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Measurements of K-vacancy production cross sections are reported for 0.5- to 3.5-MeV/amu H, He, Q,

F, and Cl bombardments of selected elements between Y and U. Ratios of H- to He-induced cross sections

corrected for binding effects are compared with proposed Coulomb-deflection correction factors. The validity

of the Kocbach factor is confirmed. Ratios of experimental H- and He-induced cross sections to plane-wave

Born-approximation cross sections, corrected for binding and Coulomb-defl, ection effects, agree with

theoretical relativistic correction factors calculated in the preceding paper. A new semiempirical formula for

predicting 1scr-vacancy production cross sections is derived. The overall agreement of the new formula with

H-, He-, 0-, F-, Cl-, Kr-, and Xe-induced cross sections is generally within experimental uncertainties

(10%%uo-20%).

I. INTRODUCTION

To predict K-vacancy production cross sections
in the higher-Z (Z„)collision partner in en-
counters with projectiles with small charges,
the plane-wave Born appr'oximation (PWBA)' '
or semiclassical approximation (SCA)' ' has been
used. In the PWBA, the cross section is propor. -
tional to the square of the matrix element of the
Coulomb potential between the projectile nucleus
and the atomic electron, taken between initial and
final states of the projectile and target electron. '
Usually, nonrelativjstic one-electron atomic 1s
and continuum wave functions are used to describe
the initial and final electronic states. Plane waves
are used to describe the projectile's motion.
Three corrections must be made to the PWBA to
predict 1so-vacancy production cross sections.
First, a Coulomb-deflection correction"" must be
made because the projectile, instead of passing by
the target nucleus (Z,) along a straight-line tra-
jectory, will be deflected by the Coulomb field of
the target nucleus. This deflection irihibits K-va-
cancy production. Second, an electronic relativ-
istic correction must be made since nonrelativistic
1s and continuum wave functions become increas-
ingly inappropriate as Z„increases. ""' Finally,
a correction should be made for the change in the
effective binding energy of the target electron
that is induced by the presence of the pro-
jectile charge. ' " Another way of stating this
is to say that in sufficiently sloe collisions, ex-
citation occurs from a molecular orbital (MO) in-
stead of an atomic orbital (AO)." To produce K.
vacancies in the higher-Z collision partner in very
asymmetric collisions, the electron must be ex-
cited out of the lowest (Is@) MO.""

Vacancy production in the 1so MQ has been dis-
cussed by Anholt and Meyerhof (Ref. 10, hence-
forth referred to as paper III). However, to better

understand the electronic relativistic and Coulomb-
deflection effects, measurements of many K-va-
cancy production cross sections in high-Z target
atoms induced by 0.5- to 3-MeV/amu H, He, 0,
F, and Cl ions were made. Previously only a few

high-Z, low-velocity cross sections had been mea-
sured.

A new semiempirical formula to predict 1so-va-
canc7 production is derived in this paper. Es-
sentially, we modify the formulas that predict K-
vacancy production by low-Z projectiles such as
protons. We find that the 1sa-vacancy product&on

cross section can be written as a product of the
PWBA cross section, a Coulomb-deflection cor-
rection factor C, an electronic relativistic cor-
rection factor R, and a b;nding correction. factor
B.

The new semiempirical relations differ from
those derived in paper III in three ways. First,
it is found in Sec. IV that the Brandt Coulomb-de-
flection correction factor, '&" used previously,
does not correctly predict the Coulomb-deflection
effect for low-Z, projectiles (protons and alpha
particles) and hence presumably also high-Z pro-
jectiles. Kocbach recently made exact SCA cal-
culations of the Coulomb-deflection correction fac-
tor using Rutherford trajectories. ' His deflection
factor, which is considerably smaller than the
Brandt factor, correctly predicts ratios of pro-
ton-induced to effective-deuteron-induced K-va-
cancy production cross sections in high-Z target
atoms. Therefore the Kocbach Coulomb-deflec-
tj.on correction factor is incorporated into the new

semiempirical formulas. Second, since few cross
sections for heavy-ion-induced K-vacancy pro-
duction in high-Z elements were available pre-
viously. , the proposed relativistic correction could
not be tested adequately. Also PWBA calculations
of atomic relativistic correction factors R showed
that the Bang-Hansteen equation"' used in the pre-
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vious formula underestimates the relativistic cor-
rection factor for large values of the minimum mo-
mentum tranfer needed to ionize the K electron.
Therefore the. PWBA relativistic correction factor
is incorporated into the new semiempirical formulas.
Third, in paper III, the semiempirical cross sec-
tions were norma1. ized to the proton-induced K-va-
cancy cross sections measured for the same Z,
and ion velocity v, ." This normalization was nec-
essary because the formula failed to accurately
predict the proton-excitation cross section. With
the new Coulomb-deflection and relativistic cor-
rection factors, however, experimental proton
cross sections can be-predicted to an accuracy of
+10%. Therefore normalization to experimental
proton cross sections is unnecessary.

Section II of this paper describes our measure-
ments, and Sec. III discusses theories of the bind-
ing, Coulomb-deflection, and electronic relativis-
tic effects. To derive semiempirical relations
(Sec. IV), we begin by examining H- and He-in-
duced cross sections. In these bombardments the
binding and other 1sa-MO effects are sma&l, so
that direct comparison between theoretical calcu-
lations of the Coulomb-deflection and relativistic
correction factors and experiment is possible.
After establishing the relativistic and Coulomb
deflection factors for protons (atomic correction
factors), we then use our heavy-ion excitation data
to fit the binding correction factor and other pa-
rameters needed to describe the 1so-MO influence
on the relativistic and Coulomb-deflection correc-
tion factors. Finally the experimental cross sec-
tions are compared with the complete' semiempiri-
cal expression.

II. EXPERIMENT

The Stanford 3-MV Van de Graaff was used to
obtain 0.4- to 2.4-MeV proton beams. The Stan-
ford FN tandem Van de Graaff was used to obtain
0.5- to 3.5-MeV/amu He, 0, F, and Cl ion beams.
The beam was directed onto a thick target tilted
45' from the beam toward the x-ray detector. An
intrinsic-Ge detector with a pulsed optoamplifier
and pileup-rejector system viewed the target at
right angles to the behm through a 0.25-mm mylar
window. A 1.6-mm Al absorber was used to at-
tenuate unwanted L, x-ray radiation. The detector
efficiency was determined by placing calibrated
radioactive sources directly at the beam spot.

The entire target chamber acted as a Faraday
cup. A 300-V electron suppressor was used be-
tween the collimator and chamber. We verified
that the x-ray yield is independent of electron
suppressor voltage for voltages greater than 300

V. (Using no suppressor, approximately 20% low-
er yields were obtained. ) Detector deadtime was
measured by using the beam integrator to trigger
a number of pulses into the detector preamplifier.
The total number of pulser counts surviving in the
x-ray spectrum was compared with the number of
triggers to give the counting system deadtime. "

Thick-target K x-ray yields, Y„,were obtained
in the usual way. " Yields were measured at 4-7
different bombarding energies E„andthe result-
ing log Y„values were least-square fitted to poly-
nomials in the logE, . This allowed interpolation
of values of Y„anddY„/dE, at convenient values
of E,. The Merzbacher-Lewis formula w'as used
to convert yields to cross sections. Electronic
stopping powers were obtained using the He-ion
tabulation of Ward et al."and Forster's formulas
for effective projectile charges. " Straggling and
recoil effects" are negligible in these measure-
ments. Charge exchange effects" may be present
in the Cl+ Y, . . . , Sn data. For this reason, these
data were not used in the fitting procedure de-
scribed below. We have previously shown that
charge exchange effects are negligible in 0, F+Z,
& 37 K-vacancy production data. " The resulting
K-vacancy cross sections, obtained by dividing K
x-ray cross sections by single-vacancy fluorescent
yields, "are listed in Table I.

The thick-target yield method is -certainly not
the most accurate method for obtaining K-vacancy
cross sections. " Ne attempted to measure cross
sections as small as 1 p, b in this work. Therefore
the use of thick targets instead of thin targets was
necessary. Uncertainties in the x-ray yields con-
sisted of the following components: beam integra-
tion, +10%', detector efficiency, al0%; detector
deadtime, +5%', counting statistics, &5'%%uo; and
fluorescent yields, &5% (~r&0.7 always). An addi-
tional uncertainty in measurements of atomic Sm,
Ho, Hf, Ta, Re, and Pt K vacancies (and to a less-
er extent Au, Th, and U Z vacancies) is generated
in subtracting the contribution of the K-shell in-
ternal conversion decay of Coulomb excited nuclear
states from the observed K-vacancy yield. To ob-
tain the yield of K vacancies made by Z-ray intern-
al conversion, y-ray yields were measured at 90'
with respect to the beam and were multiplied by
theoretical internal-conversion coefficients. " Be-
sides the relative uncertainties in measuring x-
ray andy-ray yields (detector efficiency and count-
ing statistics), there are two other uncertainties
in the yield of internal-conversion E vacancies.
First, we assume that the y-rays are emitted iso-
tropically. Anisotropies as large as 20% may be
present. " Second, the internal-conversion coef-
ficient for mixed Ml/E2 y-ray transitions depends
on the M1/E2 mixing coefficient which is generally
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TABLE I. K-vacancy production cross sections. Typical errors +25% (see text).

Proton-induced

g(
(MeV)

Y
(b)

Mo
(b)

Ag
(b)

Sn
(mb)

Pr
(mb)

Sm
(mb)

Ho
(mb)

Hf
(mb)

0.5
0.75
1
1.25
1.5
2
2.5

(MeV)

0.051
0.26
0.77
1.7
3.1
7.3

13

Ta
(mb)

0.018
0.098
0.30
0.68
1.3
3.2
5.9

Re
(mb)

0.0034
0.022
0.076
0.18
0.36
0.95
2.0

Pt
(mb)

1.2
9.3

34
85

170
470
890

Au

(mb)

0.042
0.68
3.6

10
21
70

160

Pb
(mb)

0.46
2.3
6.8

15
46
96

Bi
(mb)

0.12
0.75
2.6
6.4

20
44

U

(mb)

0.053
0.39
1.4
3.1
9.7

22

0.75
1
1.25
1.5
2
2.5

0.035
0.032
1.7
2.9
9.1

21

0.023
0.17
0.77
2.2
7.4

10

0.012
0.13
0.53
1.3
4.2
9.6

0.008
0.097
0.$0
1.0
3.3
7.8

0.0027
0.063
0.25
0.68
2.4
5.3

0.0019
0.056
0.25
0.62
2.0
5.1

0.037
0.13
0.60
2.1

Alpha-particle-induced

(MeV/amu)
Y

(b)
Mo
(b)

Ag
(b)

Sn
(mb)

Pr
(mb)

Sm
(mb)

Ho
(mb)

Hf
(mb)

0.75
1
1.25
1.5
2

2.5
3

(MeV/amu)

1.1
2.9
5.9

10
23
44
74

Ta
(mb)

0.43
1.2
2.4
4.4

10
20
30

Re
(mb)

0.12
0.33
0.71

. 13
3.1
6.2

10

Pt
(mb)

56
170
370
680

1700
3300
5300

Au

(mb)

6.1
23
52

100-
250
540
880

Pb
(mb)

4.6
16
37
69

170
340
550

Bi
(mb)

1.9
9.1

21
37
82

180
290

Th
(mb)

1.2
4.5

11
20
49

100
170

U
(mb)

0.75
1
1.25
1.5
2
2.5

. 3

0.70
3.4
8.9

17
42
86

150

3.1
7.4

14
35
68

110

0.27
1.4
4.1
9.0

26
49
85

1.4
3.6
7.6

20
42
70

0.91
2.4
5.0

14
31
52

0.78
2.2
4.7

14
29
48

0.33
0.91
2.1
6.9

16
26

0.23
0.71
1.8
6.1

12
23

(MeV/amu)

Y
(b)

Mo
(b)

Ag
(b)

Oxygen-induced

Sn
(b)

Sm
(b)

Ho

(b)

0.75
1.0
1.25
1.5
2.0
2.5
3.0
3.5

3.2
9.2

21
41

120
270
540
990

1.6
4.5

10
21
57

120
230
370

0.53
1.7
3.4
8

21
44
70

120

0.28
0.87
2
3.9

11
23
44
73

0.033
0.12
0.31
0.71
1.8
3.7
6.4
9.9

0.014
0.063
0.14
0.34
1
2
3.2
5.0
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TABLE I. (continued)

Oxygen-induced (continued)

E
(MeV/amu)

Ta
(mb) (mb)

Au

(mb)

Pb
(mb)

Bi
(mb)

U
(mb)

0.75
1.0
1.25
1.5
2.0
2.5
3.0
3.5

6.4
31
93

160
510
900

1600
2300

2.9

39
87

270
560
890

1200

2.9
13
37
83

240
510
850

1200

1.5
7.6

24
56

180
370
.630
890

1.4
7.6

20
45

140
320
590
960

7.3
19
65

150
280
440

(Me7/amu)
Y
(b)

Mo
(b)

Ag
(b)

Fluorine-induced

Sn
(b)

Sm
(b)

Ho
(b)

Ta
(b)

0.75
1.0
1.25
1.5
2.0

(MeV/amu)

3.0
8.8

20
41

120

Pt
(mb)

1.5
4.4

10
20
52

Au
{mb)

0.47
1.4
3.3
6.5

18

Pb
{mb)

0.26
0.8
1.9
37

10

Bi
{mb)

0.042
0.13
0.28
0.56
1.5

Th
(mb)

0.063
0.13
0.35
0.89

(mb}

0.008
0.031
0,070
0.173
0.470

0.75
1.0
1.25
1.5
2.0

4.3
18
49

100
280

2.8
13
38
83

250

2.3
11
31
68
200

2.9.
12
33
72

210

1.7
6.0

15
33

100

5.8
13
27
93

(Me&/amu) (b)

Mo
(b)

Ag
(b}

Chlorine-induced

(b)

Sm
(b)

Ho

{b)
TR
(b)

0.667
0.75
1.0
1.25
1.5
2.0

E(
(MeV/amu)

1.1
1.9
7.0

19
43

150

0.48
0.82
2.8
7.3

.17
59

Au
(mb)

0.17
0.28
0.94
2.3
4.9

16

Pb
(mb}

0.10
0.19
0.59
1.4
3.0
8.3

Bi
(mb)

0.12
0.3
0.74
1.8

Th
(mb)

0.0054
0.013
0.062
0.17
0.41
1.2

V
(mb}

0.0023
0.0061
0.031
0.086
0.22
0.64

0.667
0.75
1.0
1.25
1.5
2.0

~ 4 ~

55
130
460

1.1
3.1

16
50

120
380

36
86

270

35
85

280

17
53

210

11
34

140

not well known. " The measured Re, Ho, and Pt
1so cross sections are least accurate because of
uncertainties in the Ml/E2 coefficient. The atomic
E x-ray yield is defined as the difference between
the measured yield and the yield of internal-con-

version K x rays.
Excluding nuclear internal conversion, the major

experimental uncertainty is in the determination of
dl'gdE, . Although polynomial fits of the logF„to
the logE, can be used to reproduce Y„(E,) accurate
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lO—

10

Mo

Ag

Sn

Pr

III. THEORY

The PWBA and SCA theories of K-vacancy for-
mation are discussed in Refs. 1-8. In the non-
relativistic PWBA, the cross section may be ob-

, tained from'

a „„=8»a',Z,'/Z,'F(q 8 )/q, (1)

where Z, (Z,) is the atomic number of the lighter
(heavier) collision partner, Z,*=Z, -0.3, I» Z,*'6-—l,
8»- &»/I»~

il» =(vi/v») =Ei/(A ~I»X),

IO

-3
IO

i

-4
)0

0 0.5 I.O l.5
1

2.0
I

2.5
E

~

MeV/o. m.u.

FIG. 1. K-vacancy production cross sections by pro-
tons. Our thick-target results gine) are compared with
other thin-target measurements (points). Symbols: :
Ag, Pr, Sn (Ref. 29); k: Y, Mo (Ref. 19); g: Ag, Sn
(Ref. 26); w: Ag (Ref. 25); I: Ag (Ref. 22). Typical
cross-section uncertainties are +25% in the thick-tar-
get measurements, and +10% in thin-target measure-
ments monitored by Rutherford scattering (Ref. 19).

a, is the Bohr radius, U~ is the K-binding energy
of the heavier partner, and X:is the ratio of the
proton mass to the electon mass. A similar rela-
tion can be obtained using the SCA. ' Tables of the
dimensionless F function calculated with the PWBA
and SCA are available. "' The PWBA and SCA F
functions are numerically identical to within 209p

for v, /v»& 0.5. In our work, we used the PWBA
exclusively" because Fsc„(p»,8») is not tabulated
for sufficiently low values of q». (When we began
this work, we were not aware of the addendum to
Ref. 5 published by Kocbach. ')

The PWBA does not predict 1so-vacancy pro-
duction cross sections accurately in the systems
of interest to us. To obtain 1so-vacancy produc-
tion cross sections, the PWBA cross section is
multiplied by binding (B), Coulomb-deflection (C),
and relativistic (R) correction factors, described
in the following sections:

+1sc ~P WBA+~~

A. Binding

to 5', the derivatives differed by as much as 20~/o

when polynomials of different degrees were used.
We used polynomials of degree 3, 4, and 5, and
carefully compared each fit to select proper values
of dY„/dE, where different fits gave different re-
sults. The uncertainty in the stopping powers used
to convert yields to cross section is less than 5Vo.

2s

Figure 1 compares proton-induced Y, Mo, Ag,
Sn, and PrK-vacancy cross sections measured by the
thick-target-yield method to the thin-target re-
sults of other experimenters. '""" The agree-
ment is clearly very good and gives us confidence
that our cross sections are accurate to +25/o
(excluding internal conversion effects). Our mea-
sured 0-, F-, and Cl-induced cross sections are
also compared with thin-target measurements in
Figs. 10-12. Agreement within+25% between our
thick-target measurements and other thin-target
measurements"'" "is obtained for the heavy-ion
bombardments also.

In collisions with positively charged projectiles,
the target electrons will be partly attracted to the
projectile. If the collision is slow enough (as in
the present cases, where v, /v» & 1), the most tightly
bound target electrons may form Mo's around the
projectile and target nuclei.

In very asymmetric collisions K vacancies ob-
served in the heavier collision partner are
made in the 1sg MO."" Astheprojectileatomic
charge Z, is increased, the binding energy of the 1so
electron at the internuclear distance of closest ap-
proach (R = 0) increases approximately as (Z, +Z,)',

. so that it becomes more difficult to excite the
1so electron. Cross sections measured at con-
stant ion velocities increase more slowly than Z,'
as predicted by Eq. (1). Around Z, =15, the cross
section (depending on Z, and v, ) reaches a maxi-
mum and actually decreases with larger projectile
charge '0

Various theoretical or semiempirical relations
have been proposed to account for this effect.""
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Anholt and Meyerhof" proposed asemiempirical
binding correction fg,ctor B given by

term in the series to obtain C~ gives a correction
factor which is too large.

(4)

where n(g») js an empirically derived function of
the inverse of the reduced mimimum momentum
tl ansfer /pal:

&»=(q.a») '=(4&»)"'.

U~ is the K-binding energy of the higher-Z colli-
sion partner, and U„„is the K-binding energy in
the united (Z, +Z,) atom. The function n(g») is de-
rived i.n Sec. IVD of this paper.

B. Coulomb deflection

The PWBA and usually the SCA theories implic-
itly assume that the projectile traverses the atom
without being deflected in the target's nuclear
electric field. "&' Since the major contribution to
the K-vacancy cross section comes from impact
parameters b of the orde~ of x,- q, '=@v,/U» (typ-
ically 10 "cm) (Ref. 4) and the ion is deflected
significantly only in trajectories with 5-d= Z,Z,e'/
E (typically 10 "cm; E is the center-of-mass
energy), this approximation is generally good.
However, with decreasing ion velocities (smaller
x~ and larger d values), the use of the straight-
line-trajectory approximation becomes less ac-
curate.

Bang and Hansteen4 developed a SCA for K-va-
cancy production which used Rutherford trajec-
tories. They showed that the Coulomb-deflection
correction factor C can be obtained approximately
from

C. Relativistic effects

R = Q'" "'[1+(1 —y) — Q]' (10)

Most PWBA and SCA theories make use of non-
relativistic electronic 1s and continuum wave func-
tions. ""' The essential difference in the Dirac
electronic configuration wave functions is that
close to the nucleus, they behave as r' ', where
y= (1 —o.'Z')'~' and o.'=137 '. This weak diver-
gence at x= 0 transforms to an increased density
of high-momentum components in the electronic
momentum wave function. Therefore momentum

' transfer from the projectile to )he target K elec-
tron is more efficient with relativistic wave func-
tions, and larger cross sections are expected and
observed.

One can define a relativistic correction factor
by the ratio of the K-vacancy production cross
section calculated using relativistic wave functions
to the nonrelativistic cross section. Amundsen
et a/. ' made a theoretical investigation of relativ-
istic correction factors calculated using the SCA
and Anholt" calculated relativistic correction fac-
tors using the P%BA.' Several approximate cor-
rection factors are also available. A simple empiri-
cal formulaw as derived" to accurately fit the P%BA
correction factors Defini. ng Q =q,a»(—=$»'). The
relativistic correction factor is given by

R = max(Rs„,R„),
where

where q&
——(U»+ E&)/hv, and E& is the electron con-

tinuum energy. Brandt et a/. ' integrated this fac-
tor over continuum states E& and obtained

-9
Ce =9E„(mdq,) =9 e '"'0, (7)9+ 7t dqp

where E„is the exponential integral of order 10.'
The Bang -Hansteen-Brandt Coulomb-deflection

factor is only an approximation. Recently Koc-
bach' calculated proton+ Au E-vacancy production
cross sections exactly using nonrelativistic elec-
tron wave functions and Rutherford trajectories.
His results for the Coulomb-deflection factor can
be written approximately as

C»= (0.22+ 0.78e""'o) '.
The functionC~ decreases much more rapidly with
increasing mdqp than C~. Kocbach points out that
the cross section obtained w'ith Rutherford tra-
jectories is given by an infinite series with terms
alternating in sign. Hence using only the first

R» = G(Z»)Q'" '&'[1+ S(y»)(Q —Q ')

y= (1 —o.'Z»)'~'. , yR= (1 —o."Z'„)'~', and G(Z») and

Z~ are empirically determined functions of Z~."
Normally, Z~=—Z„exceptas noted below.

D. 1sg-MO corrections to the relativistic and Coulomb factors

The relativistic and Coulomb-deflection correc-
tion factors quoted in Secs. IV B and IVC are cor-
rect only for projectiles with very small nuclear
charge, i.e. , collisions where the increased bind-
ing of the 1so electron beyond the 1s binding en-
ergy is negligible. However, since both factors
depend critically on the minimum momentum
transfer q, (or Q = q,a»), which in turn depends on
the minimum energy transfer U~, U„»or some .

characteristic isa binding energy E„,(U»&E„,
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& U«), it is clear that we cannot apply these atom-
ic correction factors to predict E-vacancy produc-
tion by high-Z projectiles without further modifi-
cations. Lacking ab initio calculations of Cou-
lomb-deflection and relativistic correction. factors
for 1so-vacancy production, the modifications to
these factors have to be made empirically.

For the Coulomb factor, we followed the sugges-
tion made by Brandt et a/. ,

' modifying mdq, ac-
cording to

7FCfg 7l'Cfg 6 (12)

where i is a binding correction parameter. Anholt
and Meyerhof" required c to approach U„„lU„in
the limit $„-0[n($z= 0)-9; in this limit the adia-
batic distance defined by Bang and Hansteen4 is
close to zero, so that all of the excitation occurs
at very close internuclear distances where the
E„,= U«. ] W-e used"

b

100

IO

O. I

.=l.k
U--'""'

UK 9 (13)

with k = 1. This equation is retained in the present
work. However, as shown below, the value of k must
be modified.

We also observed that the relativistic correctiori
factor for 1.4- and 2.4-MeV/amu H, He, 0, Cl,
Br, and Xe bombardments of Pb increased with
the projectile charge. To account for this iri-
crease, the definition of Z~ and Q in Eqs. (10) and
(11) were modified as follows

00I I I
'

I I

20 50 40 50 60
I I

70 80 &0

@-@v.= Uv.~~~&~i

Z~- Z,(l+ PZ, ),
(14)

(15)

IV. RESULTS

A. Excitation by protons

Proton excitation data can best test the atomic
Coulomb-deflection and relativistic correction
factors. To begin our discussion of these data,
we present in.Fig. 2 ratios of 1-MeV proton-in-
duced E-vacancy production cross -sectioris to the
PWBA cross section. The data shown includes
our own, as well as data taken by many other
groups. '","" The ratios are compared with
Coulomb-deflection and relativistic correction
factors. Since binding or 1so-MO effects cannot
be completely neglected, we also show the binding

correction factor. Also we have used the binding
modifications to R and C given by Eqs. (12)—(15),
using the following values of n(g~), P, and k pre-
viously obtained in paper III:

where P is obtained by fitting the data as described
in paper III and Sec. IVD of this paper.

n(gz) = 9.09 —9.Vlf'+ 6.42)r —7 45)z, .
P=0.0075, k= 1.

(16)

Since U~= U„„,the binding correction factor is
nearly unity, O. V to 0.8 between Ti and U. The
binding modification to R and C changes those val-
ues by less than 5%. Hence within this uncer-
tainty, the relativistic and Coulomb-deflection fac-
tors shown in Fig. 2 and discussed in Secs. IVB
and IVC can be called atomic correction factors.
The product CzR is nearly unity; therefore BC'
is approximately equal to B. This overall correc-
tion factor nearly reproduces the experimental
cross section ratio. However, if the Brandt Cou-
lomb-deflection factor is used, the value of &C~R
is between 1 and 2, while most of the data lies
between 0.6 and 0.9. This should be an adequate
justification for using the Kocbach factor C~ in-
stead of the Brandt factor C~. However, if for
some reason the relativistic effect is overesti-
mated by Eqs. (9)-(ll), the Brandt Coulomb-de-
flection factor may still be correct. (It is un-
likely that the binding factor for protons is inac-
curate by more than 5'.) Thus, to verify the
Coulomb-deflectionand relativistic correction fac-
tors, the deflection factor should be verified first.
This can be done by examining ratios of proton
cross sections to alpha cross sections. Once the

Z2

FIG. 2. The ratio of the experimental K-vacancy pro-
duction cross section for 1-MeV protons to the PWBA
prediction (points) compared with various correction
factors defined in Rqs. (4)-(5) and (7)—(16).
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Coulomb-deflection (and binding) factors are de-
termined, we can examine the relativistic correc-
tion factor.

B. Atomic Coulomb-deAection factors

Since the PWBA cross section and the binding
and relativistic correction factors are indepen--
dent of the mass of the projectile, the ratio of the
proton- to deuteron-induced E-vacancy production
cross sections for the same ion velocity and tar-
get should be

cp(v„Z,) C(vdq, e)
ov(v„Z,) C(-,'vdq, i) (17)

where C is either CE or C~, and here the distance
of closest approach d is evaluated for protons.

Equation (17) provides an excellent way of test-
ing the atomic Coulomb-deflection correction fac-
tor. However, we found it difficult to make K-
vacancy production cross-section measurements
using a deuteron beam, because the beam is ac-
companied by a large flux of neutrons which de-
stroy our solid-state x-ray detectors. Instead we
used alpha particles which have the same charge-
to-mass ratio as deuterons. Under the same con-
ditions,

4crp C(vdqocp) BpRp (18)
g C(-,'vdq e ) B R

where B and 8 are the binding and relativistic
correction factors for protons (subscript P) and
alpha particles (subscript n). , We can still obtain
the ratio of the Coulomb-deflection factors by
multiplyirig &rp/o by the relativistic and binding
factors:

Vp C(7ldqo&p) 4' BNR~
o. D„C(—,'vdqoe ) g BpRp

l

Unfortunately, this method for obtaining the ratio
is not model independent since we must assume an
equation for the binding and relativistic factors.
(Ultiinately, we wish to derive the relativistic cor-
rection from the data once the Coulomb-deflection

correction is understood. ) The corrections to
4op/o are not drastic, however. The value o'f

R, /Rp is of the order of 1.01 —1.05, and results
from the minor modifications to Q and Z~ in Eqs.
(14)—(15). Note that typical experimental uncer-
tainties are of the order of 25%. We used the bind-
ing correction from Eqs. (4) and (16). The net
correction to the ratio 4ap/c varies from 0.73 to
0.89 as Table II shows. Hence, we have confi-
dence that vp/o .~,. cannot be systematically incor-
rect by more than 3%-5', even if reasonably dif-
ferent expressions for the binding and relativistic
correction factors are eventually discovered.

The second problem with using 4ap/o ratios is
that the value of e is different for protons and
alpha particles [see Eq. (13)]. It is desirable to
plot op/o D„vsndq, ep for many elements and many
ion velocities. Unfortunately, different theoretical
curves would be obtained for different values of Z,
and v„sinceq„and,q~ depend on g, and Z, as
Table II shows. As a compromise, in Fig. 3we
plotted op/o«v. , vs vdq, e„where e, is the arith-
metic average of e~ and E . Since e~ and ~ differ
by only 2'-4%, this is a minor uncertainty.

Figure 3 shows that the Kocbach Coulomb-de-
flection factor [Eq. (8)] is indeed preferable to
the Iirandt deflection factor [Eg. (7)]. The'ex-
perimental uncertainties shown on this curve
arise from three sources: uncertainty in the
charge integration, in the detector deadtimes,
and, most importantly, in the determination of dI'„/

The placement of the detector in relationship to
the beam spot was calibrated very carefully after
the proton and alpha experiments; hence the rela-
tive geometry coefficient is accurate to 4'. The
uncertainty due to the y-ray internal conversion
contribution to the observed K-vacancy yield is
not included in the error bars shown in Fig. 13. Al-
though there is a considerable spread in the data, it is
pleasing to see that the points are grouped slightly
more tightly than the error bars. We conclude that the
Kochbach factor accurately predicts the Coulomb-

.. deflection correction factor. Therefore this correc-

TABLE II. Correction factors to 4'&/sr~ in Eq. |'19).

Z2 (MeV/arnu)

Pr

0.75
3
0.75
3
0.75
3

0.710
0.842
0.764
0.813
0.810
0.831

0.508
0.711
0.586
0.662
0.657
0.691

1;495
1.155
3.800
2.025

83.79
17.43

1.525
1.173
3.940
2.099

89.15
. 18.58

0.7304
0.859
0.795
0.844
0.862
0.886

1.039 .

1.019
1,030
1.023
1.023
1.02

1.079
1.040
1.062
1.047
1.048
1.042

I'=R 8 /Spy.
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FIQ. 3. Ratio of the proton-induced K-vacancy cross
section to the effective "deuteron"-induced cross sec-
tion measured at the same ion velocity vs ~dqop~ (de-
fined in text). The ratio is calculated from g&/0 ratios
using Eq. (19). Dashed line: C~ [Eq. (7)]; solid line:
C~ [Eq. (8)]. Aluminium points were measured using
deuteron and proton beams by Brandt et al. , as quoted
in Bef. 35.

tion factor will be used throughout the remainder of
this paper.

C. Atomic re1ativistic correction factors

With the Coulomb-deflection factor semiempiric-
ally determined, arid thebindingeffectsmall, the
relativistic correction factor can be isolated by di-
viding experimental cross sections by the binding
and Coulomb-deflection-corrected PWBA cross
sections. We define an experimental relativistic
correction factor by

+ex( +ex(~+('w((&Bcz &
(20)

where B is given by Eqs. (4) and (16).
In Fig. 4, R, values for proton and alpha-

particle excitation are plotted versus Q as de-
fined in Eq. (14). To simplify this figure, we have
not attempted to distinguish between experimental
correction factors for adjacent Z, values. The
data agrees well with the relativistic correction
factor based on Eqs. (9)-(11). Although the ex-

FIG. 4. The relativistic correction factor determined
by Eq. (20) vs Q = UUAaE/Fiv i. Closed points: proton
measurements; open points». alpha measurements.
Theoretical correction factors, calculated using Eqs.
(9)-(ll) and (14)-(16), are shown by the solid lines.

perimental points are slightly higher than theory
for Q &4 and lower for @&4, the experimental
uncertainty of +25/o is larger than the average
deviation of these points from theory. Hence we
can conclude that within the expected experimental
uncertainties, Fig. 4 confirms the validity of Eqs.
(9)-(11)for the "atomic" relativistic correction
factor (Z, = 1, 2).

D. 1so excitation

In Secs. IVA-IV C the validity of the atomic rel-
ativistic and Coulomb-deflection correction fac-
tors was confirmed. Thus Eqs. (1)-(5) and (8)-
(15) a,re guaranteed to accurately predict K-va-
cancy production cross sections in the limit where
Z,- 0. To predict&-vacancy cross sections for
Z, & 0, where we have no accurate perturbed-
stationary-states calculations as a guide, the
binding correction factor and the 1s~-MO mod-
ifications to R and C must be empirically de-
termined. In this section we derive values of
n(gr) specifying B [Eq. (4)], k specifying e [Eq.
(18)], and P specifying Z~ [Eq. (15)].
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(o) k= i

I 000—

500

I I

(b) k=0.25
be fitted following approximately the same pro-
cedure as in pape'r III:

(i) Least-squares fit measured H-, He-, Li-,
C-, N-, and 0-induced K-vacancy production
cross sections 0,„,in elements with Z, & 50 to

R
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FIG. 5. Helativistic correction factors B,» for Ta, Bi,
and U plotted against Q. The R,» values were ca1cu-
lated using Eqs. (20), (4), (5), (8), (12), and (13) with

(a) k =1 and {b) k =0.25. Open points: Cl measurements;
Closed points: F measurements. Theoretic al curves
were calculated using Eqs. (9)-(11), (14), and (15) with
P=0.01 for g~=9 (dash-dot) and @&=17 (solid).

The value of k was adjusted so that the experi-
mental relativistic correction factors agree with
Eqs. (9)-(11), (14), and (15). In Fig. 5, R,„,val-
ues [calculated from Eq. (20)] for F- and Cl-in-
duced Ta, Bi, and U K-vacancy production cross
sections are plotted against Q = Q„„[Eq.(14)].
The n values from paper III [Eq. (16) ] were used
to calculate B [Eq. (4)]. In Fig. 5(a) R,„,was
calculated using k = 1 to determine the binding cor-
rection parameter z [Eq. (13)] used to calculate
the Coulomb-deflection correction factor C. In
Fig. 5(b), &=0.25 was used. The curves in Fig.
5 were obtained for F- and Cl-induced Ta, Bi,
and U K-vacancy production using Eqs. (9)-(11),
(14), and (15) for the relativistic factor and P
=0.01. We adjusted the value of k so that the R,„,
values are parallel to the theoretical curves.
When k= 1 was used, the high-Q R,„,values in-
creased too steeply with Q, but with the optimum value
of k = 0.25, the R,„,values are parallel to the theo-
retical curves. No attempt was made. to make the
R,„,values agree with the theoretical curves in
Fig. 5, or with R values calculated with any given
value of P. The k value was adjusted only to give

. the same slope to R,„,as R.
With the value of k fixed, the P and n values can

log '"' ",.
" ' = -n IogU„A +constant, (21)

1

keeping Z, and v, constant. Then least-squares
fit the n values for different values of Z, and v,
to a cubic polynomial in f» Eq.uation (21) can be
derived from Eq. (3) assuming that the Coulomb-
deflection and relativistic correction factors are
nearly unity or that the product of the two factors
is independent of Z,

(ii) Calculate "experimental" relativistic cor-
rection factors for H-, He-, 0-, F-, Cl-, Kr -,
and Xe-induced K-vacancy production in the heavy
elements using Eq. (20). The binding and Cou-
lomb-deflection factors are calculated using Eq.
(4) and the n values fitted in step i (or step iii).
By comparing R,„,values with Eqs. (9)-(11), (14),
and (15), a P value for each value of Z„Z„and
v, can be obtained. Average the P values.

(iii) Since the relativistic and Coulomb-deflec-
tion factors for the low-Z, data are not negligible,
refit the low-Z, cross sections to

log '," " ' = -n logU„„+constant, 22

where R is calculated using Eqs. (9)-(11), (14),
and (15) and the averaged P value from step ii,
and C is calculated using Eqs. (8), (12), and (18)
and the previous n values. Fit the new' n values
to a polynomial in g».

(iv) Return to step ii, and repeat steps ii and
iii until the low-Z, data is self-consistent with
the high-Z, data. Only three iterations were re-
quired to obtain n and P values consistent to with-
in +1/o.

While making the new iterations, the depen-
dence of P on Z, was further investigated. In
step ii, a P value is obtained for every value of
R,

„„

i.e. , every combination of Z„Z„andv,
for which a measured cross section is available.
After the first iteration, instead of averaging the

, P values altogether, we averaged the P values for
different projectiles (Z, ) separately. In Fig. 6,
the final averaged P values for H-, He-, 0-, F-,
Cl-, Kr(Br)-, and Xe-induced K-vacancy pro-
duction are plotted against Z, . The error bars
represent the standard deviation in the simple
average. The H and He P values have a larger un-
certainty than the Kr and Xe values because the
Kr and Xe cross sections depend more sensitively
on the value of P than H and He cross sections.
Generally the scatter in the P value results from
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For simplicity we assume that P should be a
linear function of Z, . The solid line in Fig. 6 is
given. by

0.02-"- P = 0.013 —0.000 092 6Z, . (23)

0.015--

0,0 t0--

0.005--

The 0 and F P values are approximately 25/o high-
er than the predictions of Eq. (23) suggesting that
the experimental cross sections might be system-
atically high by 20%—30%. (The Cl cross sections
might be 40%—50% low also. )

We investigated one other point. Using only Pb
K-vacancy production cross sections in paper III,
it was impossible to determine whether Z~ should
be written as

Z»= Z2(l+ pZ, )

or

0.. I I I I I

0 )0 20 30 40 50 60
~a= &2+ &~i (24)

Zi

FIG. 6. Average final p value plotted against Zf Er-
ror bars represent standard deviation in the average.

approximately a +25/o scatter in the experimental
cross sections, independent of Z, (except for Kr
for which there is a 30/o-40% scatter in the ex-
perimental cross sections). We attach little sig-
nificance to the H and He values.

9,

where & is an adjustable function given by an equa-
tion similar to Eq. (23) and fitted in the same way
as P. With R,„,values for many values of Z„we
fitted our semiempirical formulas using both
equations. We found no statistical evidence-to
conclude that Eqs. (1)—(5) and (8) —(15) predict the
cross sections better than Eqs. (1)-(5), (8)-(14),
and (24).

Figure 7 shows the final n values after iterating
with Eqs. (1)-(5) and (8)-(15). The function shown
by the solid line is given by

n(g») = 9.07 —3.66$» —11.52$»+ 5.25)~». (25)

5—

The dashed line in Fig. 7 gives the n values obtained in
paper III [Eq. (16)]. The introduction of new Coulomb-
deflection and relativistic correction factors in this
paper clearly affects the+ valus, and hence, the
binding correction factor, very little. This provides:
further justification for using the paper-III n values in
comparing the atomic relativistic and Coulomb cor-
rection factors with theory [Figs. 3 and 4, Eqs. (18)
and (20)]. Not only are the binding modifications
small for proton and alpha-particle excitation,
but the n values assumed in Secs. IVA-IVC are
consistent with' the final choice of the r'elativistic
and Coulomb-deflection correction factors.

0 A CU

-I
0

I

0.2
I I

OA 0,6

K

I

0.8

FIG. 7. Final n values plotted against (I. Solid line
gives least-squares polynomial fit to the data [Eq. (25)].
Dashed line shows final e values obtained in paper III
[Eq. (16)].

E. Predicted cross sections

To summarize, 1so-vacancy. production cross
sections can be predicted from the PWBA and
Eq. (3) using Eqs. (4), (5), and (25) for the binding
correction factor B, Eqs. (8) and (13) with @=0.25
for the Coulomb factor C, and Eqs. (9)—(11), (14),
(15), and (23) for the relativistic correction fac-
tor A. Figures 8-13 compare a large collection
of measured E-vacancy production-cross sections
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FIG. 8. Experimental proton-induced E-vacancy pro-

duction cross sections in b and mb taken from Refs.
19, 22—35, and Table I (points) vs target. atomic
number. The lines give predictions of the semiempiri-
cal theory. (Cross sections predicted by the dashed
part of the line have (&&1, where the binding correc-
tion factor is uncertain. ) Numbers represent projec-
tile bombarding energy in MeV/amu. Different symbols
are used for different bombarding energies.

with these predictions. The proton and alpha-
particle data is from our work and from Refs. 19
and 22-35. Because of the large number of mea-
surements, in Figs. 8 and 9 we have not distin-
guished measurements taken by different groups;
the symbols distinguish different projectile en-

Z2

FIG. 10. K-vacancy production cross sections in-
duced by 0.75- to 3.5-MeV/amu 0 iona plotted against
target atomic number. (See 5'ig. 8.) Open circles from
Ref. 37, open squares from Ref. 36.

ergies. Where overlapping measurements are
available, a simple average is shown. Fewer
measurements of 0-, F-, and Cl-induced cross
sections for 39 & Z, & 92 have been made; how'ever,
we show a few thin-target cross sections from
Befs. 30 and 36-38.

The agreement between experiment and our
semiempirical theory is very good. There are
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FIG. 9. Experimental alpha-particle-induced K-va-
cancy production cross sections. (See Fig. 8,)

FIG. 11. K-vacancy production by 0.75- to 2-MeV/
amu F ions. (See Fig. 8.) Open circles from Ref. 30.



ELECTRONIC RELATIVISTIC A WD COULOMB DEFLECTION. . . 995 .

V)
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Y
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I 0 l.25
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0.67

O. l—

0.01—

high-Z elements for high bombarding energies.
This is mostly our data. Further measurements
of K-vacancy production in the heavy elements at
higher bombarding energies should perhaps be
made.

The 0.67 —1.5 MeV/amu Cl+ Y,~ NO, and Ag K-
vacancy production sections are as much as 50Vo

higher than theory. We noted in Sec. II that charge
exchange effects" may be important in these col-
lisions. When charge exchange effects are pres-
ent, the use of the Merzbhcher-I ewis formula to
extract cross sections from thick-target yields is
not valid. We thus conclude from the observed
deviations in Fig. 12, and from estimated charge
exchange influences, "that the experimental Cl
+ Y, . . . , Ag cross sections listed in Table I do

0.00 I

40 50 60 70 80 90

I000

IOO=
625-MeV Xe
(x IO)

Z2

FIG. 12. Ij,-vacancy production by 0.66- to 2-Me7/
amu Cl ions. (See Fig. 8.) Open circles from Ref. 38.

lf

some obvious discrepancies, many of which can
be attributed to the data itself. For instance we
see that the 2-MeV H'+ Te, lpoints disagree with
the trend seen in the. other measurements (and
theory). Other examples can be observed Also.,
the experimental alpha-particle cross sections
seem to be consistently lower than theory in the

not represent single-collision cross sections.
Plotted over seven decades the agreement be-

tween experiment (exp) and the semiempirical
theory (se) may look better than it actually is. A
better measure of the agreement is ratio o,

„

/cr„.
Table III summarizes the average ratio o„,o„
for a large number of H-, He-, 0-, F-, Cl-,
Kr(Br)-, and Xe-induced cross sections observed
at fixed bombarding energies: 0.5, 0.67, 0.75, I,
1.25, 1.5, 2, 2.5, 3, and 3.5 MeV/amu. Where
different groups obtained diHerent values for the
same cross section, we took a simple average of
the results. In many cases, to obtain cross sec-
tions at a given bombarding energy, an interpola-
tion between closely spaced energies could be
made. A few ratios greater than 1.5 or less than
0.5 were rejected. Table III shows that on the
average experiment and the semiempirical theory
agree within 15%. (The Kr-induced cross sections
shown in Fig. 13 have a larger experimental un-
certainty because measurements were made at a
single bombarding energy only; hence the dF„dE,

CA

0
CQ

b

lo=
470-MeV Xe
(x IO)

526-MeV Xe
(x IO)

200-MeV K~

values needed to convert yields to cross sections
were just estimated. ) It should be emphasized
that experimental uncertainties are of the order

TABLE III. Average ratios of measured cross sections
to the semiempirical predictions. (N is the number of
measured cross sections. )

0 ~/68e

.O. I =.
II.O-MeV Br

OOI . I I I I I

50 60 70 80 90 . I 00
Z2

H

He
0
F
Cl
Kr(Br)
Xe

290
170
94
63
61

7
11

0.88 + 0.13
0.97 + 0.14
1.11+ 0.15
1.12 + 0.11
1.01+ 0.18
1.07 + 0.49
0.90 + 0.21

FIG. 13. E-vacancy production by Kr and Xe ions.
(See Fig;:8.) Open circles from Ref. 38.

Error represents standard deviation in the simple
average.
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are needed before the semiempirical formula can
be further improved.

Finally we also show the averaged ratio o,„,/o„
for proton and alpha-particle excitation as a func-
tion of gr in Fig. 14. From this study and similar
studies for 0, F, and Cl excitation we conclude
that there is no definite gr-dependent deviation be-
tween experiment and the semiempirical theory.

V. CONCLUSIONS

ALPHAS

I.2—

I.O

0.8—

I I I I I I I I I

0 0.2 0.4 0.6 0.8 1.0

FIG. 14. The average ratio of the observed A-vacancy
cross section to the semiempirical cross section vs (z.
Bars indicate standard deviation of the average.

This work has verified the Kocbach Coulomb-
deflection factor and the relativistic correction
factor calculated by Anholt. A new semiempirical
formula for calculating 1so -vacancy production
cross sections has been derived. Agreement be-
tween experiment and the semiempirical formula
is within experimental error for collisions with
projectiles with Z, & 54, reduced velocities t,/v»
6 0.5 (or (r& 1), and target atoms with Z, & 20
(or Z, + Z, ~ 25). Within these restrictions we con-
clude that the 1so-vacancy production cross sec-
tions are well understood.
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