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The intensity spectrum of the scattered radiation in two-atom resonance f1uorescence is investigated and
compared with the one-atom spectrum. For intense fields the spectra are found to be proportional to one
another. A conjecture is made for the N-atom spectrum.

I. INTRODUCTION

The intensity spectrum of the radiation scattered
by a single two-level atom, in the presence of a
strong incident field tuned precisely to the atomic
transition frequency e„exhibits a three-peak
structure' "
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closely spaced, but not directly interacting atoms.
Recently Agarwal, Brown, Narducci, and Vetri
(ABNV)" have obtained some numerical results
for the two- and three-atom problem.

In Sec. II of the present paper the two-atom prob-
lem is analyzed. Some results are obtained for
the total (frequency-integrated) intensity I, for ar-
bitrary field strengths and the complete I, ( )i(ds

explicitly obtained in a closed form in the limit ef
intense fields. In Sec. III we discuss our results
and present a conjecture for the N-atom intensity
spectrum I„(~)

I~ — d(d Ij (d P&p ~ (1.2)

where 2y =4 ~d ~'&u', /3c' is the Einstein 2 coefficient,
with d being the transition dipole matrix element
(we take h=l). k= —,'d ~ E„where E, cosa&,t is the
applied field in a semiclassical treatment. In a
fully quantum-mechanical treatment, on the other
hand, k= [(n+1) ~g ~']' ', where n is the number of
photons initially in the pump mode and the coupl-
ing of the atom to the field is taken to be gv'b
+ H.c.; here cr is the usual atomic lowering opera-
tor and b is the annihilation operator for the reso-
nant field mode. Equation (1.1) follows in both
cases. The total frequency-integrated intensity is
readily found to be

II. CALCULATION OF THE FLUORESCENCE SPECTRUM

For two identical two-level atoms very close to
each other, in the dipole and rotating-wave approx-
imation, the master equation for the atomic density
operator can be written as'

Bp
-,'i~, [S't p]+~-fk[S e '" ' IS+e&' p]

(2.1)
—y(StSp+ pstS —2SpSt),

where S =0, +o., is the collective atomic dipole op-
erator; S'= [St,S], and &u~ is the applied field fre-
quency. " The intensity spectrum I, ( )i(sdfound by
using'the quantum regression theorem"

For two or more atoms the spectrum is more
difficult to obtain, even in the approximation of (2.2)
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I

where the subscript ss denotes the steady-state
value of the atomic correlation function.

For a complete set of atomic operators we have
used the 16 operators arising in forming the pro-
ducts (l, o„ot, et', ) g (1, o„an't, otg, ). In taking ex-
pectation values we have permitted the atomic sys-
tem to be in an arbitrary initial state, rather than
restricting considerati. on from the outset to just
the triplet set of states symmetric under the inter-
change 1 —2:

I»= lei& I~.&

I2) =(1~v-)(Ie,) lg.& I+ lg, & l~.&),

I3) =
I g, & lg.&.

(2.3a)

The fact that the singlet state

l4& = (1~~)( I"& I g.&
-

I g.&
I "&) (2.3b)

d(d I&((d)
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(2.4)

where Ii = k' jy' and B is a constant depending on
the initial atomic state. B=0 for an initial triplet
state and 8 =1 for an initial singlet state, giving
I, =O for the singlet state, as expected. For the
initially triplet state, our result (2.4) for
the total intensity is essentially contained in

ABNER.

"
The solution of the set of nine equations is sub-

stantially more involved. Agarwal, Brow'n, Nar-
ducci, and petri" have coped with this situation"
by finding numerical solutions for several values
of the field strength. By explicitly expanding the
determinantal condition for the eigenvalues ~ of
the 9x 9 coefficient matrix. , and in the limit of in-
tense applied field strengths (k»y), we get

does not couple, in the dipole approximation, to the
triplet states then shows up as a decoupling of the
full set of 16 equations (for as many unknowns) in-
to groups of ten equations and six equations for
the symmetric and antisymmetric combinations,
respectively. Of the ten symmetric operators,
however, one (the identity operator) is trivial, so
there is actually a set of nine simultaneous equa-
tions to be solved.

The total intensity I, is readily obtained:

~, =0, ~, =-y, ~, =-3y, ~ =2ik —py,

&, =- 2ik--, y, &, =2ik-,'-y, X, = —2ik —'-y, (2.5)

~, =4zk- 5y, ~, =-4zk-5y.

y'
v (( —(u, —2k)'+ (

—',y)' ' (2.6)

The other peak of width, '-y is not present.
Finally, we treat the triply degenerate central

component at ~,. Diagonalizing the relevant 3x 3
matrix gives the three roots: ~= ~0, cv =~,-iy,
a&= ~, —3iy 'Thus the . remaining roots of Eq. (2.5)

Just as in the one-atom problem, Im~ gives the
locations and -Re~ determines the widths of the
possible peaks in the spectrum I, (u&).

From Eq. (2.5) the most that could be said is
that I, (&u) might have peaks at (i) the central fre-
quency ~ = ~~, with up to two incoherent compo-
nents; at (ii) an up-shifted sideband at frequency
e= &~+2k, with possibly two components of dif-
ferent widths (-,y and~y) within the peak; at (iii) an
up-shifte'd sideband at frequency ~ = +~+4k with
width 5y; and the corresponding down-shifted side-
bands. Without the detailed solution of the equa-
tions for the symmetric combination of atomic
operhtors, however, it is impossible to predict
by this approach the zveights of the various com-
ponents and hence to write down a closed-form ex-
pression for I, (&u).

On the other hand, since the region of greatest
interest is that of intense field strengths, the ele-
gant dressed-atom formalism of Cohen- Tannoudji
and Reynaud" (CTR) can be applied directly to the
present problem. In our treatment we will exclude
the antisymmetric (singlet) states from the outset
since they play no role in determining the steady-
state spectrum, assuming the atoms are not ini-
tially prepared in the singlet state.

Thus, if we assume that +~ = ro„ for simplicity, and
n»1, then the CTR formalism shows that the ma-
trix element (3,n- 1 ID Il, n) =0, meaning that the
sideband at co, +4k is absent, "since the only trans-
ition possible at this frequency is ll, n) - I3,n- 1&.

The symmetric partner at vp 4k is, of course,
also absent from the spectrum.

Next consider the degenerate sideband at ~, + 2k
contributed to by the two transitions

I 1,n) -
I 2, n —1)

and I2,n)- I3, n —1). On diagonalizing the appro-
priate 2x 2 matrix we find that the sideband Qpp+2k
corresponds to two peaks, one of width ~y, the
other of width ';y, in agreement with our roots ~,
and X, [Eq. (2.5)]. The net contribution of this lat-
eral component to the steady-state spectrum is
computed to be
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4(d~

3v (&g- &uo)'+y'
' (2 7)

Combining the various contributions, we finally
have

are accounted for. The contribution of these cen-
tral transitions to the spectrum I,(e) is, however,
simply

rate should be given by"

" N+& w, =o

2y&u, N(N+ 1)(N+ 2)
N+1 6

= —,'N(N+ 2)y&u, . (3 2)

3y 2

(& —(u, +2h)'+( —,'y)' &I'
(2.8)

40p 4/ 3y'
I,(~) —— »+(~ - ~.) +y (~ - ~.—2h) + (2y) This agrees with our earlier results for N =1,2.

If the speculation concerning the shape of I„(&o) is
taken seriously and combined with the above ex-
pression for I„, we could write

Comparing with the single-atom spectrum (1.1),
we see that

I„(tu) = 3N(N+ 2)I,(v) (3.3)

I,(~) =,'- j,(&u) . (2.9)

I, (&u) =';y &u, (strong-field limit) (2.10)

in agreement with our general expression (2.4).

III. DISCUSSION OF RESULTS

The proportionality found in Eq. (2.9) between
the two-atom and single-atom spectra is highly
suggestive; one is naturally inclined to speculate
that the N-atom spectrum may be simply a multi-
ple of I, (&u). Further evidence in support of this
may be found in the numerical calculations of
ABNV" who find that, for strong fields, both I,(&u)

and j,(&u) tend to the same shape as j,(&u). Whether
or not the shape of IN(~) is the same as that of
I,(v), for strong fields the total intensity IN can be
calculated as follows. The fraction of the time
spent in each of the N+1 (bare) symmetric atomic
states will be I/(N+1). In each of these states the
rate of radiation is given by '

2y(u jV, (N, + 1), (3.1)

where N, (N ) is the number of excited- (ground-)
state atoms in the state. Thus the total radiation

The total integrated intensity for the two-atom case
is thus

for the steady-state, intense field spectrum for
the N-atom case. Verification (or otherwise) of
Eq. (3.3) must await either further numerical cal-
culations or, perhaps, a dressed N-atom calcula-
tion. .

Very recently another calculation" which at-
tempts to obtain a closed-form solution for the
two-atom spectrum I, (&u) has come to our attention.
The result is a three-peak spectrum but with widths
differing from the one-atom peak widths; the cal-
culation is thus in disagreement with the results
of both ABNV" and ourselves.

Other recent calculations'4" have attempted to
calculate the N-atom fluorescence spectrum by a
different method. For very strong applied fields
these calculations result in a three-peaked spec-
trum of the same shape as I,(&u), but with a linear
dependence on the number of atoms N, in contrast
to our conjectured j~(&u). Presumably this discrep-
ancy is owing to the factorization and linearization
approximations made in these model calculations.
It would be very interesting to see if the appro-
priate multiatom intensity spectrum measurements
could be made.
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