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The coplanar symmetric (e,2e) cross section has been studied in the intermediate-energy region for the
valence states of the inert gases He, Ar, and Ne. Experimental measurements at 200, 400, 800, and 1200
eV for He, and at 400, 800, and 1200 eV for Ne and Ar, are compared with calculations based on the
factorized half-off-shell distorted-wave impulse approximation. Calculations are carried out using partial-wave-

expanded optical-model wave functions which describe elastic scattering for the distorted waves, the eikonal

approximation, and the plane-wave approximation. The latter two significantly overestimate the cross
sections at small angles and the valence s-orbital cross section relative to the valence p-orbital one. They
also predict the small-angle peak in the p-orbital cross section to be at an angle significantly smaller than is

observed. Of the two, the eikonal approximation provides the better description of the data. The full

calculation, on the other hand, underestimates the cross sections at small angles and the cross section for the
more tightly bound s-orbital relative to the small-angle p-orbital cross section. It also. underestimates the
ratio of the large- to small-angle peak heights in the p-orbital cross section. All three approximations
improve as the energy is increased. The full calculation shows that the factorized distorted-wave impulse
approximation cannot provide an adequate description of the reaction.

I. INTRODUCTION

M(k~, k~) = n' 'S

&(x„' '(k„)x,' '(k, ) ~

t(P')
~ 4,(&,)x."(k.)), (I)

where the incident and two outgoing momenta are,
respectively, k„k„, and k~ and the energy at
which the Coulomb t matrix t(P') is evaluated is,
in atomic 'units,

—.p'=-. ~k„ (2)

In spite of the success of the (e, 2e) reaction' in
extracting structure information about atoms,
molecules, and their ions, the simple eikonal ap-
proximations used for distorted waves in the anal-
ysis of data have. not enabled us to obtain a suffi-
ciently accurate understanding of the validity of
the factorized distorted-wave off-shell impulse
approximation as a description of the ionization
reaction. In the preceding paper' it was shown
that the use of partial-wave-expanded distorted
waves calculated in an optical-model potential that
describes elastic scattering in detail confirms the
validity of the approximation in the noncoplanar
symmetric kinematic region for light atoms such
as neon, although in heavier atoms, it tends to-
overestimate the effect of absorption for the more
tightly bound orbitals.

The coplanar symmetric reaction is a much
stricter test of the ionization theory for the fol-
lowing reasons. The unfactorized distorted-wave
off-shell impulse approximation' gives an ampli-
tude proportional, in the quasi-three-body approx-
imation to x (x ' '(k„)x~ '(k. ) I C;(~,)x!'(k.))- (4)

The factorization is expected to be better for slow-
ly-varying t than for rapidly varying t, although
a full calculation including the integrations over
the fully off-shell t matrix in the unfactorized ap-
proximation is necessary for a complete investi-
gation of this point.

The investigation of the reaction mechanism
would not be complete if it were to neglect the fact

This energy varies rapidly with 8—the variable in
the present case —but extremely slowly with Q—
the variable in the noncoplanar symmetric case.

The functions X"'(k, r) are distorted waves cal-
culated in optical-model potentials chosen to fit
elastic scattering. The knocked-out electron is
from the orbital g, which is originally occupied
by n electrons. The spectroscopic factor for the
observed final state f is S,'.t'.

In the plane-wave approximation (I) factorizes
exactly into a half-off-shell t matrix element and
the Fourier transform p&(e&, q) of the bound-state
orbital, where

q = k() —k~ —k~ (3)

is the experimentally-measured recoil momentum.
The factorized distorted-wave approximation as-
sumes that the distorted waves are sufficiently
like plane waves for the factorization to be valid,
while the distorted waves are restored in the
transform of the bound state; In this approxima-
tion

~(k„,k, ) =n"'S,"" (k ~t(P2) ~k)
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that there are Coulomb forces iri the three-body
final state. The Coulomb forces are allowed for
by the effective-charge method of Rudge and Sea-
ton,' and Peterkop. This is briefly described in
Sec. II.

One would expect the simple eikonal approxima-
tion to improve as the incident energy is in-
creased. The factorization approximation should
therefore improve for the same reason. The en-
ergy variation of cross sections is investigated
with this question in m-i';

The factorized distorted-wave approximation (4)
is currently also used for the nuclear analog of the
(e, 2e) reaction, (p, 2P), where it has not been suc-
cessful' in providing detailed fits to coplanar sym-
metric angular correlations. The (e, 2e) reaction
provides a useful analog for (p, 2p) since the. pa-
rameters of the calculation are better known and
more-detailed experimental data are available.

This investigation essentially asks the question
whether (4) is a, good approximation to a breakup
reaction where the interactions in the two-body
subsystems are quite well known. In order to pro-
vide -a reasonably complete investigation a number
of inert gases, helium, neon, and argon are taken
as targets and the energy is varied over the range
200 to 1200 eV for helium, and 400 to 1200 eV for
the heavier gases neon and argon.

The problem is formulated in Sec. II. A brief out-
line of the experimental technique is given in Sec.
III and the theoretical and experimental results are
presented and discussed in Sec. IV.

II. FORMULATION OF -THE PROBLEM

The (e, 2e) amplitude was derived in the form (4)
in Ref. 1, where each approximation in the reduc-
tion of the many-body problem was discussed ex-
plicitly. The approximation that could not really.
be justified, except by the overall success of the
theory in fitting data, was that the electron-electron
potential is effectively of short range for the sym-
metric kinematics, which involves close collisions.

It is not necessary to make this approximation
if one properly takes into account the Coulomb
forces in the three-body final state. In the present
work we do this by the method outlined by Budge. '

Effective charges ZA and ZB for the electrons de-
tected at A and I3 are chosen so as to remove the
logarithmic singulari. ty in the phase of the (e, 2e)
amplitude due to the Coulomb forces, which is

A Blim exp i —+—— — — ln2Xp
B lk -k

A B

(6)

The condition determining the effective charges is
therefore

Z Z

Since the actua. l charge of the ion is 1, there is a
residual Coulomb potential which must be neglected
beyond some cutoff radius Ao. For x&A, it is in-
cluded in the distorting potentials for calculating
X"'(k, ).

The differential cross section is proportional to

o= flak„, k, ) f' flak„i, ) f'

—Re[f(k„,k )*f(k,k„)], (8)

gk„, ke) = -(2v) '~' exp[i'(k„, k~) ]M(k„,ks), (9)

h(k„, ke) = 2[(Z„/0„) ln(k~/X) + (Z~/k~) 1n(k~/X) ].
(10)

The formal inclusion of the Coulomb forces in
the three-body final state has been discussed in
more detail by McCarthy, Noble, and Sloan. '

For the present symmetric kinematics we choose

A B

The effective charge Z is dependent on the angle
0 between the outgoing electrons and the incident
direction. The computation must therefore be done
completely for each angle. We have normally set
Z= 1, but for some cases we have performed the
full computation to show the effect of its inclusion.

The optical-model potentials are calculated ac-
cording to the prescription of McCarthy, Noble,
Phillips, and Turnbull' from Hartree-Fock orbi-
tals. ' For the ion, we use the Hartree-Fock orbi-
tals appropriate to an ion with a hole in the orbital
from which ionization occurs. There are two pa-
rameters in each optical-model potential. These
are the static polarizability n and the imaginary
potential strength W. For the neutral atom, they
are chosen to fit elastic scattering and total reac-
tion cross-section data. For the helium ions, the
parameters a and 8' were derived directly from a
combination of experimental and theoretical data.
In the absence of such data for the neon and argon
ions, the neutral-atom parameters at the appro-
priate two-body energies were used for the cor-
responding electron-ion interactions. The bound-
state wave function g& in Eq. (1) is the Hartree-
Fock orbital for the neutral atoms. Computational
details are described in the preceding paper. '

Since the averaged eikonal approximation

X"'(k, r) = exp(-zM) exp[i(1+ P a i&)k ~ r], (12)

p+iy = (V+i %/2&, (13)
where

2P = kA+ kB. (6)
has had considerable success in fitting shapes of
coplanar symmetric angular correlations, "'" it is
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calculated for comparison purposes with the pa-
rameter values V=10 eV, @=5 eV.

III. EXPERIMENTAL DETAILS

The coplanar electron coincidence spectrometer
shown schematically in Fig. 1 has been described
in detail in Ref. 1, and only a brief description will
be given here. It was'mounted on the bottom of a
metal bell-jar vacuum chamber and pumped by a
4-in. oil diffusion pump and an associated liquid-
nitrogen trap through a port in the bottom plate.
Helmholtz coils and p. -metal shielding reduced
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FIG. 1. Coplanar electron coincidence spectrometer
showing side and top elevations. 1 is the cylindrical
stainless-steel electron gun ihount; 2, the grounded
interaction region shield; 3, the gas inlet; 4, the re-
tractable Faraday cup; 5, collimators, quadrupole de-
flectors, and retarding lenses; 6, cylindrical mirror
analyzers; 7, concentric turntables; 8, gears; 9, chan-
nel electron multipliers; 10, rotating feedthroughs from
stepping motor; 11, pumping port.

stray magnetic fields to less than 10 mG within the
experimental region.

Two cylindrical mirror analyzers, mounted on
concentric turntables and preceded by a collima-
ting and retarding lens system, were used to de-
termine the energies and the polar angles of the
emitted electrons. The analyzers were moved in
equal and opposite steps by a stepping motor on
command from a PDP-11 computer. The full width
of the acceptance angle of the collimators was 1.2 .

Target gas of at lea.st 99.9/o purity was leaked into
the interaction region through a multichannel array
placed approximately 1 mm below the horizontal
electron beam. Base pressures in the vacuum
chamber were approximately 10 ' Torr, the ex-
periments being conducted in an ambient pressure
in the range (4-10) &&:10 6 Torr. The viewing angles
of the analyzers must be larger than the effective
size of the interaction region, defined by the inter-
section of the electron and atomic beams. To en-
sure that this was the case, angular distributions
were measured with each analyzer for electrons
elastically scattered from argon at several inci-
dent energies and compared with well-known meas-
urements. " In addition, the angular distributions
of secondary electrons produced in electron im-
pact ionization of helium were compared with the
data of Oda and co-workers. " The excellent agree-
ment obtained with the elastic and double differ-
ential cross sections measured by other techniques
showed that the viewing angle of each detector was
indeed larger than the interaction region and that
no geometric corrections need be applied to the
coincidence count rate as a function of the angle.

The electron beam current and atomic beam den-
sity had long-term stabilities of a few percent.
Changes in atomic or electron beam densities were
compensated for by feeding the corresponding am-
bient pressure or current signals through avoltage-
to-frequency converter to a preset sealer, which
controlled the experiment. The signal processing
and fast-timing electronics was similar to that de-
scribed previously. ' The timing resolution, was
typically 6 nsec, the accidental coincidence window

being set at approximately 10 times the coincidence
window width in order to reduce errors in correct-
ing for the accidental coincidences in the "coinci-
dence" window.

The experiment was carried out in two modes.
In the first, the coincidence count rate was meas-
ured at a given angle as a function of the incident
energy with fixed outgoing energies. In the second,
the angular correlations for the ion eigenstates of
interest were measured by having the computer set
the corresponding incident energies and angles. At
each energy and angle the computer recorded the
counts in the coincidence and background scalers
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slightly too large an angle, although the peak
height ratios are quite well given by both approxi-
mations. As for neon, the eikonal approximation
gives a marginally better shape and significantly

, different magntiude for the cross section compared
to the plane-wave result.

The distorted-wave calculation (full line) gener-
ally lies on the other side of the experimental
points. It predicts a cross section which is too low
at the most forward angles and significantly un-
derestimates the relative magnitude of the back-
ward peak. It is more successful than the plane-
wave and eikonal approximations in giving the posi-
tions of the peaks, although the introduction of the
full distorted waves seem to "overcorrect" rather
more than was the case for neon. As the energy
increases from 400 to 1200 eV, all the approxi-
mations improve considerably.

At. 400 eV (Fig. 9), we have again included the
results of an ad hoc modified distorted-wave cal-
culation as was done for neon. Surprisingly the
fit is again marginally improved.

Figures 9-11 show similar trends for the argon
3s ' cross section to those observed in the case of
the neon valence-s transition. The plane-wave and
eikonal approximations both significantly overesti-
mate the cross section, particularly at the lower
energies and forward angles. With the present nor-
malization of the data to the forward 3p ' peak, the
full distorted-wave calculation again "overcor-
rects" and obtains a cross-section value below that
observed experimentally, particularly over the for-
ward angular region. As was the case for helium
and neon, the plane-wave and eikonal approxima-
tions improve as the energy is increased.

V. SUMMARY

We have shown. that the measurement of symme-
tric coplanar (e, 2e) cross sections in the inter-
mediate-energy region provides a sensitive test of
the theoretical models developed for describing
the reaction. The experimental data are compared
with the results of calculations using the factorized
distorted-wave off -shell impulse approximation.
Three approximations are used: the full partial-
wave-expanded distorted-wave calculation, and the
plane-wave and eikonal approximations. For the
latter two approximations, factorization is valid.

For helium, the plane-wave and full distorted-
wave calculations fall on opposite sides of the data
at all energies. The plane-wave approximation
predicts cross sections which are too large at the
smaller angles and too small at the larger angles
(8& 8,). The full calculation, on the other hand,
shifts the peak in the angular correlation too far
back and depresses the forward-angle cross sec-

tion too much. . The simple eikona, l approximation,
which allows for some distortion of the electron
waves, actually gives a very good description of all
of the data.

At all energies for both neon and argon, the
plane-wave and eikonal approximations consistent-
ly predict cross sections which are too large at the
most forward a.ngles and shift the forward (8& 8,)
peak of the valence-p transition to angles smaller
than those observed in the data. These approxima-
tions also obtain a significantly too-large magni-
tude for the valence-s cross section, again par-
ticularly at forward angles. The eikonal approxi-
mation gives a somewhat better fit to the data, al-
though neither is adequate even at the highest ener-
gy (1200 eV) employed in the present investigation.
The full distorted-wave calculation again overcor-
rects in one sense. It obtains cross sections which
are somewhat too small at forward angles, and it
underestimates the strength of the~&valence-s trans-
ition. This latter failure was also observed in the
noncoplanar symmetric data reported in the pre-
ceding paper. ' lt also seriously overestimates the
forward-to-backward peak height ratios in the
valence-p cross sections.

It is interesting to compare the coplanar results
for neon with the noncoplanar results reported in
the preceding paper. In the noncoplanar case, the
full distorted-wave calculation gives a very good
description of the data, giving both the shapes and
relative magnitudes of the 2p and 2s cross sections.
The noncoplanar geometry is therefore obviously
better suited for obtaining structure information
on the target system.

In brief, the factorized distorted-wave cross
section does not adequately describe the coplanar
data even when calculated using the full partial-
wave formalism. Moreover, a study of the effect
on the calculated (e, 2e) angular correlations re-
sulting from variations in the optical-model wave
functions indicates that theory and experiment are
unlikely to be reconciled by any reasonable choice
of optical-model parameters. The results are gen-
erally insensitive to such changes. However, the
modified distorted-wave calculati'ons described in

this paper and studies of the (p, 2p) reaction using
similar methods" suggest that the remaining dis-
crepancies may be largely due to the use of the
factor ization approximation. Hence, despite the
successes of the present method, it seems that
in order to completely assess the validity of the
distorted-wave off-shell impulse approximation, it .
will be necessary to evaluate the unfactored am-
plitude given by Eq. (1). This is especially the case
in the coplanar geometry where the Coulomb t ma-
trix varies rapidly with angle. Such a calculation
would of course be quite formidable. We are,
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nevertheless, presently investigating possible
methods for performing this computation. Initial
work indicates that some significant advantages may
be obtained by the use of momentum-space tech-
niques. '
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