) are thus assumed to be independent of
f and z, and 9+~(0)„f) is easily expressed in
terms of the CARS susceptibility X ')(&0, )

P~)~((d„ i ) = e .P ~'~~((l), , f )

=x"'( .)z:z,*
xexPi[(2k& -kz) z —(2(0~ —(0») f]+ c.c. ,

(6)
For simplicity one retains only the terms with the
Raman resonance denominator (db, —co~+ v~ =0 in
the third-order perturbation expansion of p(t).
These terms pve the Raman contribution X~ to the
CARS susceptibility, while the others, which are
not calculated here, are small, frequency inde-
pendent, and can be lumped together in the non-
resonant susceptibility g„R. Including several
possible Raman transitions of the molecules one
gets

x("(~.) = x», + Q x"-
abb

Here, y~' is the Raman susceptibility associated
with the Raman transition of frequency vb,

N cn ~ n'b ~ an~~ n'b
a' (rs„—td +M~ —il'„) „M„,—e, —il'„, ra„, +&a,+il'„)

&& g (p(0) p(0) ) Pbnl na V'ban'na

n Q) +Q)g —gP Q7 —Q)g —SI
W an~W n~b W an~W ntb

n +n'g —+g —& ~n'a +n'b+ +a+ & ~n'b

(0) (0) l~ ))'bn) na PbnPna'
Pbb Pnn )~

+ 7

+nb —g +'&~nb nb+ &~+ ZFn
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which we write

x,"= (&+&)(P+~) —(~+&)(~+~), (9)

with p, ,„=(a~ P. e~n) the matrix component of the
dipole moment operator P; ~n), ~e), ~b) discrete
eigenstates of the molecules (~n) excited electronic
state,

~ a) and
~ b) vibrational states coupled by the

Raman transition of shift &u„, ); &o„,-absorption
frequencies with damping I"„„Np,„Np,', , Np „„-

initial number densities of molecules in states
~a), ~b), and ~n). pio~ is in general negligible with

respect to p,, and p,'„); however it canbecome
large if the medium is exposed to electrical dis-
charges or resonant radiation. Furthermore,
higher-order corrections may have to be applied
to t'hese initial population factors due to saturation
of some transitions by the pump waves (see Sec.
ill C 8).

In mixtures, y» is contributed both by the
probed molecules and by the non-Raman-resonant
molecular species (diluent molecules). It is com-
posed of terms analogous to those of y~, but with
nonresonant two-photon sum or difference de-
nominators in place of the Raman resonance de-
nominator. In the usual case where the number
density N of the probed molecules is small com-
pared to that of the diluent molecules, y» is
mainly contributed by the latter and is therefore a
frequency-independent real number (provided that
there are no one- or two-photon electronic reso-
nances in the diluent molecules). However, some
of the two-photon nonvibrationally resonant (NVR)
terms contributed by the probed molecules, al.-
though small, also depend strongly upon the field
frequencies in resonant CARS; they therefore
should be included in X~+' rather than left in y».
As will be shown in Sec. IIB3, they can be com-
bined with some of the terms in expression (8) of

X~ under certain assumptions on collisional me-
chanisms, leading to the more widely used ex-
pression found in Refs. 19, 25-27, and 29.

l~ time &~ time

to
o &Ol

I b»(

~~s)02 'r

in Ot«,

t-~Arhgs~ GU o
cn'I

0&

' to~
p(o)&o I

which undergo different evolutions in general. so

Each of these time sequences can be depicted by
means of a Feynman-type time-ordered diagram
as discussed recently in Refs. 21, 22, and 33.
Any diagram is made of two parts, as can be seen
on those of Figs. 1-3 which we shall use below to
visualize and calculate the main contributions to
yi"l(&o, ): on the left-hand side is plotted the time
evolution of

~ g), and on the right-hand side that of

(ij[, so that one can follow the time evolution of the
density operator contribution along the time axis
(vertical axis).

Diagrams have been first utilized by Feynman"
for the calculation of light scattering cross sec-
tions, in the limit of negligible lifetime and col-
lisional broadening. In this limit the perturbations
occuring on the wave function are strictly de-
coupled from those occuring on its complex con-
jugate and can be calculated independently. Then
it is sufficient to visualize and calculate the time
evolution of

~ g) only (Feynman diagrams). Dia-
grams have also been utilized for calculations of
transition rates"" in spontaneous scattering and
recently for the calculation of TPA contribution to
third-order nonlinear susceptibility. " There are
several advantages to using the diagrammatic
representation. The calculation of-the density-
matrix elements contributing to P~i'~(&o, , t) can be
done directly by means of simple rules and without
calculating lower-order terms. The diagrams also
permit one to visualize and interpret the process
associated with each term in /~ill(io, , t) better than

B. Diagrammatic representation
(a) (b)

Nonlinear optical susceptibilities have usually
been obtained from density operator calculations
by perturbation theory up to the desired order.
The calculation of any specified order of the den-
sity operator involves the evaluation of a number
of terms, each associated with a specific time
sequence of perturbations to the wave function ~g)

and its complex conjugate (g~. The time ordering
of the perturbations to ~() with respect to those to
(r(~ is important in the case of non-negligible homo-
geneous broadening. It arises since the density
operator is then a statistical average of the pro-
duct of the wave function and its complex conjugate,

ii time lt time

to

Io& Poo col(ol

(c)

to

Io& P oe col(ol

FIG. 1. Diagrammatic representation of the main con-
tributions to X 3'~(co, ) from moleoules initially in state i a)

(a) and (b) Baman resonant contribution; (c) and (d) Ram-

an antiresonant contribution; (a) and (c) parametric dia-

grams; (b) and (d) nonparametric diagrams.
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time

Ib~ p gg &bi

{a)

nl

to

Ibo p gb fbi

(b)

FIG. 2. Diagrammatic representation of the main con-
tributions to yz proportional to p&~. (a) n.onparametric
diagram; (b) parametric diagram.

do energy-level diagrams, which have brought
much confusion concerning the parametric nature
of CARS.

l~ time

In'a

(o~

t +ol

02[
yc nl

ib» p', b' ~bi

(a)

t +ol

lb~ p && cbl

(b3

FIG. 3. Time-ordered diagrams derived from Fig.
2(a) with vertex 3 occuring: {a) between vertices 1»d
2; (b) before vertex 1.

1. Diagrammatic analysis of X[ ~(~ )

Each term of the CARS susceptibility is depicted
by a time-ordered diagram representing the evo-
lution of a density-matrix element as a function of
time (the main ones are those shown in Figs. 1 and
2), The rules allowing one to specify the time-
ordered diagrams and to directly evaluate the
terms respectively associated with them have been
stated in Refs. 21 and 22 and in Appendix A.

The contribution to y '~(ar, ) from the molecules
initially in vibrational state ) a) can be ascertained
by considering the four basic diagrams of Fig. 1.
The terms associated with Figs. 1(a) and 1(b) have
a two-photon vibrational resonance (Raman reso-
nance) denominator (&o~, —&a~+ to~ —il'„), whereas
those of Figs 1(c) a.nd 1(d) are Raman antireso-
nant (to~, + u&l, —rgz + il'~, ) and hence are smaller.
W'e can p,ssociate two more time-ordered dia-
grams to each of the two initial diagrams of Figs.
1(b) and l(d) as vertex 8 can occur before vertex 1
or between vertices 1 and 2; these new possibili-
ties give terms possessing a two-photon sum or

difference resonance instead of the vibrational
Raman resonance. Each of these resultant eight
fundamental diagrams gives another one by inter-
changing vertices 1 and 2, since emission at +~
can occur before absorption at v~. On the eight
fundamental diagrams, vertices 2 and 3 can also
be interchanged, thus providing the last eight
terms in X». The diagrammatic analysis thus
indicates that there are 24 density-matrix terms
proportional to the initial population factor p,,&

contributing to y~3~(&o, ), four of which are vibra, -
tionally resonant. If the three pump waves had
distinct frequencies v~, vz, &uz (four wave mix-
ing), there would be 48 terms. " The complete
analysis shows that there are as many terms pro-
portional to p ~~&, and twice as many to p( & whose
contributions subtract from the p,, and p ~'„) terms.
Some of the diagrams associated with the terms
proportional to p,', are shown in Figs. 2 and 3.

+I. ~S fdic. (dO CdL Cde Cdo CaPg

lf
lb&

I I ct &

lb~------
Cd bola~------

FIG. 4. Energy levels implied in CARS off resonance.
(a) parametric process; (b) nonparametric process.

2. On the parametric Nature of CARS

CARS has frequently been represented by means
of energy level diagrams. Such diagrams
are commonly used in nonlinear optics to depict
the creation of polarization by the applied fields,
i.e., precisely for the role assigned to time-
ordered diagrams in this paper. Energy-level
diagrams can also be used to represent energy
transfer between optical and vibrational modes;
this has been their application to depict spontane-
ous processes like fluorescence or Raman scat-
tering. We have adopted this interpretation for
CARS below electronic resonances. "~' It is es-
tablished that there are two distinct channels of
energy flow and thus two distinct types of dia-
grams are needed. The first one [Fig. 4(a)] stands
for a process by which, on the average, two laser
photons are converted into a Stokes and an anti-
Stokes photon (the reverse process also being
possible, depending on phase matching), so that
there is no energy exchange between the fields and
the molecules. The second diagram can be de-
scribed as the interference of the Raman processes
[Fig. 4(b)] operating between states

~ n) and
~ 5);

here too, the phases of the waves play a key role
in determining the sense and magnitude of energy
exchange. '~ If phase matching is satisfied and if
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the anti-Stokes field is zero at the input boundary, '
then a photon at &~ is converted into a photon at +,
and two vibrational quanta are extracted from the
medium by-this process, the rate being proportion-
al to ~lmyI'I~', the rate for the process of Fig. 4(a)
is proportional to

~
Re y~'~~ ' under these conditions

(see Ref. 19 and Appendix B). Both processes are
subject to phase matching; that of Fig. 4(a), which
in addition does not involve energy exchange with
the medium, is truly parametric, whereas the
other is not fully parametric and also possesses
Raman character. When the field frequencies ap-
proach an electronic resonance, this is no longer
valid and these diagrams do not fully represent
the energy exchange involved in CARS."

In short, the representation of energy transfers
in CARS by means of energy-level diagrams is far
from accurate, and similarly for the representation
of the CARS polarization which is done usually by
Fig. 4(a). Concerning the creation of the CARS
polarization, time-ordered diagrams are superior.
Each of these diagrams describes a quantum-me-
chanical sequence of interactions contributing to
the creation of this polarization, together with the
population changes subsequent to the interaction
with the field at +, .

These diagrams actually are of two types. In the
first olles [Figs 1(a) aIld 2(b)] the III'tel'ac'tIOIls

occur solely on one side (that is, either on the wave
function or on its complex conjugate) while the
other side remains unperturbed during the scatter-
ing. As a consequence, these processes cannot be
accounted for by an amplitude squared transition
probability. For simplicity we shall call these
diagrams "parametric" because they describe the
probability for the molecules to be returned to
their initial state after the complete succession
of interactions. The other type of diagram [Figs.
1(b) and 2(a)] gives the probability for the mole-
cule initially in state

~ s) (or ) b) ) to attain state
~ b)

(or [dj) and involves two interactions on each side

of the diagram. We shaB therefore call them non-
parametric or Raman-type diagrams. If the wave
function and its complex conjugate both interact
with fields of identical frequencies (as happens in
RS) the processes associated with a nonparametric
diagram can be calculated from an amplitude
squared transition probability. When certain sim-
plifying assumptions on collisions are made (see
Sec. 1183), this calculation leads to Fermi's
Golden Rule.

In-conclusion one can readily calculate each term
in y "(z,) and associate it with the appr'opriate
physical process by means of the diagrammatic
representation. In particular, the Raman vibra-
tionally resonant (RVR) terms in expression (8) of
X~' are thereby easily visualized. Term A.n is
calculated from Fig. 1(a); it corresponds to a
parametric diagram like term Dy depicted in Fig.
2(b). Terms &II. and Cy are shown, respectively,
in Figs. 1(b) and 2(a) and correspond to a, nonpara-
metric diagram. The last four terms AP, BP, Cb,
Db are obtained from the diagrams of Figs. 1(a),
1(b) and 2 by interchanging vertices 1 and 2.

3. Spectral distortions due to NVR time-ordered terms

We shall now show that some of the two-photon
NVR terms contributed by the Raman resonant
species are more correctly included in the ex-
pression of y~ rather than being left with y», they
result indeed in a correction factor in expression
(8) of ys which might be of importance in the case
of resonant CARS. Similar corrections within y»
were discussed by Lynch et a/. " Let us consider
for instance the diagram of Fig. 2(a) and the two
derived from it and shown in Fig. 3. These dia-
grams correspond in fact to different time order-
ings of the perturbation on the ket with respect to
those on the bra. Combining the three associated
terms, one obtains

(0) I an' I n b I be I na 1
P bb (&".—~.—fI'".) —&6. —~~+ ~s —il ba nb %8 2Fn

+nn'+ +I. —
/ -1 1+, . (10)

OPg +$I „„ i (O~b —COg +SP„b CO„b —(Og —ZP„b

We now make the following approximation:

1 nb +I bn T na + an I nn

which we shall refer to as damping approximation
(11); the latter is satisfied if )here is no elastic
broadening and if the lifetimes of states

~
dI and ( b)

are much longer than those of ~n) and ~n'). Then
(10) simplifies to

(0) I an'I n bI bn~na 1-P bb ~~

+ba Mg + Gag —2Pba Kff&b —401, —2 Fffib

X, (12)
+ffb +S + ~ ~nb

One can see from (8) and (12) that the contributions
of the two NVR terms depicted in Fig. 3 result in
a shift of the electronic resonance of the RVR term
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Cy of Fig. 2(a) from (&o„i,—(d, —i I'„,) to (&u„.~ —&oi
—iI'„~). The other two diagrams arising from
Fig. 2(a) as well as the four diagrams from Fig.
1(b) result, respectively, in an identical shift in
term C6 and a shift of the one-photon antireso-
nance denominators of Bn, Bp from ((0„i,+ &o,

+it'„i, ) to ((d„i,+(0~+iI'„i,). These shifts become
significant near a single-photon electronic reso-
nance resulting in a change in ),„from (8} to the
widely used expression found in Refs. 19, 25-2V,
and 29. However, the latter expression is correct
only when the damping approximation (11) is valid.
Thus, one can show that it results from a non-
time-ordered calculation, as obtained by diagram-
matically evaluating the evolution of the wave func-
tion and that of its complex conjugate separately
and multiplying the results together (which assumes
that the time ordering of the vertices on the ket
side with respect to that on the bra side is irrele-
vant). It is only in the case of the damping ap-
proximation (11) above that the three time-ordered
contributions sum to provide a decoupling of the
distinct evolutions of the wave function and of its
complex conjugate. " When probing a specific
Raman line in a gas mixture at atmospheric pres-
sure, the damping approximation (11) is usually
not valid. In that case, these NVR contributions
of the probed molecules provide correction terms
which cannot simplify and must be added to ex-
pression (8) of X~ in order to get a correct inter-
pretation of resonant CARS data.

C. Resonance into a continuum

As will be seen in Sec. III, the distortion in reso-
nant CARS spectra resulting from interfering
nearby resonances and from absorption linewidth
Quctuations can be reduced by tuning the field
frequencies into an absorption continuum. Our
previous density-matrix perturbation calculation
of )((')(+,) cannot be used here, since the damping
approximation (3) is only valid in the case of
Lorentzian broadening. To extend the analysis to
the continuum case, the density matrix must span
the eigenstates of the Hamiltonian II, lying in the
continuum along with the previous base of discrete
eigenstates iv), so that the closure relationship is
now

dQAA+&&
~

The calculation of P)(((3i)(&o„ f) from the density
matrix is ideally suited to a generalization of the
propagator approaches. "*"T:his calcyQation of-
fers a great deal of insight in cases for which the
damping approximations (3) and (11) a,re not valid.
It is also expected that a better physical under-
standing of these continuum transitions and of the
joint density of states will be obtained by means of
CARS experiments.

P ~'~)(&o„ t) is thus obtained by expression (4),
where the summation over discrete states im) and

[n) must be extended to the continuum eigenstates.
The contribution of the molecules lying in their
lower state jd) to 5 g(i()v, ,t) can be written

P„'i((d, , t) =NT„PfU ' (t, t, )i()) p, ', (a) U' ' (f, to) +U (t, to))a)p„a (ai U+ (t, ta}

(14)

e * P ~('1)((o„t)= Np(, ) [S, S ++P))i,(S,)

+P|,(S~)]+c.c. ; (15)

where AV denotes an average over the statistical
parameters of the ensemble of molecules, U(" (f, t,)
and U+(")(t, to) are, respectively, the time-evolu-
tion operators 4f the ket and bra, evaluated to the
nth order in the field amplitude. It is readily seen
that the first two terms in (14) correspond to the

' parametric time-ordered diagrams and the last
two to the nonparametric ones. We only consider
here the contributions of interest in resonant CARS
to P„i(u&, , t) which we write

S, is that depicted in Fig. 1(a}; S(, corresponds to
the three time-ordered possibilities for vertex 3
in Fig. 1(b); P» is an operator interchanging ver-
tices 1 and 2 in Figs. 1(a) and 1(b). As was seen
in Sec. IIB the question of whether the evolution
of the wave function is decoupled or not from that
of its complex conjugate (depending on the damp-
ing approximation made) arises in the calculations
of S(, and P»(S(, ). Here we introduce. phenomeno-
logically the collisional broadening in the shape of
the absorption continuum (more precisely, in the
joint density of states as will be seen below). This
allows us to eliminate the averaging AV in (14) and
to write U((', I

= e '"0'. We have



g +p (S )=Own'd5(n"I P &I&) & P
0

y
i0

g II i&0~"y 7.~& e" i~07 ei~oi yg'

'0

where the integration over n', 5 is taken over both
the continuum and discrete states. The two inter-
actions occuring on the ket

~ s) at times v' and v

are time ordered (t,& 8& 7 & t); g represents the
sum of the three time-ordered possibilities for
time 7": (i) ~'& ~ & 7"; (ii) ~'& r"& ~; (iii) ~"& ~'

For many experimental situations (mostly in
liquids but also ln gases) the absorption continuum
can be considered as a broad Lorentzian; in that
case, the calculation of the three time-ordered

possibilities is performed precisely as in Sec.
IIB. However, in the more general case when one
cannot make any hypothesis on the type of broaden-
ing mechanism occuring in the continuum, the
three time-ordered calculations must be performed
in terms of joint densities of states. As- an ex-
ample, we shall derive the RVR term Sb(i) depicted
in Fig. 1(b) and corresponding to case (i). With

- in order to extract the steady-state con-
tribution, and using the new set of variables ~, =-v

72 = 7 —7, 7'3 = E —1, we obtain

AS(i) @2'+e i ~at $ i(2k+- k&)~ d~dn'db +I Pe e5 L 8

0

4v, n —P" e e '(~« ~~)'~ $72 5 — ~ e n e"'( b~

Changing from the set of independent variables
n Q n' to the set of independent variables +„,,
(0» ~ (ozn~ one has d'I =d(dzt~ g(Q) e& )i& dtl —dpi„g(Q)„)&
db =du~, g(&u~, ), where g(w„„i) is the joint density
of states associated with the transition frequency

Taking a Lorentzian distribution for the joint

density of states (g&u~, } associated with the Raman
vibrational frequency +„„i.e.,

g(~t~) =1 ~a~~~(&6a ~~+&s} +1 ~a) ~

1e" i&ai ei~»~-&s'» dv g co n —P e w5 &„,—&&

X g+ P Q) P Q P e 'Pg gg Q)b~g ~ Q)g g, 6

where 5 is the Dirac function and the principal
(ii) (iii)value operator. Similarly, S„Sb, and Sb

can be evaluated from the associated diagrams or
can be directly inferred from the terms obtained
in the discrete case by writing

1

kk +kk' + + ~ ~kk'

].
+kk' —+ +~6'

+kk' —

(20)

for any k and (or) k' referring to a continuum state.
The broadening mechanism is included in the joint
density of states g(ar»i ). Thus, if no assumption
is made en g(a&»i), the three time-ordered possi-
bilities S ' S "), S "') cannot be summed into ab ~ b

simple non-time-ordered result. '9 In fact, we note
that the three contributions S, , S, , S, can be(i) (ii) (iii)

expressed in terms of joint densities of states, re-
spectively, associated with specific transitions only
if the interaction V(r") on the bra is specificany
time-ordered with respect to the set of interactions
V(7), V(r'} on the ket. Of course, molecules in
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the upper vibrational state wouM give an analogous
contribution to 5„~(e„t}but proportional to p ~'~.

Resonance continuum excitation of RRS has been
studied theoretically and experimentaDy. 4~' It is

pf interest to consider the analogy of (15)-(19)with
the expression of the RRS cross section, which is
given by4'

~,' )A+B+C+DL',
C

(21)

where p„(&o,) is defined as the density of continuum
states of energy Kv„above the initial state ~e).
Calculations carried out in Refs. 40 and 41 have
demonstrated that the contribution A (in curly
brackets) of discrete states close to the dissoci-
ative limit D„ the contribution B = ivy~„g„,p„(or~)
of state

~
o.~) resonant with the laser frequency

+~, the principal value contribution C, and the
antiresonant contribution j9 can be of equal im-
portance and ean interfere with each other. This
is easily understood by visualizing the continuum
as a broad Lorentzian line of width 1"; then, as
long as the detunings (v„,—&uz) and (v„,—urz, ) of
the off-resonant electronic states are of the order
of I', these states give a, contribution equivalent
to that of state ( a~). It is apparent from (15)—(19)
that the CARS susceptibility can be expressed in
terms of contributions having the same form as
A, 8, C but with slightly different transition mo-
ments and energy denominators. The NVR time-
ordered contributions SP'&, Sb~"'~, P»(S~"~),
p»(S~'"~) can be written (A, +B~+C~+D~) &&(A, +B,

+C+ D)&&( A3+B, +C, +D) whereas the RVR time-
ordered contributions S, , S~~'~, P»(S, ), P»(S~~'~}
can be written in the form (A~+B~+C, +D~)&&(A,
+B,+C, +D, ) & I/(&o~, —&u~+arz —il"~, ) where B,
comes from the integration of the 5 function, C;
from the principal value integration, and A& cor-
responds to the contribution of discrete eigenstates
close to the dissociative limit which must be added
in (19). In contrast to these expressions, Eq. (21)
involves a squared amplitude resulting from a
non-time-ordered calculation. As discussed above,
this is an approximation and should be replaced,
to be strictly correct, by the three time-ordered
contributions associated with the Raman effect. '~"'
As a consequence p„(v„) in (21) is analogous to
joint densities of states in which one state is the
initial state (a). However, it is expected that the
difference between the non-time-ordered and the
time-ordered calculations will not be as important
in the case of a broad absorption line (continuum)

as for that of an isolated sharp absorption line. In
any case, the basic approach used in Ref. 40 for
the numerical calculation of A, 8, C, D is directly
applicable in the present ease.

In conclusion, when one can approximate the con-
tinuum as a broad Lorentzian line, a non-time-
ordered calculation seems sufficient to estimate
the main characteristics of resonant CARS by com-
parison with experimental results obtained in RRS;
in particular the variation of yz with the fieM fre-
quencies should be smoother than iri the case of
discrete electronic resonance. It is furthermore
expected that CARS investigations within the con-
tinuum, when interpreted by means of the rigorous
time-ordered calculation, will contribute to an
understanding of continuum transitions.

III. SPECTRA IN RESONANT CARS AND APPLKATIONS

Conventional CARS spectra produce essentially
the same spectral features as those found in nor-
mal RS spectra. In particular, CARS has per-
mitted the observation of the familiar 0, Q, . and S
branches in gaseous H2 and N, .'" There are,
however, two key differences in the spectra ob-
tained from the two techniques. Firstly, the line
strengths differ by a population factor; secondly,
the line contours are markedly different in CARS
as a result of complex interferences between neigh-
boring Raman lines and the nonresonant back-
ground. These interferences also limit the de-
tectivity of CARS. '~

%hen electronic resonance enhancements are
sought for, two distinct cases must be considered:
resonance with discrete absorption lines or with a
continuum [Figs. 5(a) and 5(b)]. In both cases, the
CARS spectra will present new characteristics,
particularly with regards to spectral content; line
strengths, shifts, and contours. We shall examine
them in turn. We shall also study the influence
upon absorption linewidths of fluctuations in density
and temperature occuring in unstable media. Fin-
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FIG. 5. Spectral configurations for CARS resonance
enhancement: (a) with discrete lines; Eb) with a continu-
um,

ally, the detectivity improvement obtained in each
type of resonant excitation will be estimated. The
discussion will be centered on the gas phase, which
presents a somewhat more complex picture than
liquids. We shall, however, outline some of the
properties of the latter in the light of recent ex-
perimental work.

1. Resonance with discrete absorption lines

From (8) and (12), one can see that g„shows
resonant enhancement whenever co„co~, or co~

come close to a discrete absorption frequency.
Thus, the CARS spectrum may present a complex
structure, since any of these three frequencies
may come into resonance with absorption lines as
the vibrational-rotational structure is being anal-
yzed. Only the levels associated with these one-
photon transitions will contribute strongly, so that

A. Spectral content

Several authors have examined the selection
rules for conventional CARS and concluded that
they are the same as for normal BS.444 There-
fore, the same Raman resonances are found in
either type of spectra, although they differ in
strength by the population factor. ln CARS, when

the light frequencies are all well below the ab-
sorption frequencies, the electronic terms multi-
plying p, ', and p,", are nearly equal, so that p~', ~

—p~~ factors out. Therefore, the intensity of the
Raman resonance is proportional to p, ', —p~~-, in
contrast to RS for which proportionality to p,,'is
observed. This difference is minor in general for
vibrational' spectra if the temperature is low. but
is always considerable for pure rotational spectra
because the populations in states Ia) and I b) are
nearly equal (this property will partially offset the
gains in cross section and detectivity one expects
in going from vibrational to rotational transitions).

the spectrum will be very different from the off-
resonance case. Moreover, the contribution of the
population factor p, ', in y~ is no longer equal to
that of p, ', -' and their respective weights vary dif-
ferently as the spectrum is scanned. However,
simplifications will occur, 'since (i) One of the
three frequencies (&o~ in general) is usually held
fixed in resonance with an absorption line for in-
strumental convenience. (ii) When the Raman
spectrum is analyzed, v~ —v~ is varied over a
finite spectral domain and a limited number of
Raman transitions contribute to the susceptibility.
For a given Raman transition i from Ia') to Ib'),
there are only two types of allowed one-photon
transitions to or from each of the rotational sub-
levels ja'), Ib'), i.e., 67=+1; therefore the num-
ber of absorption lines that +~ or v, can reach to
enhance ys is finite. (iii) One can often assume
T„«K&o„,/k where T„ is the vibrational temper-
ature and 0 the Boltzmann constant, so that p~~
«p~o~. Similarly, pro~«p~o~, p~~o~ . (iv) Then, only
term Ao. in Eq. (9) is large, the other electronic
terms containing antiresonance denominators.

For these conditions, disregarding all electronic
terms but An, we will show that the dominant
characteristics are provided by double resonances:
these involve combinations of any two of the three
following resonances, i.e., vibrational on &~„
electronic with co~ tuned on &„,or with +, tuned on

+„~,; triple resonances are improbable because
level spacings are'different in the ground and ex-
cited electronic states.

As an example, let us consider the case of I, at
low temperature (hence p~~'~ =0). We shall seek
resonance enhancement from one-photon transi-
tions between the X Z state, whose vibration-
rotation manifold contains all the Ig sublevels,
and the upper state B'm~ which contains the In)
sublevels. If +~ is tuned to a particular, isolated,
absorption line ao„,&, one selects the particular
and unique initial state, which we label I

a') = (v",J),
among all the possible Ia) sublevels. Selection
rules prescribe J' =J +1 for In), which shall be
labeled (v', J'). We shall discuss here the case of
anR transition, i.e., J'=J+1 (Fig. 6). One then
observes, as +~ is varied, omitting the i super-
script in the molecular frequencies:

(a) (v„„v„)double resonances, i.e. , u&l, = &u„, and
—~z ——~„[Fig.6(a)]. These are made up of funda-

mental and over tone Raman doublets with spacings
equal to those of the various vibrational states in the
electronic ground state [Fig. 7(a)]. The doublets are
composed of one Q and one S Raman line if &oz is
resonant with an A absorption line (or of an 0 and

a Q line if the absorption line is a, P line). These
resonances obviously correspond to the allowed
Raman transitions originating from level I a').
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FIG. 6. Energy level dia-
grams representing the
states contributing to re-
sonance-enhanced CARS in
a diatomic molecule: (a)
fundamental (hv =1) Raman
vibrational resonance en-
hanced by the resonance
condition col = co„,; (b) dou-
ble electronic resonance
with Ml, = co na and (oa = n'a&

(c) fundamental vibrational
resonance enhanced by the
resonance condition co
= co „,, These diagrams
must not be mistaken for
those of Fig, 4, which re-
present the energy flow as-
sociated with CARS off res-
onance.

Doppler broadening on these lines is small for
the same reason as in any CARS or spontaneous
Raman scattering experiment in the forward di-
rection. ~' If coQisional broadening dominates, the
strengths of these lines are inversely proportional
to I'„,I'», [u, —v„~J. When exact vibrational reso-
nance is obtained (e~ —vs = &o~, }, m~ is also'auto-
matically resonant with the allowed transition e„,.
This resonance, however, only enters into the t"y
and Dy terms, which possess negligible weight in

(a)

A

P

(b)

(c)

S
I I I I

0 &e 2{alp 3Qp 443'

FIG. 7. Break up of the CARS spectrum into the three
types of double resonances: (a) fundamental and overtone
lines resulting from resonances of the type depicted in
Fig. 6(a). Doublet spacing is constant (if anharmonicity
is neglected) and is equal to me' ~ (b) doublets associated
with Fig. 6(b) (spacing is co,'). (c) doublets associated
with Fig. 6(c), assuming )5) is in the second excited vi-
brational level, so that only two doublets are seen.
Here, spacing is cog but the lines do not coincide with
those of F|g. 7(a) in general because J is different.

y~ because p,~
-—0. Unless a fortuitous coincidence

takes place, v, mill not be simultaneously in exact
resonance with the e„i, allowed transitions from
~a') (triple resonance); actually, the detuning &u„i,
—co, may be as large as 60 cm ' in iodine, since
the spacing between the vibrational sublevels
is about 120 cm ~ in the B'm,+„state. If a second
pump laser at or~i mere used, then the frequency
co, = e~+ +~i —co~ could be tuned independently to
one of the co„., resonances, giving additional en-
hancement of the CARS line.

(b) [u&„., &u„.,]double resonances [Fig. 6(b)]. These
are made up of P and R lines occurring in doublets and

corresponding to possible resonances between ~, and
the allowed one-photon transitions from ~a'). The
positions of these lines in the spectrum are obtained
from the condition +~ —co~ = m„i, —+~. The spacing
between the doublets is equal to that between the
vibrational levels in the excited electronic state
[Fig. V(b)]. The analysis of such lines is a new

spectroscopy which can be of great importance for
the precise study of one-photon absorption. If
collisional broadening dominates, their strengths
are inversely proportional to 1"„,I'„i,

~ (u~, —&oz, +vz).
Their intensities are comparable to those of the
Raman lines discussed in (a). One can also by this
technique select and analyze any weak v„i, reso-
nance buried in a continuum by simply tuning &~
to one of the other allowed but strong co„, absorp-
tions originating from ) a').

(c) In addition to these two families of double reso-
nances associated with level

~
a'), one also expects an-

other class of double resonances namely [u&„„&u~,]
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double resonances pertaining to a different initial
level ja') [Fig. 6(c)]. The location of these resonances
can easily be obtained if one realizes that for ~, and

co~ —e~ to be simultaneously resonant, it is neces-
sary for (d~ to also be resonant with&he ~„btransi-
tions. The latter usually do not appear in the absorp-
tion spectrum because p,", = 0, but would of course be
observed at higher temperatur es. Identification of
~
a~) immediately gives the doublets to be found
(0+Q for &u~ tuned to an R line, Q +S for a P line)
[Fig. V(c)]. Doppler broadening is also small
here. If collision broadening dominates, the line
strengths are inversely proportional to l„i,F~, ~ ar„,

(d) Whenever a resonance in Fig. 7(a) coincides
with one in Fig. 7(b), one then has a triple resonance
and the resulting intensity is strongly enhanced.

In brief, the complete spectrum corresponding
to v~ fixed to a given co„, contains the two sets of
doublets predicted in Figs. 7(a) and 7(b). If the
absorption spectrum actually contains several othex.
lines close to or coincident with co„„each of these
will also contribute its two associated sets of
doublets. Each one of the possible co„ib = co~ reso-
nances, if any, will also contribute its associated
set of doublets as depicted in Fig. V(c). All these
strong lines interfere with one another in the usual
fashion. " Furthermore, they emerge on top of,
and also interfere with, the rest of the Q, Q, and 5
lines which are only weakly enhanced. Finally, the
intensities of all these lines also depend on p~, and
on the transition moments (see Sec. III C 1).

If the temperature is raised, the resonant CARS
spectrum is complicated due to the contribution of
the p,

o terms. The main contribution from pbb

actually comes from term Cy in Eq. (9), which

has one electronic resonance in common with

An. In addition, one must take into account
the two NVR terms in y» which are time-ordered
variations of Cy and are given in Eg. (10). We
have seen that these can change the character of
the expected electronic resonances' in Cy. In par-
ticular, if the damping approximation (11) is valid,
the &„., —&, resonance denominator is replaced by

If not, a still more complicated situ-
ation occurs since the (&o„~, —&u, ) pole in Cy is then
not exactly cance11ed by the two NVR terms. Thus
one can expect electronic resonant effects due to
the three poles (&o„i,—~, ), (&u„., —&o~) and (&o„, —a&z).
As a consequence, the main effects on the spectrum
will be a change in the intensities of all the fea-
tures associated with p,,', together with a slight
distortion of their contours. Consider for instance
the set of Raman doublets corresponding to the
double resonance [&o„„+„,] in term Ao, . The lines
are modified primarily by corrections from term
Cy, which exhibits the double resonance [ e„~= vz,

a&~, —e~ —+z]; one can show that the contribution
of the NVR terms to these lines is negligible com-
pared with that of Cy (typically 1/100th that of Cy
for &u„t, —&o, =10 cm ' and linewidths of 0.1 cm ~).
For the other two sets of doublets, namely vibra-
tional [v„,, &o~, ] and double electronic [&o„,, &u„, ],
Cy and the NVR terms give corrections of com-
parable magnitude. For the vibrational set, the
[&o„i,, v~, ] double resonance in Cy is of similar
amplitude as the [e„,= v, , co„.,~ arz] double reso-
nance appearing in the NVR terms. For the elec-
tronic set, one has, for a detuning &„i,—+,.=e
from the line center, ar„t b

—co~ = co„b - co~ —& and
v«. + so~ —v~ = &, so that the two NVR terms can
be combined to give a contribution of the form

Obviously, this contribution and that from Cy have
the same pole at +„i,. Furthermore, they almost
cancel, and their sum is zero at line center (e =0)
if the damping approximation (11) is valid; the
contribution of p b, to the electronic lines is there-
fore negligible with respect to that of p ... which
is doubly resonant.

All these complications resulting from the p bb

terms can of course be very severe for the funda-
mental band af I, at room temperature, hence the
interest in performing the spectroscopy of the
overtone bands of high rank (e.g. , 4 and above),
for which pub is negligible. The experiments re-
ported in Sec. V were carried out precisely under
those conditions.

2. Resonance with a dissociative continuum

Tuning the pump frequencies into a continuum
would eliminate the problems due to multiple in--
terfering sharp resonances associated with the p,,
and p,'b terms. There are indeed many initial
states ~g and intermediate states

~ a) and ~g giving
interfering equivalent contributions to y~, so that
the dependence of yi'~(&o, ) upon the field frequen-
cies would be smoother. Resonance enhancement
comes simultaneously from co~ and co, . Further-
more, we anticipate the CARS spectrum to only
contain the usual vibration-rotation features (and
no longer the double electronic resonance features),
constituting enhanced 0, Q, and $ branches having
relative intensities similar to those encountered
off -resonance.

B. Line contours

In addition to predicting the features in the CARS
spectrum, one can also describe their spectral
contour. The first experimental evidence of reso-
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nance CARS has been reported recently for the
liquid phase, ' leading to the observation of un-
usual dispersive properties. Liquids differ mark-
edly from gases because the molecules cannot
rotate freely, and also because the absorption
lines usually merge into a continuum. Therefore,
the Raman resonance pertaining to a particular
vibrational mode is unique (no rotational splitting)
and is electronically enhanced as a whole.

An interpretation of the results of Ref. 16 was
given recently by means of computer calcula-
tions. """A much simpler discussion can in
fact be given by means of the circle model intro-
duced in Refs. 18 and 19 for nonresonant CARS.
This discussion will be presented in the context
of chemical analysis, where one tries to detect
the Raman resonances of the species of interest
in the presence of a nonresonant background which
is contributed by the diluent. We shall first pre-
sent the circle model for the nonresonant case;
the case of discrete absorption lines will then be
considered. Finally, gener alization to absorption
continua will be performed.

The circle model was introduced when it was
realized that the CARS spectrum is just a plot of
the modulus of y~'i(&u, ) vs a&z, and that y

'
(u&, )

can be represented as a vector in the complex
plane. It was then found that the extremity of this
vector y describes a circle during the spectral
scan. As a matter of fact, y is the sum of two
vectors, i.e. y~ whose argument and modulus de-
pend upon or~, v~ and or, , and y» which is a con-
stant. The equation for the RVR part y~ associated
with one particular Raman resonance or„can be
written

where N is the number density and Q.„stands for
electronic terms, population factors, etc. In the
nonresonant case, e„ is a real number proportion-
al to the RS cross section do/dQ and to p,o, —p ~0~;

it depends little upon field frequencies and can be
taken as a constant. Then the expression for y~
can be interpreted as the parametric equation for
two families of orthogonal circles (Fig. 8). The
main family is described by y~ as ~~ —or~ is varied
about or„with the linewidth F„held fixed. There
is a circle for each value of 1"„,. The circle equa-
tion is X'+ (Y —1/2y)' =(1/2y)' with y =F„/Not„as
a parameter. For each particular experimental
situation, only the circle with the relevant y pa-
rameter needs to be drawn. This circle is tangent
to the X axis at the origin and lies in the upper half
plane. Its diameter is y . For a given detun-
ing or~, —ul, + or~, the position of y„on the preced-
ing circle is found at the intersection with the
orthogonal circle whose equation is (X —1/2x)'

FIG. 8. Representation
of yz as a vector in the
complex plane. The ex-

. tremity of this vector de-
scribes the circle of para-
meter y as the detuning x
is being varied, and is
found at the intersection
with circle of parameter x.
The vector tip is.actually
excluded from the small
segment of arc contained
within the circles of para-
meters x, = (~„-~,)/'&~,
and x2 = co~/K&z.

+Y =(1/2x) with x=(or~, —(oz +(uz)/Nas as a pa-
rameter. There is a circle for each'value of x,
and these circles constitute the second family.

It is seen readily that y~ rotates clockwise as
or~ is increased from - to +~; its argument de-
creases from m to 0 and is equal to 2m on reso-
nance, i.e., at or~ =orl —or„. In actuality, or~ can
only be varied from 0 to or~, so that a small seg-
ment of arc on either side of the origin is not
swept. Adding y» results in a translation parallel
to the X axis [Fig. 9(a)]. The line contour is then
drawn readily by plotting

~ y~ qs a function of x (or
&os). If only an approximate line shape is to be
rendered, it is sufficient to represent y» and the
circle of parameter y on the diagram, from which
the whole contour is directly pictured.

The line shape depends upon the relative mag-
nitudes of y and y» or, in other words, upon the
mixing ratio N/N, where N~ is the diluent density
(y„R~N, ). The case depicted in Fig. 9(a) cor-
responds to N/N„ large, i.e., N/N„»1 for typical
molecular parameters. and near STP. Apart from a
slight asymmetry caused by the interference with

y», the contour of ~y~ then closely fits the square
root of a Lorentzian. In the other limit, if the
concentration is small, the line contour approaches
that of Re(y) =y„+ +X, since Y' gives a higher-order
correction [Fig. 9(b)]. In either case, the differ-
ence between the maximum and the minimum is
strictly equal to the magnitude of the vibrational
resonance, i.e., one circle diameter y"'=Nn„/1 „.
This discussion describes accurately the case of
isolated lines (e.g. , Q lines in H„O, and S lines
in N, ). For overlapping lines producing a non-
Lorentzian contour (e.g. , in a Q branch), the pre- "

dictions of this model are still in qualitative agree-
ment with the band shapes actually observed.

When enhancement of y„ through electronic reso-
nances is produced, a complex situation appears
since several of the terms in 0.~ can become large
simultaneously and can vary as (+~ —ez) is varied.
The discussion, however, . remains simple for the
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iY

0 X]w X

(e)

FIG. 9. Circle diagrams and corresponding line con-
tours well below electronic resonances (a, b) and in vi-
cinity of an electronic resonance (c-f), with

Pan'Pn'bPbngna real. The circles and their Parameters
are defined in the text: (a) strong isolated Raman reso-
nance (N/N& ~ 0.1 typically); the circle described by y
is represented, together with an approximate line con-
tour displayed vs co&. (b) weak Baman resonance; only
~& and the circle described by Zz are drawn on the dia-
gram. (c) same as Q), but coL has been increased and
tuned close to a one-photon resonance co„„with ~L( co«., as a result the circle has been rotated and its dia-
meter increased. (d) col ——cona, the circle diameter is at
its maximum, and 9= 2 ~. (e) coL) ~„,; the diameter de-
creases again. (f) col ——m«, with the mixing ratio chosen
such that the circle radius is equal to )(zz, the line van-
ishes.

9(c)-9(e) illustrate what happens to the circle of
parameter y and the associated vibrational reso-
nance of Fig. 9(b) assuming &u~ tuned slightly less
than con„ to exactly ur„a and slightly greater than

respectively. Cases (c) and (e) produce line
shapes which are mirror images of one another
with respect to &oa =&us —&o~, . Case (d) is inter-
esting: depending on the magnitude of the Raman
resonance with respect to X», the line, which
is symmetri. cal with respect to m~ —eb, appears
as a maximum [Fig. 9(d)] or a minimum, or even
vanishes completely [Fig. 9(f}]. In the latter case,
the circle radius is precisely equal to X». This
discussion is actually adequate for most types of
double (vibrational+ electronic or electronic+ elec-
tronic) resonances in gases. The line shapes are
in fact more complicated as there is no reason for
the product of transition moments in cgz to be real.

The discussion of absorption continua is gen-
erally difficult because we possess no closed-form
expression for y~. However, good insight can be
provided by assuming a Lorentzian distribution for
the joint density of states g(v„,), with width I'
large compared with &o~, (Fig. 10). Then, with the
above assumptions (p~~~i=0, +~ fixed in resonance
into the continuum}, it is legitimate to still express
0.~ for a given Raman line

(25)

As in the previous case, y„still describes a cir-
cle, but the rotation 8 is actually doubled. This
analysis provides a simple explanation for the
dispersive behavior of weak resonances reported
in Refs. 16 and 45, since a continuous passage
from the minimum at 8 =90' to a maximum at
8 = 270' [Figs. 11(a)and 11(b)] can be directly visu-
alized (for real p, 's, 8 varies from 0 to 360').

conditions assumed above in the presentation of
the spectral content of y~3i(&o, ) (i.e., p&~& negligible,
ez set near resonance, &o, off resonance). Then,
0.~ is proportional to p,, and independent of M~

and (d, over the range of interest, and we can write

j~ absorption (y~ +L ~

For v~ fixed, it is apparent that y still describes
the two families of circles. The circles are rotated
by argument 8 about theextremity of y~z, and their
diameters scale as p. The rotation of the circles
proceeds counterclockwise as co~ increases past
the one-photon resonance m„, . If the product of
transition moments is real, 8 grows from 0 to
180 and is precisely 90' on resonance. Figures

FIG. 10. Spectral configuration for CARS resonance
enhancement in a continuum with a Lorentzian contour.
The CARS spectrum is supposed to be of limited extent,
so that cg& —co& «l".
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C. Parameter space for resonance CARS in analytical chemistry

One of the most important applications of CARS
in gases is the measurement of concentrations and

temperatures, using high-power-pulsed lasers."'""
Off resonance, the intensities of the lines are di-
rectly related to the populations of the molecular
levels, so that temperatures can be determined
if a Boltzmann equilibrium is established. Rota-
tional temperatures are therefore obtained from
two or more rotational lines in the same vibration-
al band, vibrational temperatures from two or
more lines pertaining to a fundamental and a hot
band"; alternately, Q-branch envelopes can be
used if the lines are not resolved. If the tem-
peratures are known, either through a CARS spec-
tral analysis or from conventional probe mea-
surements, then the number density is obtained
from the intensity of any of the lines. In these
measurements, the major causes of error are the
Raman linewidth 21"„, which may depend slightly
upon rotational quantum number and vary as a
function of temperature and pressure, and the
vibrational population perturbation which is caused
by stimulated Raman scattering if the pump beams
are too intense. "

If resonances with discrete absorption lines are
established, these difficulties are aggravated: the
intensities of the lines no longer depend solely on
level populations, but also on the detunings v„,
—v~ and co„i, —v, , on the linewidths and the tran-
sition moments. Furthermore, the populations of
the levels in resonance with the laser fields may
change as a result of one-photon absorption. Con-
comitantly, these levels are perturbed by the op-
tical Stark effect which causes lineshifts and

broadenings.

1. Influence of selection rules on relative line intensities

Section IIIA was devoted to the positions of the
doubly resonant features found in the CARS spec-
trum, and to the influence of the detunings from
v„„v„„orv„upon their intensities, without
consideration for the strengths of vibrational and

rotational transition moments. Here we wish to
examine how the CARS line intensity scales with
the vibrational and rotational parameters. This
investigation is rendered necessary by the fact
that, although selection rules in off-resonance
CARS are the same as in spontaneous Raman scat-
tering, 44 resonance enhancement results in quan-
titative differences in the intensities (and even
leads to the appearance of the double-electronic-
resonance features, which are not observed in
Raman scattering).

Several years ago, Barak and Yatsiv had ex-
amined the simpler problem of resonant CARS in
metal vapors. ' ' Molecular transitions introduce
added complexity because of the presence of ro-
vibrational degrees of freedom. Here we shall
outline the discussion for homonuclear diatomic
molecules only. The case of other molecules is
more complex, but can be treated along the same
guidelines. We shall also assume the three fields
to be linearly polarized in the X direction (gen-
eralization to all polarization arrangements is
straightforward).

Let us consider, for instance, the vibrational
and rotational transitions imgw'ed in a double reso-
nance when z~ is tuned in resonance with a spec-
ific transition a&„, . There is only one state ~n) in-
volved in the CARS susceptibility, but several ~n')

and ~5) states give contributions which interfere
with one another when the summation over n'

(Raman resonance) or b (double electronic reso-
nance) in (8) is performed. Using the transforma-
tion matrix from the fixed frame (X, Y, Z) to the
molecular frame (x, y, z) one has

p, ,„=- (a)px[n) = (a)P„cos8)n), (26)

x s(J„J„J'„J4). (27)

Here ~e, v) stands for the usual vibronic state in
the Born-Oppenheimer approximation; e and e'
are the ground and excited electronic states, re-
spectively, and S(J~,J„J„J',) is a rotational fac-
tor. Indices 1, 2, 3, 4 are assigned to states (a),
~n), ~b), and'~n'), respectively. Using (26), we

~ 90'0~
Os

270'

FIG. 11. Extension of the diagrams of Fig. 9 to speci-
fic situations of resonance with a continuum.

where 8 is the angle between the molecular axis x
and the X axis. The contribution from a particular
set of levels ~n') and

~ 5) to the susceptibility is
then [we only consider the leading term Ao. in (9)]

(o)
X,(n', &) =

&qff —&z +s ~I oa

(e, v,[p„)e', v, ) (e', vJp„)e, v, )
buffa I, ~ ~na

(e, v, ip„[e', v, )(e', v, l p„)e, v, )
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obtain

S(J„J„Z„Z,)
(J„M I cos8I J„M )

Ny, bf2, Ns, Ng

x(J„M2I cos8IJ'„M,)(J„M,I cos8IJ„M,)

x(J„MJ cos8IJ„M,), (28)

where we have written the transition moments in
the Born-Oppenheimer approximation, i.e.,
(e, v" IP„Ie', v') =R«i(v"

I v'); B„i is the electronic
transition moment and (v"

I
v') is the complex

Franck-Condon overlap integral (FCOI) (whose
absolute value only can be determined from one-
photon absorption experiments). The rotational
factor S(J,J~) in (30) is calculated from (29) with
J~=J and J', =J+1. It is readily seen from (30)
that the [ff, Q] line intensity depends on the modu-
lus and also on the relative phases of the FCGI's

where J;,M, are the usual rotational quantum num-
bers. Gperator cos8 does not change 3f, so that
each 3f contribution adds incoherently in

S(J~,J„Z„J,). One then has

S(J&,J„J'„J,) =g (J'„MI cos8I J„M)
~ (J„MI cos8I J„M)
x (Z„MI cos8IJ„M)
x ( J„MIcos8IJ„M),

which can be easily calculated from the properties
of I egendre polynomials.

As an example, let us consider the [B,Q] double
resonance depicted in Fig. 6(a). We have, in this
instance, g), =v", v, =v', v, =v" + 1, J~=J3=~, JR=J
+ 1. Furthermore, rotational selection rules give on-
ly two possible values for J~: J~=J yl. The final
susceptibility is now obtained by summing over all
the possible vibrational levels v4. Introducing the
detunings 6(0(v4, J4 ) = (o„tz —cga and assum111g
6&v(v„J, )» I'„~, and I'„, independent of M, we ob-
tain from (2V)-(29)

ip &',&,(v" + 11 v') (v'I v" )
(dp~ —

bing
+ +g —&1 yg 1 ffg

&v"Iv4&&v4Iv" +I& S(J J ) (30)
z =z~x

within the brackets; this is aIso true for the other
resonant CARS lines (vibrational as well as douMe
electronic). As a result, it is impossible to pre-
dict the relative intensities of two distinct features
in a resonant CARS spectrum without prior know-
ledge of these phases. Conversely, resonant CARS
experiments could in principle allow one to de-
termine the relative phase of two FCQI's.

However, the calculation of the [R, QJ line
intensity is simpler if there is only one vibrational.
state v4 contributing to Ao., the other ones being
too far off resonance. If we further assume that
&&u(v„J, =- J+1)=&ar(v„J, = J-1), we obtain for
the susceptibility, in place of (30)

j P(o) ( r+ I ~ i)(vi [vs)
x =——'=—

(Obg QPg+ QJg SI g I

— ~S(J), (31)+~(vga J4)

with

= g(J, MIcos8I a+I, M&

x&J+1,MIcos8I J, M)(J, MIcos'8IJ M&

« that case, the fB, Q] line intensity depends only
upon S(J), IR«. I and on the absolute value of the
FCGI's, which are known. This is true for any
resonant CARS line which receives contributions
from only one Raman transition v, v„one vibra-
tional state v» and one vibrational state v~; the
susceptibility i.s then obtained by summing the
two appropriate factOrs S (O'„, J;,J,, J;) in (27), re-
sulting in a net rotational factor S(J'). These
factors S(J) are given in Table I for (a)-type
Raman resonances [(c)-type resonances give
identical results] and double electronic resonan-
ces. The resonance depicted in Fig. 6(a) we
have labeled [Q(v" + I -v"),A(v'- v"),p
+r(v'+ 1-v")]J' where v, =v'+ 1. The first tran-
sition listed is the Raman transition u „ the
second and third ones are the cu„, and u„., transi-
tions, respectively. Upper-case lettering is used

TABLE I. Rotational factors of the double resonances, grouped according to their expressions.

ba' nu' n'a ]
[Q, 8, (p+r)] J-1
[(q+o), P, P] J

[Q, P, (p + ~)] J
[(q+s), A, 8] J-1

[0 P p] J fq, P, R] J
[Sx, r] J;[q, ~, P] J

J 4J+1
15 2J+1

J 4J —1

15 2J- 1
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for the transitions which are in exact or near
exact resonance with the field frequencies, lower-
case lettering otherwise. For the latter, de-
pending on rotational selection rules, one or
two transitions are possible and listed accordingly.
Under certain experimental conditions, one of
these two allowed transitions is also in near res-
onance (triple resonance), so that the contribution
of the other one is then negligible. This situation
was encountered experimentally in the resonant
CARS spectrum of iodine, which is discussed
below in Sec. V. In that case the rotational factor
is made up of the one relevant factor S(J'„J2,J'„J4)
in (27). We have not listed these in the table
because their expression is not as simple as that
of S(J). In Table I the vibrational quantum number
is omitted since we are onI.y interested in the
rotational part of the transition moments.

As in Bs,~ the relative intensities of the succes-
sive overtones of a given Raman line change
drastically when going from off resonance to
on resonance. In off-resonance CARS (as in RS),
the ratio of intensities of the nth overtone to the
fundamenta1. is rapidly decreasing with m since it
scales as

gP ge 2

2 1
R„. R„.v" v" + 1

where Q is the usual vibrational coordinate. On
resonance, on the contrary, the intensities of the
successive over tones depend only on the phases
and magnitudes of the FCOI's and vary erratical-

Z. Collisional broadening

Elastic and inelastic collisions are, under
usual conditions and for an excitation resonant
with discrete absorption l.ines, the main broaden-
ing mechanisms contributing to I'„„ I „, I'„.„
I';q, I'q„and I'„„.appearing in Eqs. (8) and (IO).
As a matter of fact, since the dominant spectral
characteristics are obtained from terms A at and
Cy in (9), only I'„„ I"„.„ I'„~, and I'~, need to be
considered. In the following, we assume, as in
Sec. III A, that ~& is held fixed. In the off-reso-
nance case (~&u« —&vz, ~)I'«), I'«and I'„~ then have
little influence on the CARS spectrum and do not
have to be measured. The intensity and width of
a vibrational resonance depend only on I &„ those
of an electronic resonance only on I"~„both I &,
and I"„;are easily retrieved from the spectral
contour if the lines are resolved. If strict or
near resonance is achieved on +I., then I'„, and
I'„& must be determined by an independent mea-

surement (only I'„, must be measured if pion=0).
For media with stable composition, pressure
and temperature, these measurements need not
be carried out simultaneously. In unstable
media, however, simultaneity is necessary, which
may r'ender the experiNents extremely delicate
to perform. In this case, the spectra will be
best recorded using a multiplex CARS setup';
I'„and I„;can in principle be derived from such
spectra, but not I'„,nor I'„„. If elastic collisions
dominate, all the I 's are nearly equal, so that
the analysis is facilitated. Resonance enhance-
ment from a dissociative continuum is, in these
respects, much easier to investigate since all the
Raman resonances are equaBy enhanced in prac-
tice and since the complication resulting from the
I'„,'s is eliminated.

3. Population perturbation

%e have discussed in Sec. IIB2 and in Appendix
8 some of the changes in vibrational populations
that occur during CARS measurements. Changes
are actually caused both by CARS and by stimu-
lated Raman scattering (which takes place along
with CARS). Off resonance, the latter domi-
nates. ""On resonance, all the rotationa. l-
vibrational perturbations are strongly enhanced;
in addition, saturation of the one-photon transi-
tions also takes place and may become the cause
of a comparable and even larger perturbation.
Unless all these perturbations can be accurately
determined, they must be avoided as they bias
the measurements and distort the spectra.

To proceed, a picture of the various molecular
relaxation mechanisms must be established. Un-
fortunately, no universal model can be presented.
Relaxation rates vary extremely widely from one
species to the other and depend strongly upon
thermodynamic variables. Elastic collisions
may or may not dominate the l.ine-broadening
mechanism. Moreover, rotational r elaxation
within a. vibrational. state is usually orders of
magnitude faster than relaxation between adjacent
vibrational states in the ground electronic state,
arid these rates are themselves radically different
in the excited electronic state. The simplest
approach is of course to assume that a single rate
(I'») is sufficient to describe these processes in
the ground electronic state (and similarly in the.
excited state).

The population perturbations can be represented
as higher-order corrections to the initial popula-
tions &(o)- and p(aa in the expression of g~ . Second-
order corrections p„, p», p„„, and p~~ apply

~ h) h) b) 6)

for one-photon absorption. For instance, we have
for' Q)~e —Q)1,
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(,) (.), 4' r..l) ..I'Ill'
Pnn Paa ) I2 (+ + )2+ r2

h) h)
nnl nn + ~aa ~aa ~ (33)

Saturation by stimulated Raman scattering is

reflected in corrections of the form p„and p,b.
These corrections can be calculated readily by
means of time-ordered diagrams; they are similar
to, and much larger than, those for CARS, which
are derived in Appendix B. On resonance, the
main corrective term is, assuming p~'b =0

(o)—(p"' —p'")=-' 'a i*in i'Iprm PanPna Manana

-ba I, + S +~ ba na L +~~na ( na & na nb 2 nb
+r r

n n

a

n b
~ 2
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n

n

2

a

n a
~

n

2

a

n
2

a

~ » p a b ~ aa paan ~

n I

I'
4r„„((u„,—(u, )'+ r„,' ((u„, —&u, )*+r„',

The first term between brackets is the usual Raman
term, whereas the second one corresponds to the
hot luminescence part of the scattering. If we
ignore elastic collisions (I =0), assume that the
resonant gas is diluted in a buffer gas at STP, and
take realistic values for I and IPI Ir/2vc =0.2
cm ',"Ip,„,l =0.1D (Ref. 50)] we arrive at a max-
imum steady-state power density Iz --10 1VIW/cm'

for one-photon saturation [Iz, =(c/2v)Ez]. For this
value, the population difference from (33) is 0.45p,",'
on resonance (for such a high level of perturbation,
higher-order corrections are actually necessary).
If II, is kept just below the one-photon saturation
level, Raman saturation will begin for about the
same level in I&, corresponding- to power den-
sities Is = 10-50 MW/cm' (if I p, ,nl =

I anal).
If elastic collisions are also taken into account,

then larger values of II, and I& are needed to cause
saturation. If the disparity between rotational
and vibrational relaxation in the ground electronic
state is.important, the model canbe refined to some
extent' by distinguishing between the rotational rates
~,",and I"b"„representing population relaxation within
each vibrational state, and the vibrational rates ~,",
and I'», representing the relaxation of the total popu-
lation of the rotational manifold into neighboring
vibrational levels. Typically, 27)'(I ) '&10 a s,
2m(r") ~&1 p, s at STP. Then, depending on the
pulse duration v&, three regimes can be recog-
nized: (i) 2n(r"„) '&7'~&2)T(r",,) ', the regime
that usually prevails in pulsed CARS work
(r~ = 10ns), and for which the above estimates of

'

power densities were obtained (I'„=I'"„;I'» =r»);
(ii) Tq&2))'(r"„) ', the fully transient regime, for
which relaxation during the pulse is unimportant
and higher power densities can actually be tol-
erated; (iii) r), &2m(r"„) ', the true steady-state
regime, for which the estimate obtained from (33)
remains valid, but that from (34) must be correct-
ed using I'„=~"„and I'» ——F», thus giving a much
lower ceiling on I~.

4. Optical Stark effect

When &uz, is near resonance (urz, = &u„,), and if the

power density is high, new equilibrium popula-
tions are established in la) and In) as discussed
in Sec. III C3. Simultaneously new spectral com-
ponents are found in the resonances of the molec-
ular system (optical Stark effect). For very high
densities, the resonant coupling bebveen field
and molecules must be treated to all orders of
perturbation.

The optical Stark effect in three-level systems
has been studied recently, both in RF and RRS
as well as in resonant two-photon absorp-
tion. 69 Although the molecular system has
at least four levels in interaction with the fields
in resonant CARS, we can assume it to be a
three-level system Ia) In), Ib) (with no elastic
collisions) for the purpose of a semiquantitative
spectral analysis of the vibrational features
(double resonance on &u„, and &u„„with &uz, o v, ).
We then expect a splitting of the Raman resonance
into two components. The splitting depends upon
the power density and the detuning. Numerous
situations can be found depending on the relative
magnitudes of the Rabi frequency, of the detuning,
and of I'„„. For the sake of simplicity, we will
only discuss two representative cases.

Near resonance (I~„,—~z, l &r„„, 2I P,„,IIEz, l/@),
the coupling between field and molecules is weak
enough to allow a diagrammatic perturbative ap-
proach. We then expect the polarization at (d,

to contain in addition to the usual third-order term
possessing a resonance at u~ —co~ = ~b„a fifth-
order term giving a much weaker reson. ance at

The latter, however, becomes
large near saturation. It can be calculated by
adding two interactions at el. on the diagrams of
Figs. 1-3 and retaining the time-orderings that
give the largest contributions.

On resonance (I&a„,—&uz, l & I'„„), the two compo-
nents are found at ~& —(d& = ~ba+ 0 with
0 =2I anal IEzI/ff and are of comparable intensities.
This result is obtained assuming that the laser
field saturates the ~„, transition (Q&I'„„)whereas
the Stokes field is weak and nonsaturating. Since
p.„,depends on the absolute value of the rotational
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quantum number 34 for I' or A transitions, each
component+M of the ~„, transition undergoes a
distinct splitting. This effect coul.d in principle be
seen in CARS with high-resolution cw sources.
However, applications in analytical chemistry
require use of pulsed lasers, so that an additional
broadening of the split components will take place
due to temporal as well as spatial nonuniformity
of the laser power density in the focal region.
Therefore, the M components are unlikely to be
resolved.

The amount of splitting (or broadening) under
practical experimental conditions is easily
estimated. Using, as in Sec. IIIC3, Ig„,I =0.1D
and a power density of 10 MW/cm', we arrive at
Q/2vc=0. 1 cm ', which is comparable to the
linewidth (0.2 cm '), and is thus the cause of an
appreciable spectral distortion.

Concerning double electronic resonances, ana-
logous splittings are anticipated as ~, is swept
across the uz, resonances. The three-level
system under consideration here is then com-
posed of Ia), In) and In'), e„,being the resonant
transition under saturation.

This analysis should be refined by considering
all four levels interacting with the fields (Ia), I n),
Ib) and [n')), by allowing for elastic collisions and
taking a more accurate model for collisional and
radiative damping.

Pan Pn'b

n'a a ~ I.n'a
(35)

I"bn &na (36)

5. Resonant CARS in analytical chemistry

Off resonance, CARS has already been shown
to be a superior tool for the Baman spectroscopy
of gases. Resonance enhancement adds a new
dimension to this technique and considerably
extends the potential of CARS: both resonant
Raman scattering and one-photon spectroscopy
can be handled in an elegant manner, as was
discussed in Sec. IIIA. The impact in analytical
chemistry is expected to be just as important.
In conventional CARS, the detectivity is limited
by X» interference at mixing ratios of 10
10 '.' ' Resonance enhancement can improve
this performance significantly.

The improvement can be estimated readily,
using experimental. results on the scattering
cross section (do'/dQ) in RRS. Assuming p,o~ = 0
and ~I, = ~„„one has

~bnI na

(~~.—~i+ ~z -~1'~.)(~..—~i -&I'-)

It is seen readily that }t„scales as (da/dQ)" as
Using experimental data on halogen

gases, ' we thus expect gains of two or three
orders of magnitude for X, and equivalent im-
provements for the detectivity. In fact, the
circle model which was discussed in Sec. IIIB
shows that minor modifications must be made on
the theory of Ref. 18 for the lowest concentrations
due to the different line shapes [in particular,
detection is impossible for the situation of Fig.
9(f)]. We thus expect the detectivity to be im-
proved down into the ppm range for typical di-
atomic gases in mixtures at STP. This statement
is supported by the experimental results reported
in Sec. V. On the other hand, when the resonance
is in a dissociative continuum, the three field
frequencies are simultaneously resonant. Then,
the enhancement is the same as for do'/dQ, i.e.,
one to three orders of magnitude, " Instrumental-
ly, limitations are imposed by dispersion and by
one-photon attenuation of the light maves, as mell
as by population perturbation and the concomitant
Stark broadening.

Using E(z, t) =Eexp(-i&ot+ikz)+c. c., with
0 =+e&u/c, @=1+4'}t' (&o), we see that attenuation
is given by Iz, (z) =I&,(0) exp(-nz, z), with c.z,
= 4v(&uz, /c) Im[y (v~) j at frequency &uz, if the
medium is homogeneous. Similar equations hoM
at ~& and ~,. Assuming ~& is near a resonance
and neglecting the buffer gas contribution, "'"we
have

}~"'(~~)=»' Ii ..I'/If(~"- ~z-~1'-) (»)
Taking I p, I

= 0.1D, I' /vc-0. 4 cm ~, p~~~ = 10 ' and
N =3.10" cm ' (1000 ppm at STP), we find
nJ. =0.1 cm ' in the visible on resonance. If nz
= a& = e„ the sample being contained in a 2-cm-
l.ong cell and the beams focused in the center, the
anti-Stokes power is reduced by 30% with respect
to a transparent sample situation. This attenuation
is independent of the total gas pressure P, since
N and I' are proportional to P (this is not true for
an absorption continuum).

Dispersion (phase matching) is governed by
Re(y ). One can easily demonstrate that the co-
herence length remains large compared to typical
beam confocal parameters for the above experi-
mental conditions; no reduction in signal is thus
anticipated. "

For large concentrations, attenuation and phase
mismatch become prohibitive. However, off-
resonance measurements then become easy,
eliminating the need for resonance enhancement.
For smaller concentrations (down to those for
which I}hz) = }tzz), the sole problems that remain
are those of population perturbations and Stark
broadening. ' Given pulse duration v~, X, number
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of photons to be collected (hence given P~P~} and
saturation densities IJ., I&, the central question
is that of the limiting E number for the optics.
This problem was discussed in Ref. 18 for the off-
resonance case. We know (see Sec. V) that double
resonances can be found in I, such that the CARS
susceptibility is 4.10' times larger than in usual
nonresonant gases (like O„N„etc,) under the
same thermodynamic conditions. Using (1), we
arrive at the conclusion that powers on the order
of 3 kW are necessary to collect 10~ photons in
1 p, s from 10-ppm I, in air, with ~}t"~[=4.10 "
cm'/erg. Power densities for saturation and
Stark broadening are typically 10 MW/cm' under
those conditjons. In fact, one can tolerate about
ten times as much at the focus due to temporal
and spatial nonuniformities, so that the E number
should be on the order of 100 or more. The
longitudinal spatial resolution, which is on the
order of a few times the confocal parameter, is
thus about 1 cm.

IV. TRANSIENTS IN CARS AND FLUORESCENCE
INTERFERENCE

The coherency of the CARS signal and its position
to the anti-Stokes side of the pump allow good
discrimination against interfering spontaneous
emissions such as chemiluminescence and laser-
induced fluorescence. However, radiative de-
excitation of the probed molecules raised into
intermediate states by one-photon absorption may
compete and interfere with the anti-Stokes genera-
tion. The influence of these phenomena on CARS
may be apparent, for instance, during the tran-
sient build up and decay under pulsed excitation.

The transient behavior of CARS is expected
to be quite different from that of RRS, for which
fluorescence interference is a major drawback.
This is important since it may shed light on the
recent controversies concerning the distinction
between the incoherent spontaneous two-step
fluorescence emission (also interpreted as hot
luminescence or redistribution emission) and the
one-step Raman emission in RRS."'"'~'" " %e
shall here review some of the transient results
in RRS, and then discuss the behavior of the most
characteristic RVR and NVR terms in CARS by
means of the diagrammatic representation.

'
This

analysis of transient CARS is related to the recent
studies of transients in nonlinear optic such as
Ramsey fringes, photon echo and free induction
decay by Shen, "Salour, Brewer et al. , Cagnac
et al. , Liao et al. , and Loy, '~ and also to picosec-
ond studies of broadening effects of Raman lines. "

In RRS it is difficult to establish a precise dis-
tinction between fluorescence and Raman scat-

tering, since both are spontaneous processes with
overlapping spectra. It is nonetheless important
to either isolate one from the other or provide a
correct interpretation of the total response in
order to retrieve meaningful data from the Raman
spectrum. For this reason, there have been
many experimental~'"'"'" and theoreti-
cal '~' ~' '7 investigations on RRS and fluores-
cence. The question has been raised as to whether
these are the same physical process or two
distinct and almost simultaneous processes.
Shen, "in particular, has interpreted RRS as
composed of both a Raman and a hot luminescence
components that have different spectral contents
and temporal behaviors. He used the density
matrix approach to calculate the nonlinear polari-
zation at frequency &u~, P»(&u~, t), which is
shown to consist of two components: (i) one
arises from the nondiagonal density matrix term
p„(ruz —~~, t) and is identified as Raman scat-
ter'ing, since it represents an excitation of the
vibrational mode of frequency &o~~; (ii} the other
comes from the diagonal'terms p„„(0,t) and is
characterized as hot luminescence since Xp„„(0,t)
is the population brought into state (n) by one-
photon absorption. It is precisely the part of
Np„„(0,t) which is proportional to I that gives
the redistribution radiation of Ref. 42. Hot
luminescence is usually small, but becomes as
important as the Raman component when the pump
frequency comes close to an electronic resonance.
When there is only one excited state ~n) involved
in the scattering, the damping of component (ii)
after the laser excitation is turned off is, a Priori,
slower than that of component (i) since its decay
time is l"„„'as compared to I'„,'; however this is
not always the case, especially for gases with
closely spaced levels. It has been shown recently by
Brewer et al. 67 that, for the transition 859 (15-2)
of the electronic transition '|I',„-'Z~ of I„ the
inelastic and elastic collision cross sections are
of the same order of magnitude, respectively,
530 and 780 A'. Unfortunately, combustion gases
and reactive media present absorption lines which
az e broad and closely spaced, so that there are
several near-resonant neighboring states [n)
coupled to one another through several distinct
relaxation mechanisms: radiative and elastic
collisional damping, rotational and vibrational
transfers by inelastic collisions. The equations
of motion (2) for the p„„(0,t)'s are then coupled
to each other through these damping terms [see
Eq. (3)], and the calculation of transients is,
then, rather cumbersome.

The separation of transient RRS into hot lum-
inescence and Raman scattering has also been
discussed by means of the diagrammatic repre-
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sentation. " One can describe Pzz, (&uz, t}, as
was done for P~„~~(&o„t), by means of eight funda-
mental. time-ordered diagrams. These can be
easily drawn from the diagrams of Fig. 1 with
the following modifications: (i) vertex 3 is re-
placed by an absorption at coI, whenever it is an
emission, and vice versa, (ii) absorption (emis-
sion) at e, is replaced by emission (absorption)
at to~, (iii) each diagram must be reflected with
respect to the time axis in order to depict the
part of P„z(az, t) oscillating as exp(-i&vzt) (one
otherwise obtains its complex conjugate). Both
parametric and nonparametric diagrams give
contributions to Pz~(~z, t); this was not correctly
asserted in Ref. 22. However the parametric
diagrams are one-photon antiresonant, so that
their contributions are negligible in RRS. It is
then apparent, from the three time-ordered
possibilities for vertex 3 in the nonparametric
diagrams, that the diagram derived from Fig. 1(b)
provides Shen's Raman component whereas the
other two describe hot luminescence.

For resonant CARS, in addition to the definition
of the distinct transient components, there is the
added question of their spatial coherency. The
contribution of the probed molecules to P~~z(&a&„ t)
is easily derived, either directly from the time-
ordered diagrams" or from the iterative solutions
of (2). As in RRS, it can be separated quite gen-
erally into two parts: (a) an RVR component
calculated from p„, (~z —u&z, t) and depicted in

Figs. 1(a), 1(b), and 2 which is analogous to the
above Raman component (i) and provides contri-
bution ~~' in the stationary case; (b) an NVR com-
ponent calculated from p„J(2~~, t), and
p„„(~z,—&uz, i) which is depicted in Fig. 3 and
corresponds to the hot luminescence component
(ii). Under stationary conditions, the latter gives
precisely the small NVR terms in X» which can
shift some of the electronic resonances in X~ as
discussed in Sec. IIB3. In contrast to RRS, this
NVR transient remains small compared to the
RVR one if pro~~ = 0, even in the vicinity of single
photon resonances (this is the reason why there
is no redistribution component in resonant CARS
spectra). We shall also assume that the power
density is low, so that the transients arising from
p„„'(0,f) (which result in Stark splitting of the
CARS resonances in the steady state) are
negligible.

e shall thus consider here the RVR transients
associated with Figs. 1(a) and 2(a) which corre-
spond to the main stationary terms A. o. and Cz
of yz~ in (9). The pump fields are assumed to be
switched on at i=0 and off at t=T, viz. ,

E z z (zq i) =8' z(z q f) exp( —z(dg, zf +sky zz)

x '0(t) [1—V(t —T)j, (38)

where '0(t) is the unit-st'ep function. Upon carrying
out the time integrations for the specific dia-
grams, one obtains

Pz@II(~„t)= e ~ Pg(e„ t) =5 '(E'1(z~ k)Eg(z~ t)'0(t)[l '0(t T)HpoKi exp[-i(&u„, + &u~ —&uz -ii'„,)tj
I

+ p,",K, exp(-i(&u, „+2&uz —il'„„)f)+K, exp(-i (cu„+ u&L, —i I'„)i)+K, exp(-is&, t)
—(p,o K, + p~'~ K, +K, +K ) exp (-i&u„.,—I'~, )tj + Ez (z, T)Eg (z, T )'0 (t —T)

( j, r exp(-i&a„., —I'„,}(t- T)}. (39)

Each coefficient E is a sum of terms proportional.
to four transition moments and three energy de-
nominators exhibiting one- and two-photon res-
onances (or antiresonances); ( },.r stands for the
value of the terms between brackets for t =T. Ne
conclude from (39) that (i) while the excitation
is on, there are five distinct temporal contribu-
tions to P„"~(&u„f). (a} The first two, which con-
tain K, and K„result from the natural response
of the molecules. to the first perturbation, [de-
picted by vertex 1 in Fig. 1(a} (2(a))] at fre-
quency &u (&o,„) with decay rate I' (I', }, driven
by the next two interactions with the fields
at &uz(&uz, ) and &uz(&oz, ). (b) The third one is the
result of the natural response after two perturba-
tions [depicted by vertices 1 and 2 in Figs. 1(a)
and 2(a)j oscillating at &u„with damping I'„, and
driven by the last field interaction at cuz, . (c) The

fourth one is the stationary solution driven at
frequency ~,. (d) The initiation of the excitation
results in a natural response at ~z, with damping
I'„., given by the fifth term. (ii) After the sudden
termination of the excitation, there is only a
natural response at &u~, with decay rate I'~, [terms
proportional to 0(t —T) in (39)j and no driven
solution, contrary to the case of spontaneous RRS,
because CARS is a coherent process. (iii) In
addition, expression (39) contains only nondiagonal
damping coefficients, i.e., those containing the
collisional broadening j. '. If I'„,& I'„„, the transi-
ent component of Pzz, (&o„i) is damped faster than
that of the hot luminescence part of P~~z~, (mz, f}.
Under usual experimental conditions, damping
takes place in a time shorter than the pump pulse
duration, so that interpretation of CARS experi-
ments in terms of the CARS susceptibility given
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in (8) is justified. (iv) However, in experimental
situations where the Stark effect is strong and
where the transient behavior of the small NVR
components needs to be considered, the calcula-
tion is as cumbersome as for the hot lumines-
cence component of RRS.

10-

V. EXPERIMENTAL RESULTS IN I2 AT 1 mb.

Iodine is a good candidate for an experimental
verification of the properties of resonant CARS.
This is because it possesses strong and sharp
absorption lines throughout the visible range so
that efficient laser dyes can be used, and because
most of the characteristic absorption features
have now been assigned. 7'"

Our first I, CARS spectra were presented re-
cently" and have now been interpreted. '4 Vfe
here wish to discuss this interpretation as an
illustration of the theory exposed in the preceding
chapters.

Specially developed flash-lamp-pumped dye
lasers are used in this experiment. Their char-
acteristics are the following: (i) pulse duration
1 gs, (ii) peak power up to 10 kW, (iii) beam di-
vergence less than 1.5 times the diffraction
limit, (iv) line-width 0.15 cm ' or less, and (v)
beam diameter 2.2 mm. Special attention was
paid to dye solvent temperature regulation and

alignment stability. The spectra, in this pre-
liminary work, were recorded without the help
of a reference; this has probably caused an
artificial broadening of the lines, and
possibly some distortion from one end of the
spectra to the other, since dye aging and possible
slight beam wandering were not compensated for.
Other instrumental details on the CARS setup
will be found in Ref. 74. Focusing of the beams
into the I, sample was performed by means of a
12-cm focal length lens. The I, was contained in
a temperature-controled cell to vary the partial
pressure; air at 1 atm was used as a buffer gas.
The spectra reported herein were obtained at
35'C, corresponding to 1 mb of I,." The ceil
length used for these experiments was 10 cm.
This value is a compromise between the need to
avoid generation of a nonresonant signal by cell
windows and the need to minimize attenuation by
I, at all wave-lengths.

The exciting light was in a spectral region
easily covered by Rhodamines 6 G and 640 and for
which the I~ absorption lines are identified. The
vicinity of the Na D line at 16 956.18 cm ' was
selected for co~. The latter was tuned as close
as possible to that line, with a precision estimated
at +0.5 cm '. Two different techniques were used
to evaluate beam attenuation. We compared the

0
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Fig. 12. CABS spectra of I~ in air at 35'C (partial
pressure]. mb), for orL tuned in a region about 16956
cm ~ (a), then downshifted by 0.3 cm ~ (b). No reference
cell was used, so that amplitude distortions may be pre-
sent especially between (a) and 5). The positions of the
strongest double resonances are also indi. cated.

(off-resonance) CARS spectrum of the 02 present in
the cell withthat of 0, in room air (see Fig. 11). The
latter was twice as strong, which gives an average at-
tenuation of 20% for the full cell length at ez„&us,
and ~, after correction for window losses. This
result was verified by placing the cell before and
after the focus and monitoring the resultant re-
ductions in the CARS signal. . These experiments
establish that little spectral distortion will take
place and that phase matching is not impaired.

The driving mechanism that tunes uz was then
cal.ibrated relative to cv& by recording the CARS
spectrum of the four sharp resonances of the CO,
molecule (v„v,', 2v2, 2v2) which lie precisely in the
region of interest. The accuracy of this calibra-
tion is about 0.1 cm '. Then we scanned most of
the fifth vibrational. overtone of I, about (1261
cm ') [Fig. 12(a)]. When co&, was downshifted by
0.3 cm ', Fig. 12(b) was obtained. The resonances
in these spectra are very strong, about twice as
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FIG. 13. Absorption spectrum of pure I2 at room temperature and 0.4 lb. Only the regions of interest for ~1 and coa

are given. Horizontal scale is in cm &after Ref. 76).

intense as the peak of the Q branch of the 0, con-
tained in the cell (and whose partial pressure is
about 180 mb).

Assignment of the most conspicuous features
in Fig. 12 can be done using the high-resolution
absorption spectrum of I, obtained by Gerstenkorn
and Luc76 (Fig. 13). Table II lists the most
probable double resonances responsible for them,
given the uncertainties in cu& and ez, and the

smearing of the lines due to collisional broadening
by air. Three rotational sublevels of the v" =1
state have been found to give large potential con-
tributions. These levels are J=62, 63, 67. Ne
assumed co&=16995.6 cm ', which is the most
probable value as is justified a Posts. ou by the
analysis. The strongest features, which are
labeled 1 and 2, correspond to J=6V and benefit
from enhancement by the 86V (13- 1) one-photon

TABLE II. I~ absorption lines and resonances used for assignment of our CARS spectra, with correspond-

ing detunings u„a —uL . The Raman resonances in the spectrum are found at u& —u, = ub„ the double

electronic ones at uL —w, = u„, —cu;.
'

)a)
J

number
b

16 95S.6

4)na CdL (dn a (dr (dna COL

16 955.3

62 Q 62 (7-1) P 62 (13-1) P 62 (27-1)
1251.15 - 16 955.7 18 208.4

0.1 12S2.8 0.4 1253.1

63 Q 63 (7-1) P 63 (13-1) P 63 (27-1)
1251.07 16 954.3 18 206.6

- 1.3 1251.0 —1.0 1251.3

67 Q 67 (7-1) R 67 (13-1) A 67 (27-1)
12S0.72 16 955.8 18 205.6

0.2 1250.0 0.5 1250.3

' All w values given in cm
"Calculated from the spectroscopic constants of Ref. 77.
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absorption in the vicinity of ~~. Feature 1 prob-
ably gets its strongest contribution from the
double electronic resonance, which corresponds
to &o, sweeping the R6V (2V- 1) absorption, and
is therefore found at v~ - ~& -—~„., —co~ = 1 250.0
cm '. For this particular double electronic
resonance, the possible [b) levels in the scheme
of Fig. 6(b) are found from selection rules to be
v =7, J=GV and 69. The strongest contribution
comes from v =V, J=.6V, which corresponds to
the $67(7 —1) fifth overtone Raman resonance.
We shall therefore label this resonance
[q(7 - 1),R(13- 1),R(27- 1)]67 in the notation of
of Sec. III C 1. Feature 2 coincides with a Q line,
which we write [Q(7- 1),R(13 -1),r(27- l)]6V.
Since features 1 and 2 correspond to the same
)a) and (5) states and are very close, they strongly
enhance one another (this case is almost a triple
resonance as discussed in (d) of Sec. IIIA1).
Peature 2 furthermore receives a small contri-
bution, which is of the [Q,R,P] type, from the
P67(2V -1) absorption line lying at 18199.26 cm '.
The latter also produces a weak [q, R, P)67 double
electronic resonance at 1243.5 cm ', outside the
spectral. range of Fig. 12. This line constitutes
a doublet in association with [q,R, R]6V, as dis-
cussed in (b) of Sec. IIIA1. Finally, the Haman
resonance $67(7-1) produces a CARS line
[S(V —1),R(13 —1),r(27 —l)]6V at 1260.8 cm ',
which is the second line of the Raman doublet for
J'=67, as discussed in (a) of Sec. IIIA1. This
probably gives a contribution to feature 5, but
since the detuning between ~~, and ~, is large
(10 cm '), this contribution is small.

Two strong resonances are also contributed by
the v" = I, J'=62[a) level. . These are
[Q (7 - 1),P(13 - 1),P (27 - 1)]62 at l. 251.15 cm '
and coinciding with feature 3, and
[q(7 —1),P(13 —1),P(2V —1)]62 coinciding with
feature 4. Furthermore, an appreciable fraction
of feature 3 may come from
[Q(7-1),P(13-1),P(27-1)]63, which is a reso-
nance of the (c) type in Sec. IIIA l.

Downshifting uL, by 0.3 cm ' does not displace
the vibrational resonances in the spectrum, but
translates all the double electronic ones to the
right by 0.3 cm '. Feature 1 therefore tends to
merge with 2, forming Line 6. The resulting
enhancement offsets the loss due to ~~ moving
away from ~„„and the resonance remains very
strong. The two contributions from J=62 are
reduced appreciably as they move apart and also
as a result of co„-. ~& increasing, causing line 4
to disappear. Meanwhile, the [Q,p, P]63 reso-
nance is Little affected. It undergoes a slight
splitting, thus contributing both to line 6 and to
its weak shoulder 7.

Examination of the absorption spectrum about
~~ suggests possible contributions from v"-=2,
J=112, 113, 54, 55, 59, and 60. Similarly for
v" =0, J= 117, 118, 123 and v" =-1, J= 114, 119.
Most of the corresponding CARS lines either
appear out of the spectral region scanned, or
present large laser, vibxational or anti-Stokes
detunings, or have small Franck-Condon factors
for their ~~, transitions. Nevertheless, many of
these lines, although weak, give contributions
between 1.249 and 1 252 cm, and 1 258 and

1 261 cm ', which may explain most of the. weaker
features that have been left unaccounted for.

The above discussion can only be semiquantita-
tive at present. A precise analysis would require
a computer simulation, taking into account the
complex character of the various resonances
(which requires the full evaluatfon of the complex
transition moments to be carried out), thereby
accurately representing the interference between
the lines, and the resulting spectral distortions.

The measurements were conducted with laser
powers not exceeding 10 kW, but still. sufficient
to cause saturation and Stark broadening. How-
ever, we have no evidence that these effects were
present to any great extent. The sharper features
have a linewidth on the order of 0.6 cm ', which
is what we expect on the basis of l &„I'~, and
laser bandwidth. Fluctuations due to the absence
of a reference also probably account for a small
fraction of the broadening. Because of transverse
beam nonuniformity, and because the signal is
integrated over a volume Large compared to the
focal zone, we expect both Stark broadening and
population perturbations to be diXficult to ob-
serve. ' '~' These phenomena will be investigated
in the near future. It will also be necessary to
adjust ~& about the absorption lines with greater
precision than now for an unambiguous interpre-
tation of the spectra. Of great interest too will
be the verification of the predictions on resonant
CARS spectra excited in the continuum.

VI. CONCLUSION

In the present paper, we have considered in
detail the utilization of electronic resonance in
order to provide an enhancement of the CARS non-
linear susceptibility, with an important applica-
tion in mind: improved detection sensitivity of
CARS experiments in analytical chemistry. In
the course of this investigation, we have un-
covered some remarkable properties of resonant
CARS which will have important applications in
resonant Raman scattering studies and one-photon
spectroscopy.
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We have provided a discussion of the suscepti-
bility based upon the density matrix and have
introduced density-matrix perturbation diagrams
to clearly interpret and classify the terms which
arise in the susceptibility. Such diagrams uniquely
specify the quantum processes involved in the
development of the nonlinear polarization at ~,.
%e have shown that two types of diagrams, which
we have called parametric and nonparametric,
contribute to the CARS susceptibility, and that
the nonparametric ones occur in groups of three
corresponding to three time-ordered possibilities
of the interactions. Of these three possibil. ities,
one is dominant due to the presence 'of a vibra-
tional resonance; the other two, although small,
can produce a shift of the electronic resonances
pertaining to state [b).

In gases, resonant CARS spectroscopy is best
performed by holding the laser frequency col,

fixed on one of the absorption lines and tuning

~~ across the vibrational resonances. Two types
of electronically enhanced Raman resonances are
then observed: one is associated with the mori. ecu-
lar levels responsible for the resonant absorp-
tion of ml„and one is associated with levels
giving simultaneous vibrational. and anti-Stokes
resonances. In addition, double electronic res-
onances are also found.

The line shapes in resonant CARS have been
analyzed by representing the susceptibility as a
vector in the complex plane. . We found, as in off-
resonance CARS, that the extremity of this vector
describes a circle when ~1 is held fixed and co&

varied. The circle position and diameter depend
on the amplitudes and relative phases of the one-
photon resonant terms in the susceptibility. The
circle model gives a simple visualization of the
roles played by X», mixing ratio, detuning from
resonance, and transition moments, in determin-
ing the spectral contour. Thus we were able to
give simple interpretations of the results observed
recently in liquids by using this model without
resorting to numerical calculations. Resonant
CARS spectra can. be used to determine the rela-
tive magnitudes and phases of the cross products
of transition moments between vibronic levels in
the ground and the excited electronic state. This
information can be retrieved from the contour of
a given isolated line. The analysis of several
lines in a resonant CARS spectrum will provide
several products of transition moments and there-
fore allow one to determine the complex transi-
tion moments relative to one another. Equivalent
experiments were recently proposed based on
RRS.80

The excitation into dissociative continua was
predicted to yield spectra resembling off-reso-

nance spectra, without the double electronic
resonances, and with enhancements comparable
to or. less than those obtained with discrete ab-
sorption lines. For these reasons, and because
the spectral intensities do not depend upon the
widths of the absorption lines, this type of ex-
citation may prove more practical for the study
of rapidly fluctuating media.

We have also discussed the dependence of line
intensities upon rotational transition moments
and collision broadening, and found the behavior
to be appreciably different from the off-resonance
behavior. The perturbation of populations by one-
photon absorption and stimulated Raman scattering
were considered in detail and the magnitude of
the broadening of CARS features by the optical
Stark effect mas briefly studied. The experimental.
limitations, especially those concerning the max-
imum pump power densities, were 1,isted. It
appears that 100 MW/cm' constitutes a maximum
in. gases at STP.

By means of the diagrammatic anal. ysis, the
transient CARS regime resulting from the turning
on and off the two pump fields are also easily de-
picted. The transient behavior of the most im-
portant contribution to the nonlinear polarization
at co, has been discussed and compared with that
of the polarization at ~8 which is related to reso-
nant Raman scattering.

Finally, resonance-enhanced CARS in iodine
moiecuies has been observed. The I was at
a partial pressure of 1 mb in air near STP. The
pump at el, was below the dissociation continuum,
close to the Naa line, and in a region where the
absorption lines have all been identified. Several
CARS resonances in the fifth overtone band were
recorded and assigned. They correspond to the
categories of double resonances predicted by the
theory. One feature was almost a triple reso-
nance. The enhancement in susceptibility was,
for some of these lines, on the order of 400 as
compared with simple diatomics excited off
resonance,

The approach and conclusions of this paper could
be transposed readily to related third-order effects
bke RIKE (1-3) and SGRS (4). Some of the aspects
of SRGS have actually been discussed in the course
of our presentation.
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APPENDIX A

Any time-ordered contribution to the density
operator can be precisely defined and readily
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written down by means of the associated diagram.
We list here the rules permitting one to draw
the diagrams and to calculate the associated
terms for the impact and isolated line approxima-
tions in accordance with Refs. 21 and 22. Any
time-ordered contribution to the nth order of
perturbation of the density operator is associated
with a diagram according to the following rules:
(i) The time axis is drawn vertically. (ii) The
time evolution of the wave function (ket) is plotted
vertically to the left of this axis and that of the
complex conjugate (bra) on the right, so that one
ean follow the time evolution of the density opera-
tor contribution along the time axis. (iii) The
field interactions are represented in the standard
way by vertices that are specified, respectively,
as the photon creation or annihilation operators.
Note here that each vertex is drawn at 45' to the
tangent to the circle, and not to the time axis
as was done in Refs. 21 and 22. (iv) The number
of interactions (or vertices) on the ket side and
on the bt'a side are specified, their total number
being equal to the order of the perturbation n. (v)
The time ordering of the interactions on the Pet
is specified relative to the interactions on the bra.

We consider the diagram of Fig. 3(a) to illustrate
the utilization of the rules permitting one to cal-
culate the associated steady state contribution
to Pz~(&u„ t) There .are three relevant field inter-
actions on this diagram, one of them on the bet
side and the other two on the bra side. The first
interaction occurs at time t, and is specified as a
Stokes photon annihilation operator operating on
the bra(b). The second one occurs at time t, and
is specified as a laser photon annihilation opera-
tor operating on the ket (b) The l.ast one at time
t, is specified as a laser photon creation operator
operating on the bra (n~. Beginning at t, and
tracing up the diagram, one introduces factors
as follows: (i) The initial density matrix element
p,',}. (ii) The transition moment associated with
the first perturbation which results in a change
of the molecular complex conjugate wave function
from (b( to (n), (b[-P e[n)Ege'" 'e ' 8'. (iii) The
propagation factor resulting from the simultaneous
evolution of bra (n( and ket )b) between t, and t,:
I/tf(-e, „+il'~ —&uz). (iv) The transition moment
associated with the second perturbation resulting
in a change of the molecular wave function from
[b) to [n'): (n'( —P ~ e(b)E~ e '"&' e""~'. (v) The
propagation factor resulting from the simultaneous
evolution of ket )n') and bra (n[ between t, and t, :
I/k(-co„.„+il'„.„+&uz, —~z). (vi) The transition
moment associated with the last perturbation which
brings the molecular state from (nj to (a[:(n~
—P e(a)E~ e '"~"'"z'. (vii) The propagation
factor resulting from the evolutions of bra (a(

and ket ~n') between t, and t: I/$(-&u„,, +iI'„,,+ up, ).
(iii) If the number of field interactions on the
bra side is even (odd) one must put a + (-) sign
in front of the contribution of interest [that is a
+ sign in the case of Fig. 3(a)]. (ix) This gives
the matrix element p~',,' depicted in the diagram
at time t. In order to obtain the associated con-
tribution to P„"~(~ur„t) as given by Eq. (4), one
finally has to multiply by (n'I P 'e I a). The fourth
vertex in the diagram is of no use in calculating
P~'~(ar„t). It represents the coupling between the
field at ~, and P~~B~(ar„t), which results in either
absorption or emission at co„depending upon the
respective phases of all the fields including E, (see
Sec. IIB2).

Inclusion of damping in the diagrams implies an
averaging of the corresponding terms over all
the statistical parameters. In the impact and
isolated line approximation2~'22'30'32 and with the
assumption of I orentzian broadening, the dia-
grammatic representation of damping is equivalent
to the damping approximation (3) used in the
density matrix calculation.

APPENDIX 8

The rate of change of the vibrational population
resulting from four-wave mixing (such as CARS)
or stimulated Raman scattering can be expressed
quite generally in terms of the fourth order per-
turbation diagonal density matrix terms p„(&o, t)
and p~',}(&u, t). We write it as:

(B1)

In order to calculate these terms, all fields
including E,(z, .t) must be written down explicitly.
In general E,(z, t) is arbitrary; however, assuming
the medium to be homogeneous, neglecting
homogeneous solutions of the wave equation, and
assuming it to be zero at the input boundary,
E,(z, t) can be given a simple expression as a
function of Ez(z, t), Ez(z, t), and g"}(&o,):

E,(z, t) = '}f~}((o,)E'(z, t)Eg(z, t)z. (82)

This particular expression is the basis of the
interpretation of the energy level. diagrams of
Fig. 4. Equation (Bl) can be calculated either
by iterative integrations of Eq. (2) or from the
time-ordered diagrams depicting the nonlinear
polarizations at &u, (Figs. 1-3), &uz, and ~z. We
consider here the stationary nonoscillating zero-
frequency components p&4~(0, t} and p~~~~~(0, t} as
they give the major contribution. One has for
p(4)(0 t).
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et
p(a~(0, t) =

@
Im Q p~[p(sa~((o„t)Ea*expi((o t -k,s) + p~~((o~, t)Eg expi((oit -k~z)

+ p~'((os, t)Eg expt((ost ks&)]- I aa pa(aa'(0~ t).

The three terms on the right hand side of (83)
are, respectively, associated with Pg(&o„t),
Psl, (oo~, t), and PN~(&us, t); both parametric and
nonparametric time-ordered diagrams contribute
to each of these terms E.ach term p~~((o, t) arises
from two distinct second order contributions,
i.e., nondiagonal term pba at frequency ~» —~z(2)

and diagonal. terms p„n, p„, p„at frequencies

0, 2coI„and ~» —au&. The diagonal terms become
important only near electronic resonances. An
analogous expression can be obtained for
(s/st) p'..(0, t ).

As an exampl. e, we give the expression for the
p~b,

) contribution to the population changes due to
resonant CARS, discarding the terms possessing
one or more antiresonances

—,', ~(0, t), r.~«(o, t) r„p(;&(o, t)= —'
(dba kg, + 4)g

&an'~n'b

n'a a 2 ~n'a

X (0) —p(0) pb p' p(0) p(0) I"bnj"-
(d„- (d —iZ„Q)„-(d +iT„

En+EfE,*expi5ks P.bns P,nra+2Im-
ba L + +8 +2~ba

n
+"'a » +2

~n

(0) p(0) ~an ~nb
+i+

i„(o) (o)
)

&anPno
~lb Pnn

nb » 2~nb

E~EfE,*expi 5ks
+ 2 Im

(dba 40» + (dg +2Fba

&bn'&n'a
X

(dao —&s —~rn'o

( (o) (o)) Manana

na a +2~nan

E2J.Et(E,*expi bks-2Im
ba L + S 2~ba

I (o) p(o))~bb Pnn
COnb

—40», i X nb „

P'an P'5 5 ~ I (0) p(D) X
~~ ~

~„,b- V», +iF„.b n " na —» -2 na

(0) (0) I bn~na
(pob pnn ) ~ + iInb S + 2 nb-

where 6k is the phase mismatch, ie 5k =2k~ -Q~
-k, . There are four main terms in (84), the first
two being (8/et)p, a, (O, x) and the others
(&/et)p, ", (0, t). In the former, the contributions
proportional to p,', can be visualized and calculated
with a parametric time-ordered diagram, whil. e
those proportional to pbb correspond to the non-
parametric time-ordered diagrams; it is the
opposite for the last two terms.

Far below electronic resonances, the population
change (&/et)d(o, t) resulting from CARS corre-
sponds to the two vibrational. quanta exchanged
between the radiation fields and the molecules
in the nonparametric process of Fig. 4(b). In
that case, the one-photon resonance denominators
in (84) are nearly equal and factor out, so that
the vibrational perturbation can be expressed in
terms of the CARS susceptibility
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8 -4—&(0, t) = —,Im E~z,EfE,*e"' (o) (o)
Paa Pab P an'Wn'a &ac&ea+

„g (
v.~.. u,.v,.

)na L na + S

~ Imlls (EJ.EfE,*e '+ c.c.) .

Combining (B2) and (B5) one gets"" (&/et)&(0, t)
~(Imps ~'IV~(IV'aIV, )", where IV&„ IVa, and IV, are
the photon fluxes per unit area per unit time at
co&, ~s, and x„respectively. In that case the

rate of population change associated with CARS
and depicted in Fig. 4(b) appears as proportional
to I lmX. & I' ~
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