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We present an orthonormal set of single-particle orbital functions explicitly satisfying the Hartree-Fock )
(HF) equations for occupied states, and which give low-density few-particle clustering effects in a many-
fermion system. The initial study given here is in one and three dimensions for attractive & pair interactions.
In one dimension the numerical results compare favorably with the exact (lowest) HF state at zero density.
The results turn out to be superior to the classic Overhauser HF orbitals, as well as to some more recent

ones.

I. INTRODUCTION

In a previous set of two papers [hereafter re-
ferred to as I (Ref. 1) and II (Ref. 2)] we pre-
sented detailed discussions of several sets of non-
plane-wave (i.e., nontrivial) solutions, for occu-
pied states, to the (matrix) Hartree-Fock (HF)
equations of a many-fermion system, interacting
via repulsive or attractive ‘5 pair interactions.
One of the main emphases in both papers was the
appearance of bifurcation points, in the energy
versus coupling constant plane, beyond which the
nontrivial state was stabler than the plane-wave
(PW) one, as well as on the nature of the transi-
tion (first or second order). II dealt with a gen-
eralization of the orbitals in I, in the sense that
‘an arbitrary number of harmonics could be in-
corporated in each orbital—and hence into the
local density —without, however, introducing
arbitrarily many variational parameters. The
(determinantal) HF states thus constructed gave
considerably lower energy than the PW states,
particularly for small coupling and/or low den-
sity, but without ever reaching zero coupling
and/or density as, e.g., in the Cooper pair prob-
lem.®

In the present paper we report a new set of or-
bitals which, in addition to being orthonormal,
and explicitly satisfying the (matrix) HF equa-
tions for occupied states, allow for analytical HF
energy expressions (in terms of modified Bessel
functions in the variational order parameter).
These new orbitals give lower energy than all pre-
vious ones known from the literature, for an at-
tractive 6 pair intefaction, starting at zevo cou-
pling and/or density. Section II contains a study
of the one-dimensional problem, where exact re-
sults are known both for the HF (Ref. 4) as well as
the Schriodinger® equations, for zero density. Sec-
tion III deals with the three-dimensional case which
is qualitatively very different. Throughout, we
compare with the classical Overhauser results®
and, for the three-dimensional case, with the re-
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sults from the generalized Overhauser orbitals
introduced in paper II.

Although a one-dimensional many-fermion sys-
tem with attractive 0 interactions is stable,’
the three-dimensional one is zo?, i.e., it collapses
to an infinite density, negatively infinite energy
per particle state, as has been known for a long
time, just from the Rayleigh-Ritz variational prin-
ciple (which makes the PW results a rigorous up-
per bound). The PW result collapses at high den-
sity; our orbitals give collapse at all densities.
They further yield interesting results in noncol-
lapsing problems, as seen in the one-dimensional
case where 95% of the exact (lowest) HF energy is
reproduced at zero density.

The main purpose of this paper, however, is not
to report on the study of any particular real physi-
cal system, but to.initiate such studies by examin-
ing first, as thoroughly as possible, the (admitted-
ly academic) attractive §-function fermion gas.
This was done by comparing a rather wide variety
of Hartree-Fock states for that N-body system.
An eventual objective of our work is not only in (i)
finding out how 7easonable the Hartree-Fock ap-
proximation is in describing a given phenomenon
quantitatively, but also (and this is perhaps much
more important) in (ii) deciding, on the basis of
whether the HF scheme provides a reasonable
qualitative description, if the best HF state can
serve as an (unperturbed) vacuum state for a mean-
ingful diagrammatic perturbation theory of corre-

lation effects.

The motivation for the pfesent study, of course,
is in eventual applications to finite-range interac-
tions for the study of several physical problems,
e.g.; (i) a-clustering effects in nuclear matter,’
(ii) neutron matter crystallization,® (iii) ground-
state fluid-to-crystal transitions in He and ‘He
systems,® (iv) the electron (Wigner) lattice and its
magnetic properties.'® Unfortunately, most of
these goals are as yet somewhat remote since one
must yet solve several technical problems involved
in evaluating the pertinent matrix elements.
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II. ONE-DIMENSIONAL ATTRACTIVE § FERMION GAS

We consider a system of N> 1 fermions (spin 2)
in one dimension, placed inside a “box” of length
L, and apply periodic boundary conditions. We
shall examine the problem successively with plane
wave, Overhauser, so-called “exponential,” and
finally, a mixture, Overhauser-exponential single-
particle, orthonormal orbitals, all of which satisfy
the (matrix) HF equations for orbitals occupied in
the determinant

‘I’o:(N!)-l/zdet[(ﬂkioi(xj,0'3,‘)]- (1)

Except for the PW case, long-range order, i.e.,
perfect periodicity, appears, in the single=particle
local density

p)= D0 1n0, (6,042 @)

kj0 4(oce

which, for the PW case just gives
p()=po=N/L=2ko/m, ‘ (3)

where 2k, is the length of the Fermi sea.

A. Plane-wave and Overhauser orbitals

Overhauser® introduced the ortnonormal orbitals

Op, o 00,05) =L~ 2w, + v, e7%) * x (03) ,
uZ+vi=1, —ky<k<k,, _ (4)
lql =2k,, sgnk=sgnq

which give, by Eq. (2),
p(x) =po(1 +A cosgx), (5a)
A= %k 0cc)u,ev,e, (0sA<1). (5b)

The HF kinetic energy [expectation value with Eq.
(1)] then becomes

? ®)
€,= 7%2/2m .

For the interaction of present interest

N
v=2 v

e (7
v;; ==0,0(x; =x;), >0
the HF potential energy is
(o) %o

ot
— o dx =—
N 4 Jip

VoPo

2 (1+3a%). @)

The HF energy
E/N=(T) +{V))/N , ©)

from Eqs. (6) and (8) is clearly minimum in g, sub-

ject to the restrictions in Eq. (4), for |q|=2k,. The
only remaining variation is that in v,, namely,

3(E/N) _

9,

0, ’ (10)

which leads to a quadratic equation in v?, with
solution

2_i (1_|k|/ko)
U772 (1— [(1—|k|/ko)2+7’2A2]1/2>’

y=muv, /217 k,, (12)

(11)

and a similar expression for 2, but with the first
negative sign replaced by a plus. Using Eq. (5b),
converting the sum

L [*o
2m kg

to
dk

(valid for large L), and doing a simple integral,
leads to

A =(y sinhl/y)™*, (13)

which is the “order parameter,” tending to zero
for y—0, and to unity for y -». After another sim-
ple integral, and some manipulations, the energy
gain per particle becomes the nonpositive (for all
v) quantity

(E _EPW)/N =€k0[1 - COth(l/V)} <0 3 (14)

with equality only for y =0, and where Epy is ob-
tained from the above equations by simply putting
v, =0. Note the striking similarity of Eqs. (5b),
(11), and (13) to the corresponding ones in the
BCS problem.® However, the interaction here is
of a much more general character than the Cooper
pairing force, which only scatters particles into
very special states.

B. Exponential orbitals

We now introduce the following HF orthonormal
orbitals

({’ko(x’o's) =[LIO(20£)]-1/2 eikxea cosgx Xo (0.3) ;

(15) -
—ky<sks<k,, q=>2k,, a=0,
L(»)=_ [s1(s +m)t] ™t (5 )7+
=0
=(=)"I,(-y)
~ () (L)
y—=>0
~ [2my]~t27 © (16)

y >



where the latter are the modified Bessel func-
tions.'* The single-particle local density is

p(x) =p01‘-1-1(2a)ezotcosqx (17)

and tends, as @ ~«, to a “classical static lattice,”
i.e., to a lattice of Dirac § functions each centered
on each lattice point. The HF energy per particle,
for Eq. (7), is then, as again the minimum in ¢ is

for g=2k,, just

E

I,(2a) >_ vopo Io(4a) (18)

=1
“3%(1 a7 o0 )T T4 Ea)

C. Mixed exponential-Overhauser orbitals

It is of some interest to consider the “mixed”
HF orthornormal orbitals

Opg (6303) =[LI(20)]~1/2 gikr g 0s2ax
x (uk +v, e~it%) ;
uZ+vi=1, sgnk=sgng, |q| =2k, a=0 (19)
which lead to a local density 'given by
Cp) =pg I3 H(2a) e3* ©*2%% (1 +A cosgyx) , (20)

with A given by Eq. (5b). Note that the periods of
the two original orbitals differ by a factor of 2.
This is needed in order to obtain analytical expres-
sions, at the cost of considerably increasing the
kinetic energy. Using the recurrence relation®

ar(y)
ay

and recognizing that, again, the HF energy is
minimum in ¢ at |¢| =2k, one has

E , L2a) 12 < k> ]
= =1 1 — == - )2
N 35,,0‘: +24 ¢ 1,a) + N Z 1 A

=Iy(y) - —yl-ll(y) (@)

& (occ) 0
Vopo [ Io(4a) | 2
- 4 \<I_‘2)(2-(W +;F(4a)A ) , (22)
FO)=20L0) G (5) 2. e

For fixed o (to be varied later, numerically) the’
variation in v,, Eq. (10), leads to [compare Eq.
(13)]
A ={yF(4a) sinh[2/yF (4a)]} 1. (24)
After another integral, the HF energy becomes
( I 1(20[) 10(4(1)

E_, :
L .0 h -
N o\ T a0y 8 )

+3[1-com<ﬁ+4a)>}}. (25)

D. Exact results

Lieb and one of us (M. de Ll.) have recently es-
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FIG. 1. Energies vs inverse coupling =~2y ~1=p #?/
mv, in units of the exact ground-state energy Eq. (27)
at zero density Po» for the various states discussed in
this paper for the one-dimensional two-component
’ (spin—%)}N -fermion system with attractive pair & inter-
actions of strength v;. Lowest curve (long dashes), a
lower bound, Eq. (28), to the lowest HF energy for all
densities. Full curve, plane-wave result; short dashed
curve, the classic Overhauser result implied by Eq.
(14)." A and B are bifurcation points, respectively, for
the “exponential orbitals” HF energy, and for the
“mixed exponential-Overhauser” orbitals HF energy,
obtained by minimizing in Eqs. (18) and (25), res-
pectively for each value of the coupling.

tablished* that the lowest HF state for the problem
with N even (not necessarily infinite) in an infinite
volume, i.e., at zero density, consists of a gas of
(soliton) “dimers” of spin-up and spin-down parti-
cles, and that the energy per particle is

EHF/N=—mb§/24h’2 (po=0). (26)

This is just the charvacter of the exact solution to
the Schrédinger equation as found by Yang,® who
obtained an energy per particle, also in an infinite
volume, of

Eez(act/N=_m,U(2)/8h'2 (p0=0). (27)

Note that EYF/E exact =L, subtracting off the spurious
center-of-mass effect from the total Hamiltonian,
however, improves this to %,
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E. Lower bound to HF for all p

Also in Ref. 4 a simple, but rigorous, lower
bound to the lowest HF energy for all densities is
deduced. It is

E"(p,) - m*1’pg _ 9P, <p07i2 - 1>

N T 24m 12 my, o«
mv3 [ poli® 1)
e <muo ST (28)
F. Results

In Fig. 1 are shown the HF energies for the dif-
ferent orbitals, in units of the exact energy, Eq.
(27), as functions of inverse coupling. The HF
energies corresponding to the “exponential” and
the “exponential-Overhauser” orbitals, Egs. (18)
and (25), were minimized in @ >0 numerically.
Both energies bifurcate from points A and B, re-
spectively, in Fig: 1, and approach, as density
decreases and/or coupling increases (y—0), the
value 0.317, i.e., 95% of the lowest HF energy.
Furthermore, a log-log plot of @ vs 772y~ '=p %%/
mv,<0.1, shows p,7i%/mv,~|const|a %%, Thus,
as p,/v,~0, o must diverge and, because from
Eq. (17),

p(0) =p,e**I5(2a) — poV21a
a>>1

—~|const | %%,

one tends to the “classical static lattice” alluded
to before.

III. THREE-DIMENSIONAL ATTRACTIVE § FERMION GAS

We now consider a three-dimensional four-
species N-fermion system (in order to compare
with previous results® dealing with nuclear matter)
with attractive § pair interactions. Each HF or-
bital is now a product of x, y, and z orbitals of
Eqs. (4) and (15) of Sec. II [except that previous

X, (05) is now y*'3(0,), for obvious reasons].

A. Plane-wave and Overhauser orbitals
The single-particle density is now

p(x) =po(1+A cosgx)(1 +A cosgy)

X (1 +A cosgz), (29)

where the plane-wave local density is
po=4(k, /m)3, (30)
and the “order parameter”
1/3
A;\2<—4—> S ‘upv, (0<a<1). (31)
N k (oce)

Defining dimensionless energies and ‘coupling con-

stant by
€= 2mE/NI?kE, ' (32)
= 3mugk, /lP0d, (33)

the energy difference between the Overhauser and
the PW HF states is then

g \2/ 4\ 2%
Ae=e—-¢€ =3<—> (*-) (1——-> ;
w kg N k(zoc:c) q k
1 3
—7\[(1 +—2—A2> -1], (34)

which is minimum in |¢| > 2k, at |q| =2%,. The
variation Eq. (10) leads to

2__1_ 1 (1—'|k‘/ko) >
=3 (A =Tkl /)2 + EXPA(L + 5 A7) T ]2
(35)
and, for u?, a similar expression but with the first
minus sign replaced by a plus. Substituting into

Eq. (31), converting the sum to an integral as be-
fore, one finally gets the implicit equation

A={Ix(1+5A%)2
x sinh[(A0)71(1+4a2)72]}1 (36)

which again vanishes as A—0 and tends to unity as
A+, After another integral, the energy differ-
ence Eq. (34) becomes

Ae=3{1-coth[(z\)7* (1+54%)7%]
+IN(1+5A2)2A% - n[(1 +5A2)% 1]

~ — 6~/
A0
~ -2 (37)

A>>1

and is, in fact, nonpositive for all A>0. [Note: for
repulsive § interactions, the antiferromagnetic des
Cloiseaux'® state, i.e., Overhauser orbitals with
the v, coefficients multiplied by a factor s, = +1
(spin up) and = -1 (spin down), leads directly to
Eqs. (36) and (37), but with the signs of A2
changed and the -\ in the potential energy differ-
ence replaced by +X.]

B. Exponential orbitals

The generalization to three dimensions here is
almost trivial, and leads to the energy difference,
with respect to the plane-wave value,

Ae=¢€ (a?)=-€(0)
11(20) 13(40!)
=6a 1,a) —A<Ig(2a) -1). (38)

A numerical minimization in o of this expression
was attempted and we found that no finite, minim-
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izing o exists, i.e. Ae—~=—x for @ ~«, suggesting
an “infimum” in @. In fact, from Eqgs. (16) and
(38),

A€ ~ 6a -1[(21a)¥2-1], (39)

o>>1

so that Ae<0 if

A>[6/(2m)32 ] (1Na ) ~ 0. : (40)

a>>1

Furthermore, also for o =,

3€@?®) | 5y 9mysa L _o-
PR B R G i

41)
9%(@®) s 3/2  -5/2_ O+ (
2(@?)? ~ 26\ (2m)* 2 -0*,

as occurs, say, for f(a)=e¢~* (whose infimum is
zero). In other words, the HF energy for the ex-
ponential orbitals is arbitrarily large and negative
Jor all positive values of the coupling constant as
defined by Eq. (33). The significance of this fact
will be appreciated, of course, when employing
pair interactions which do ot lead to collapse as
the three-dimensional attractive 5 used here.

C. Results

In Fig. 2 we compare the energy difference Ae

. with respect to PW versus coupling A, for several
non-PW HF orbitals. The collapse for all » for the
exponential orbitals is indicated by the vertical
(dot-dash) line coinciding with the negative ordin-
ate axis. The (full) curves marked DW-z (r=1,2,

FIG. 2. Energy difference A e with respect to the
plane-wave HF state vs couplingA as defined by Eq. (33), of
the various HF states discussed herein for the three-dimen-
sional four-component (spin-%, isospin-3) N -fermion sys-
tem with attractive pair 6 interactions. Fulllines refer to
states dealt with in paper II, which, however, all have
a finite, nonzero, value of A at their bifurcation points
(open circles). Dashed line, the Overhauser HF
energy, Egs. (36) and (37), with its bifurcation point at
A=0. The dot-dashed line, coinciding with the negative
ordinate axis, is the result obtained for the “exponen-
tial orbitals.” -

v

3,10, 50) refer to orbitals, discussed in Ref. 2,
where the function modulating the PW is

(1 +ae™ )", where a =const independent of k.
Those marked DSW-# refer to a factor '

(1 +@ cosgx)” instead. - On extrapolating? to n—o,
however, the bifurcation points (open circles on
the abscissa) tend to accumulate at a finite non-
zero value of A [which turned out to be —1.26 for
the first (DW-») and ~0.08 for the second (DSW-n),
fa.mily]. The Overhauser energy difference (dashed
curve), like the exponential orbitals HF state,

also has its bifurcation point at A =0, and was ob-
tained by numerically eliminating A between Egs.
(36) and (37). Its energy is always lower than for
the DW-1 state, consistent with the fact that the
Overhauser orbitals effectively allow o to depend
on k. Its energy gain over plane wave, however, is
quite modest compared with other states, except
for weak coupling and/or density, where the energy
gain is exponentially small anyway —exception made
of the “exponential orbitals.”

IV. DISCUSSION

We have introduced a set of orthonormal Hartree-
Fock orbitals, called “exponential orbitals,” which
when analyzed in both one- and three dimen-
sional N-fermion system with attractive § pair in-
teractions, have considerably lower energy than
previous non-PW HF orbitals, including the classic
Overhausér ones. In one dimension, for which ex-
act Schrddinger results, as well as exact (lowest)
HF results are known, but only for zevo particle
density, the “exponential orbitals,” applicable for
all densities, give 95% of the lowest HF energy at
zero density. In three dimensions, although the
system collapses, the new orbitals collapse “in--
finitely faster” (in coupling and/or density) than
the plane-wave HF state, indicating a tendency to
form condensed dimers, tetramers, etc., accord-
ing to the number of intrinsic degrees of freedom
associated with each fermion.

As immediate possible applications, though, of
course, with more realistic and noncollapsing
finite-range interactions, we mention a possible
“dimerization” of spin-up and spin-down electrons
in the Wigner lattice, as suggested, e.g., in Ref.
13, and the “tetramerization” associated with a-
clustering effects” in nuclear matter. Both these
phenomena occur, if at all, at low densities.
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