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Resonant pulse excitation leading to ionization
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Laser excitation of a two-level atom is analytically studied for arbitrary pulse shape, area, and energy.
f

The ionization mechanism is modeled as a homogeneous width y of the atomic excited state. A
transformation of th'e optical Bloch equations allows the dynamics to be completely described by a single
equation for the area of the pulse at time t, 4(t). Analytic solutions for the total bound population for a
wide variety of pulse shapes can be found in two regions: 4(t) —sin+(t) and Q(t) & y, where Q(t) is the
resonance Rabi frequency. The generalization of the two-level atom results to the N-level atom is discussed.

Ever since the classic work of Keldysh, ' theo-
retical research on multiphoton ionization of atoms
consisted primarily of some form of perturbation
theory calculation of the ionization rate. ' How-
ever, a dynamic study of two-photon ionization by
Beers and Armstrong (BA)" i shows that rates are
valid in two limiting cases: the weak-field limit
and the strong-field limit. ' In intermediate. re-
gions, the simulated coherent pumping of popula-
tion between the ground and excited states makes
the ionization dynamics a very complicated func-
tion of time. Shore and Ackerhalt (SA)' recently
made a computer study of multiphoton ionization
dynamics of three-level atoms. Their analysis of
the population flow shows, in particular, in which
parameter regimes bottlenecking is minimized.

In all these studies, the laser has a square pulse
shape:

0, t&t,
Q(t)= Q, t, t t, +r

0, to+T &t,

where Q(t) is the on-resonance Rabi frequency, '
to is the initial pulse time, and T is the time dura-
tion of the pulse. This special, but artificial,
pulse shape has the advantage that exact analytic
solutions are easily found for many problems.
Crance and Feneuille (CF)' extended this multi-
photon ionization research by studying the effect
of pulse shape on multiphoton ionization using the
model of BA. They analytically compute square-
pulse solutions, , but use the computer to generate
solutions for other selected shapes in the weak
field-limit of BA.

Since the work of CF is very closely related to
the present work, it deserves a more detailed dis-
cussion concerning some basic differences. The
CF model is identical to the model of BA, in which
the atom consists of two bound states and a contin-
uum of states. The laser both excites the atom
and ionizes the excited atom. Both the two-step

and direct paths to the continuum are taken into
account. . The shape of the laser pulse affects both
the excitation and ionization steps. In our model, '
the atom consists of two bound states and essen-
tially a third level which represents the continuum.
The laser pulse only excites the atom. Ionization
is due to some mechanism other than the exciting
pulse which is time independent throughout the dur-
ation of the excitation. Ionization occurs only from
the atomic excited state, giving that state a width
proportional to the inverse of the ionization rate.

These models represent different physical situa-
tions making our work complementary to the work
of CF. Because our equations of motion are sim-
pler, than those of CF, in that our ionization rate
is independent of the pulse excitation, we are able
to find general analytic solutions in certain param-
eter regimes. In addition, we find that the optical
Bloch equations can be cast. into the form of a sin-
gle equation for the area of the pulse 4(t), giving
us a physically intuitive picture of the ionization
process. ' The two regimes for which analytic sol-
utions are easily found are 4(t) = sin4 (t) and Q(t)
&y, where y is the homogeneous width of the atom-
ic state due to the ionization mechanism.

For Q(t) & y the ionization is described by a single
rate constant 2y, which is the strong-field limit of
BA. In the region 4 (t) =sin4(t), the total ioniza-
tion depends. only on the integrated square of the
Rabi frequency or equivalently on the integrated
pulse intensity. For a square pulse, the ionization
is described by a single rate constant, Q'/R,
which is the weak-field limit oft BA. These two-
level-atom results apply also to the case of multi-
photon excitation and ionization where no inter-
mediate state resonances exist, but where the N-
photon transition is resonant. In this instance, the
total ionization depends on the integrated product
of each laser's intensity.

In Sec. I we'derive. the equations of motion de-
scribing the ionization dynamics. Analytic solu-
tions are computed in Sec. II. In Sec. III we dis-
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cuss the application of these results to multiphoton
excitation and ionization. In particular, two-pho-
ton Doppler-free excitation and ionization are de-
scribed. In Appendix A analytic solutions for sev-
eral pulse shapes are computed. In particular, we
present solutions for the hyperbolic secant pulse
shape of Ref. 7. In Appendix B the Bloch equations
are replaced by rate equations. The solutions are
identical to those found in the limit e(t) = sine(t).

I. EQUATIONS OF MOTION

The dynamics of excitation and ionization of a
two-level atom can be described by a generalized
form of the optical Bloch equations'.

or

e (t) = Q (t') dt' (1.11b)

and e(t4) = 0.' e(t) is the area of the pulse a,t time
t. It represents the angle through which the Bloch
vector is rotated (see Ref. 5). When C =n27), C

= (2n + 1))), (n = 0, 1, 2, . ..), the atom is in the
ground, excited state. The length of the Bloch vec-
tor is unity: v'+~'=1. As we will show, even in
the presence of ionization population loss, the
Bloch vector picture of atomic excitation can be
used giving an intuitive physical description of the
ionization dynamics.

Making the transformation

1
Q = -AV —2yQ,

= Qe y/2(t-to)
7 (1.12)

v =Su+Q(t)(p22 —p„)——,'yv,

p„=-,'Q(t)v,
4

p» = ——,Q (t)v yp»—.

(1.2)

(1.3)

(1.4)

The off-diagonal density matrix elements (p»+ p»)
and i(p» —p») are represented by u and v, respec-
tively. The diagonal density matrix elements are
@22 and ~11 where p22 ~11 is the population in the

upper, lower atomic state. The laser-atom de-
tuning, ionization rate, and resonance Rabi fre-
quency are s, y, and Q(t). The shape of the pulse
is given by specifying the time dependence of Q(t).
The homogeneous width of the upper state, y, is
due to an ionization mechanism which is totally in-
dependent of the excitation pulse and due to another
laser, collisions, or dc field. The rate y is as-
sumed constant over the entire duration of the
pulse excitation. From this point on, we will only
consider resonant excitation, A = 0. Since p»(t) = 1
for t (t„u(t) =0 for all t.

By defining the new quantities

n'= n/n, (1.13)

where e represents v, ~ the ionization population
loss dynamics are now taken into account allowing
the magnitude of a new Bloch vector to be pre-
served: (v')'+ (u)')'= 1.

The equations of motion for these new variables
v', ', and for n are

v'=I-,' yv'+Q (t)j u) ',
u) = —[-,'yv'+Q(t)]v',

(1.14)

(1.15)

where n represents v, ~, n, the common decay pro-
portion to 2y is removed from Eqs. (1.6)-(1.8).
Since ionization removes population from the two-
level atom, we recognize that after a sufficiently
long pulse, all the population will be ionized mak-
ing v (~) = u) (~) = n(~) = 0. Since n is the total bound
population in the two-level atom, it rejects the
population lost to ionization, p, =1-n. The excita-
tion dynamics are described by w and v which are
also affected by the ionization population loss.
Therefore, making a transformation of the form

I 22 ~11 ~22 ~11 8 = =,'y~'n (1.16)

where n is the total bound population and w is the
population inversion, we obtain

v =Q(t)u) --,'yv,

u) = -Q(t)v --,'y(n+ u)),

n= =,'y(n+ u)) .

(1.6)

(1 7)

(1.8)

If y=O, no ionization, then all the population re-
mains in the two-level atom, n(t) = 1. The solu-
tions to (1.6) and (1.7) in this case are well known:

v'(t) = -sine(t),
u) '(t) = —cose(t),

where e(t,) =0. The equation for C is

e(t) = .'yv'+Q(t)-

(1.17)

(1.18)

where (1.14) and (1.15) are of the same form as
(1.6) and (1.7) with y = 0. Consequently, the solu-
tions to (1.14) and (1.15) are identical in form to
(1.9) and (1.10):

v(t) = -sine (t),
u)(t) = —cose(t),

for t) t, where

e(t) =Q(t)

(1.9)

(1.10)

(1.11a)

= =,'ysine(t)+Q(t).

The solution for n(t) is

(t) = exp (- —'
t0

(1.19)

(1.20)
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Substituting (1.18) and the transformation (1.12) in-
to (1.20), we find

t

x(t) =exp —— dt'))+ ,x(t')]1
2 t 0

= exp —— dt' 1 —cosc t'
2

(1.21)

where I1+ tt)'(t')]/2 represents the population in the
excited state at time t' normalized to n. The solu-
tions for v and w are

transparent that further, more detailed solutions
might seem unnecessary. However, in two regi-
mes, general analytic solutions can be found. In
this section, for these two regimes, we will solve
for 4(t) and for the total number of ions produced
by the pulse, pi(~). Since pi(~) = I -n(~), we will
only need to solve for n(t).

Consider the case where the pulse area never
becomes greater than roughly —,'tt, then sin4(t)
=C (t). Equation (1.19) becomes

v(t) = -sine (t)n(t),

tv (t) = -cosc (t)n(t),

(1.22)

(1.23)

4 = -pyc +Q(t) .

The solution to (2.1) is

(2 1)

1+ tt)'(t, + T) 1 —cosc (t, + T)
y 2 2

(1.25)

In Sec, II we will discuss pulses whose durations
are on the same order or grea. ter than 1/y.

- II. ANALYTIC SOLUTIONS

The general solutions, (1.21)-(1.23), and the
equation for the area, (1.19), are so physically

where the solutions to (1.21)-(1.23) are obtained
after solving the single equation for 4(t), Eq.
(1.19).

The essential differences between the solutions
without ionization, (1.9)-(1.11), and the solutions
with ionization, (1.21)-(1.23) and (1.19), are the
population normalization to n and the modified
equation for the area C (t).

The physics of solutions (1.21)-(1.23) is straight-
forwa. rd: tt) (t) and v(t) are the usual components of
the Bloch vector normalized to the total bound
population. n(t) decays at a. time dependent rate
which depends at any instant in time on the normal-
ized population which is in the excited state. 4 (t)
determines both the usual dynamics of ~, v, and
also the population loss from the upper state.

The dynamics of 4(t) can be easily understood
from (1.19): C (t) grows as the electric field envel-
ope of the pulse grows, but always experiences a
decay toward stable pulse areas, C =n2tt(n
=0, 1, 2, . . . ), due to the population ionization loss.
The stable areas obviously correspond to all the
population in the ground state. Unstable areas oc-
cur for 4 = (2n+1)tt (n =0, 1, 2) which correspond to
all the population in the excited state.

For pulses whose duration is short with respect
to 1/y ior. ization takes place only after the pulse
has passed. For t & t, + T

n(t) =e )' ' " (1.24)

where the ionization rate y is a function of the pop-
ulation which remains in the excited state after the
pulse has passed:

dt' -'"-' "'Q(t')
to

and the solution for n(t) is

(2.2)

n(t) = exp ——y
2

dt'(C'(t')/2) . (2.3)

For pulses which can be modeled for some time
period as a polynomial or an exponential (2.2) and

(2.3) can be integrated exactly. Some examples
will be given in Appendix A.

If the time rate of change of Q(t) is sufficiently
slow with respect to y, then the exponential in
(2.3) decays very fa.st. Equation (2.2) can be ap-
proximately integrated for t & 1/y:

C (t) = 2Q(t)/y

Substituting (2.4) into (2.3), we find

t Q2(t ))
X]t) = exp(- dt'

t0 y

which for a square pulse becomes

(2.4)

(2 5)

2

(t)
-() (t —to)/) (2.6)

The rate Q'/y is the weak-field-limit perturbation
theory rate of BA. Assuming the pulse area is
never greater than —5tt requires from (2.5), that

I
Q (t)I,„(,'.tty— (2.7)

n(t) = e )'i' (2.8)

Since the integral in (2.5) is an integral of the las-
er's intensity, .we see that the ionization depends
only on the total energy in the pulse. The relation
of these results to multiphoton excitation and ion-
ization will be discussed in Sec. III. In Appendix
B this result, (2.5), will be shown equivalent to the
result obtained using rate equations.

In the limit
I Q(t) I

& & y, the ionization loss in
(1.19) is very small such that the pulse area. satis-
fies (1.11b). Since 4 (t) in (1.21) oscillates very
fast with respect to y, the integral of cos4)(t) is
negligible making the bound-state population decay
atqihe rate 2y:
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which is the strong field limit of BA.
In intermediate regions where we are not in ei-

ther the w. eak-field or strong-field limits, solu-
tions can be found by numerical integration, mod-
eling the pulse using a square-, pulse shape which
has an exact solution, or by breaking the pulse into
pieces where the area growth of each piece is
smaller than -', m such that the ideas presented in
this section can be utilized.

III. MULTIPHOTON EXCITATION AND IONIZATION

which from (3.1) implies

(3.2)

(3.3)

In general, the effective Babi frequency is always
smaller than the individual transition Rabi fre-
quencies because the laser-atom intermediate
state detunings are large with respect to the tran-
sition Rabi frequencies.

In most cases the ionization rates will compare
in magnitude with the transition Rabi frequencies.
Therefore, for N-photon resonant excitation and
ionization, the effective Rabi frequencies will be
much smaller than the rate of ionization making
the results (2.2)-(2.5) applicable in this general
case. Using (2.5) and (3.1), we find the ionization
for a three-level atom.

We studied in Secs. I and II a'two-level atom ex-
cited by a laser pulse of arbitrary shape and ion-
ized by some mechanism other than the excitation
pulse. The pulse shape appears in the equations
as a time-dependent Rabi frequency. The detuning
of the laser from the atomic transition frequency
is zero. In the case where the pulse area never
becomes greater than roughly —,'m, the ionization
depends only on the integrated square of the Rabi
frequency. This case corresponds physically to
the region where ionization occurs more rapidly
than the pulse can excite the atom.

CF point out that the two-level model can de-
I

scribe an N-level model if the intermediate. atomic
levels are all very far off-resonance. ' The popu-
lation in this case simply cycles back and forth be-
tween the ground level and level N at an effective
Rabi frequency: for the three-level model

(3.1)

The index l, 2 refers to the first, second transi-
tion. ~, is the laser-atom detuning for transition
1. For the two-photon resonant case of interest
here, 4, = -A, .

The requirement that the N-level model dyna-
I

mics reduce to two-level model dynamics means
that

(3.4)

where the total ionization depends on the overlap
of. the pulse intensities or for a single pulse excit-
ation on the square of the pulse intensity. Equation
(3.4) can be easily generalized for the N-level
model.

Our model requires that level N be resonant with
the sum of the exciting lasers' transition frequen-
cies giving an (N —1) photon resonance. For laser
isotope separation and other multiphoton excitation
and ionization pr'ocesses, the atomic system is in
the vapor phase resulting in a large Doppler
broadening of the atomi. c transitions. Our model
would not apply to this case unless the ionization

, rate is sufficiently large. However, for 3, 5, 7 ~ ~ ~

state models it is possible to use nearly equal fre-
quency counter-propagating pulses to excite the
(N —1) photon resonance for all the atoms in the
Doppler profile. Doppler-free excitation is pres-
ently a very valuable spectroscopic tool." The
three-level model is, therefore, the simplest
model for which Doppler broadening can be over-
come, making our result (3.4) valid.

'
CONCLUSIONS

Analytic solutions can be found for the pulse-
excitation and ionization problem using the model
of SA for a two-level model independent of pulse
shape in two limiting cases: the area of the pulse
C (t) never becomes greater than -', m and the mag-
nitude of the Babi frequency is always greater than
the ionization rate.

The solution for the bound population in the case
where I4(t)I,„~-',m depends on the time integrated
intensity of the pulse and is independent of the
pulse shape.

The two-level-model solutions are valid for the
N-level model if all the intermediate level laser-
atom detunings are far from resonance and if the
(N —1) photon detuning from level N is exactly on
resonance. This condition on the laser-atom de-
tunings can be easily satisfied for all atoms in the
Doppler velocity distribution if level N= 3, 5, '7. . .
and if the excitation pulses are counter propagating
such that each two-photon excitation is Doppler
free.

The effective Babi frequency for the N-level
model will always be much smaller than any sin-
gle-step Rabi frequency due to the large intermed-
iate level. laser-atom detunings. The typical order
of magnitude for the. ionization rate y is similar to
the order of magnitude of the single-step Babi fre-
quency making it much greater than the effective
N-level Rabi frequency. This region corresponds
to the case where IC (t)I &-', m. Therefore, for the



RESONANT PUI SE EXCITATION I, EADING TO IONIZATION 297

APPENDIX A

In this Appendix we will apply the analytic form-
ulas derived j.n Sec. II to two selected pulse shapes.
We will consider only the case where the ionization
is sufficiently fast such that the pulse area is never
greater than 5m. We will use these example pulse
shapes to compare the results (2.1)-(2.3) and (2.4)
and (2.5). Since all the integrals can be found in
standard tables, we will only give the final results
in all cases.

Let us consider the hyperbolic secant pulse
shape'.

Q(t) = Ay/4 cosh(yt/2), (Al)

where the pulse area 0 ( defined in the absence of
ionization) and energy E are

N-level model the total bound population depends
on the integrated overlap of the pulses' intensities
and is independent of their specific shape.

I would like to acknowledge Professor Lloyd
Armstrong, Jr., for his support and interest in
this work during my stay at Johns Hopkins Uni-
versity. This work was supported by the National
Science Foundation.

n(~) = exp— dt'

-{A/2) (A8)

From (2.7) we require A ( ~5)v =1.26 or 8 ( 1.26]y

which is somewhat more restrictive than (A6).
For a v] pulse (A = 1) (A8) gives n(~) =0.78, or 22%
of the atoms are ionized. A comparj. son of the
results (A7) and (A8) shows them to be in rela. —

tively good agreement.
Let us consider a square pulse of finite dura-

tion:

Q(t) = 0, t & 0, t )v',

Q(t) =Q, 0 & t( r.
The area 9 and energy E-of the pulse are

(A9)

(Al 0)

E = 0'7'. (Al 1)

If the area and energy of the pulse are set equal
to (A2) and (A3), then

For a v[ pulse (A = 1) we find n(~) = 0.81, or l9%%up of
the atoms are ionized.

Let us compare this result with the general re-
sult (2.5):

dt' Q (t') Av[, (A2)

(A3)

Q =ay/4~,

r =4~'/y.

Substituting (A9) into (2.2) gives

(A12)

(A13)

The pulse width has been chosen proportional to y
so that the integral in (2.2) can be evalua, ted for the
time-dependent area in the presence of ionization:

t -y{t-t')/2A

cosh(yt'/2) 4

dt'e "" ' ' 'Qu(t —y)
0

(2Q/y) (1 e-[PIP)t)

= (2Q/y)e Pt j~(e(" '-)' —1.) (A14)

=—A e y 'y'1n(l + ey ) . (A4)

We must require that 4(t) is never greater than

where u(t —v') is a step function.
The total bound population remaining at the end

of the pulse is found using (2.3):
5 7T ~

1

C (t),„=gA ln5=0. 4A (—
5v[ (A5)

y 20
n(v) =exp —— ' dt'(1 —e '" "')'

or using (A2)

6) (1.57m.

A'
n( ) =exp(- —— de'e &'[1n(1+e"')]')

4 2

—e -{1/3){A 7l /g)2 (A7)

(A6

An atom not undergoing ionization could have its
Bloch vector turned through an angle as large as
1.5Vm, but an atom with ionization rate y will only
have its Bloch vector turned through an angle as
large as 5m.

The total bound population after the pulse has
passed is found using (2.3):

2

=exp]- — [yv'-(3 —e '" '") (1 —e " '")]
y

(A15)
which using (A13) reduces approximately to

n(v') - exp (—(A/4)y )' [4]y' —3]]-exp [-(A /2)'] .

(A16)

If the ionization continues after the pulse has
passed, then we find

(A17)

y
" 2Q 1

n(~) =n(r)exp —— dt' e "/~"-]. e "
4 y

=n(e) exp —(—) (( e "n.*)
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Applying (A13) reduces (A17) to

n(~) =n(r) exp[-(A/4v)'] n-(r) . (A18)

2Q'(t) y

y 2
w ——(n +w),

Essentially no ionization occur's in this special
case after the pulse has passed. Since (A16) or
(A18) is identica. l with (A8), we find the ionization
to be independent of which shape was chosen for
the pulse, the hyperbolic secant, or the squa. re-
pulse shape, as long as the energy in the two
pulses is the same.

We also considered an exponential pulse:

Q(t) =0, t~ 0

Q(t) = (A v/v')f e '~ ', t ~ 0. (A19)
I

The results for this shape were in agreement with
the hyperbolic secant and square pulse solutions
and will not be given here.

APPENDIX 8

In this Appendix we will show that in the case
where the area of the pulse in the presence of
ionization never is larger than —,v, (2.6) is just
the solution one would expect using standard rate
equations.

We can derive standard rate equations from
(1.6)-(1.8) using the Wilcox-Lamb method. " The
procedure is to set the time derivatives of the
off-diagonal density matrix elements to zero. The
solutions of these algebraic equations for the off-
diagonal density matrix elements are substituted
into the equations of motion for the diagonal den-
sity matrix elements. Following this procedure
(1.6)—(1.8) become

n = —p y(n+w) . (B2)

2Q'(t), y
y 2

w' ——(1 —w' ')

]n= —&y~ n.

(B3)

From (2.7) we see that I Q(t) I /y « I which implies
the dynamics of (B3) is determined from the term
proportional to (1 —w"), If Q(t) is set equal to
zero in (B3), (B3) has an exact s'olution, w'=-1.
We therefore expect m' to always be nearly -1
a.llowing, us to make (B3) into a, linear equation:

w' =-y(1+ 2Q'(t) /y2)w'-y (B6)

which has the approximate steady-state solution

w'= -1+2Q'(t)/y'. (B6)

We ha, ve assumed that y relaxes m to its steady-
state value faster than the rate at which Q(t) can
change that value.

After inserting (B6) into (B4) and applying the
inverse transformation of (1.12), we find

t Q2(ti)
n(t) = exp —

~
dt' (B7)

y

which is the rate equation solution for the total
bound population. Equation (B7) is identical with
(2.5) showing that we are in the rate equation limit
of the Bloch equations when we require C (f) to
always be less than —,

' p.
I

We can put Eqs. (B1) and (B2) in a more convenient
form by applying transformations (1.12) and (1.13):
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