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Projectile-charge dependence of stopping powers
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Recent stopping-power data of solids with atomic number Z, ranging from 13 to 79 for ions ranging in

atomic number Z, from 1 to 9 and in velocity from 7v, to 12&0 are analyzed in terms of Z l effects and

effective ion charges, They are found to be consistent with current theory. High-velocity forms of the Z', -

proportional stopping-power contributions are calculated by the method of moment integrals.

I. INTRODUCTION

The stopping power of matter for particles of
charge Z,e moving with velocity v, is proportional
to Z', in the Bethe theory of energy loss. ' The the-
ory has been extended to include the polarization
of the target atoms by the projectile which, to
lowest order, gives a polarization term propor-
tional to Z,'. The results of this development were
confirmed in a quantum-mechanical harmonic-
oscillator approximation which leads to identical
formulas. 3

When averaged over the target atom, the Z,'-de-
pendent terms contain a scaled minimum-impact
parameter, denoted as b. It is of order unity and

/

essentially independent of the atomic number Z2
of the substance in which the projectile moves.
Adjusting on relative stopping powers of »Al and

73Ta for,'H and ',He yielded a first trial value b

= 1.8.
In new-experiments Andersen, Bak, Knudsen,

and Nielsen' extended the measurements to rela-
tive stopping powers of »Al, „Cu, „Ag, and „Au
for ,'H, ,'H, and ', Li ions in the range v, = 7vo to
v, = 12v„where v, = e'/h. Data have been reported
by the Oak Ridge group' on the stopping of,'H, ',He,

gets. It is the purpose of this Comment to present
an analysis of these data in terms of current theo-
ry, and to assess the importance of polarization
effects and projectile charge states on the stopping
power of matter. In Sec. II, the cutoff parameter
b is determined on the light-ion data. Alternative
models for the polarization terms, depending on
the choice of cutoff parameter, are examined in
Sec. III and found to be in need of inner-shell cor-
rections for their application. The data analysis
for heavy ions in Sec. IV agrees with that for light
ions provided one invokes effective-charge theory.

2mv, C Z e2
Lo+4 =ln 1 0+4

0 2 Vl
(2)

the Bethe-Bloch stopping number per target elec-
tron' in terms of the mean ionization potential
I,=K,Z, of the medium, K, being the Bloch con-
stant. The term CgZ, accounts for inner-shell
corrections. The function C($) is given in terms
of P, the logarithmic derivative of the I' function,

C(() =0(1) —Ile((l+ k) .
I,

It connects the classical theory, valid when $»1,
with the quantum-mechanical theory, valid when

The function L„averaged over the statistical
Lenz- Jensen model of the target atom, can be
written in the compact form'

L (y x) y'(y/x~~2)/Z&~2-x3~2 (4)

where x -=v, '/Z, v, = [40E,(Me V) I/[M, (amu) Z, ]. Ta-
ble I gives values of the function Z, '~'L, (b; x) for a
range of b values. Without including 4($), analysis
of early data4 gave the trial value b =1.8. Exten-
sive recent data' yield, with the inclusion of C (f),
larger L, values corresponding to anew "best" pa-
rameter value b = 1.4 + 0.1 for targets with Z, & 13.
In fitting to the data, we set

L —L~
Z 1 1L 1L 1

+ -L 1+z 2+z2 3+ ~ ~ ~ -L
1 1 1

ber Z, at density n for particles of atomic
charge Z,e and nonrelativistic velocity v„or
kinetic energy &1 &~1v1 where M, is the mass
of the particle. Then

S= (4mZ, ',e nZ2/mv, ')L, (1)

where the stopping number I =Lg+Z1L1+Z,L2+. . .
contains

II. LIGHT fONS

We consider the stopping power S= dE~/dx of-
a medium composed of atoms with atomic num-

because exploratory calculations' indicate that
Z„2Z,"L„/Z,L, can have positive or negative val-
ues depending on stopping conditions, but that the
absolute value in this velocity range may be «1.
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TAQLE I. g g-dependent stopping number function I &, Eq. {4), in a target of atomic number
Z2 tabulated in the form Z ~2~ L

& (b; x) as a function of x = ~ &/v 0 Z
p for various par ameters b .

Note that x=l40E& (MeV)]/ )M& (amu) Z2 ) . The function F (w) is tabulated in Ref. 2.
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III. Zi TERMS

The polarization stopping number I, was eva1.-
uated first with an inner cutoff distance a„propor-
tional to the orbital radius r of the electrons re-
sponding with frequency ~(r).' When averaged
over the atom this yields the empirically deter-
mined dimensionless parameter. b = 1.4. Other
models equate a„with the harmonic-oscillator
amplitude' a„= (k/2m&v)' ', and the quantum-me-
chanical minimum-impact parameter" a„=h/2m@, .

%hen one averages these models over the target
atom, one can write

3me Q 2mv2 C
L, = g(u))(u du) ln

4mvi 0 N(d Z2

3me2G 2mv2 C,

such that

lnr =InHQ = f n'(n)dntlnlin.
0

One may evaluate the constants Ko, k„and K,
from moment integrals, ""s(k), defined

s(k) = g((u)(8~)'d(u,
0

(12)

W, =s(1),

and normalized such that s(0) =1. Treating s(k)
as an analytical function of 0, one obtains the ap-
proximations

(8)

lnI, = ln K,Z2 = 5' '5 g co co d~ ln Sco .
0

Similarly, the Bethe stopping number, is

L, = t g(&u)drain ' ——' =ln
2nzv' C, 2mv2 C~

"0 Z 2 Io Z2

(9)

where G =1 if a„= (5/2m&)~ 2 and G = 2 if a„=h/
2m@, ; g(u&) is the differential-oscillator strength
distribution of the target atom normalized such
that Jo g(~) dw =1, and C,/Z2 denotes inner-shell
corrections of L, . Equation (I) introduces ener-
gies 8'~ a,nd I, a,s

Tables of s(k) are available for some elements '4'"
For illustration, we give the constants for a few
atoms in Table II. The Bloch constants K, so ob-
ta, ined agree well with experimental data. "

In terms of the Lenz-Jensen statistical model of
the atom with density p ~, one can estimate with
&u(r) =y[4me'p (r)/m]'~', y being a constant -1,
the spectral function'

g~(tn) = J p (r)n(tn tn(r))a*r,

and calculate the corresponding constants from
Eqs. (8), (9), and (11), as listed in Table II. The
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TABLE II. Atomic constants in Lp and L&, as esti-
mated from Eqs. (13)—(15) from moment integrals s (k),
for —2 &k &2. Values of s {k) for Z2-—36 and 54 from
Ref. .14, empirical Kp values from Ref. 16 and for H cal-
culated in Ref. 1. The constants for Z2-—2, 10, and 18
are from Ref. 15. The last line is calculated for the
Lenz-Jensen (LJ) statistical atom, according to Kq.
(16) with x = 1.29 chosen for Kp to agree with ex-
pe riment.
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constants for atoms up to Z = 54, calculated by the
method of moment integrals, are larger and have
additional Z2 dependences, presumably because of
the contributions of the innermost shells that are
not well described by the Lenz-Jensen approxima, -
tion. Over the range of x values under discussion,
1-x ~ 11, these differences can only be studied
and the relative merits of the two model approxi-
mations represented by the parameter G be as-
sessed when, in analogy to C,/Z, for I.o, inner-
shell corrections C,/Z, are developed for I-,.

IV. HEAVY IONS

The Oak Ridge stopping-power data'. of ions,
1 ~ Z, ~ 9, moving at v, = 8.94v, and v, = 11.98v in
random 79Au foils, were treated in a manner si-
milar to that described in Sec. II. The data for
channeled ions require separate considerations. "
According to effective-charge theory, "one may
write

S =Z~~2(v~)SO,

where Z,*(v,) is the effective charge of the ion
which depends on v, but only weakly on the medium.
Sp is the stopping power per unit charge in the limit
Z- 0. Setting Z,*=Z,[1 —exp(0. 95v, /Z,''v, )], the
data, , S, are plotted in Fig. 1 in the form

FIG. 1. Experimental stopping number L, extracted
from data (Ref. 6) according to Eq. (18), as a function of
the charge number Z& of projectiles at two velocities v&

in random 7&Au foils. Solid curves are drawn to aid the
eye. The extrapolated values L p

for Z& —0 are indicated
by dashed lines. The rise of the data with Z& is indica-
tive of deviations from the Bethe-Bloch stopping-power
theory as listed in Table III.

TABLE III. Empirical L~ values given by (I -L p)/Z &*

with I p-—1.44 at v
&
= 8.94v p and L p

——1.86 at v
&

—-11.8v p,
based on measurements of Ref. 6 as shown in Fig. 1.
Uncertainties are approximately +20%.

Projectile Z1 v ) = 8.90v
p v &=11.8vp

This permits one to extract I, from the data ~n

the form (L -L,)/Z,* as collated in Table III, with
mean values L, = 0.10 at v = 8.94v, and L, = 0.08 at
v = 11.9vp. From Table I with b =1.4, we find cor-
responding values of 0.104 and 0.079. The fluctua-
tions in Table III may be indicative of contributions
from L„, v&1, but they do not exceed experimental
uncertainties. The trend of the 8.94vp data could
signify that they may be negative, as are some
results from preliminary calculations. ' This
merits further study.

mv', 8 Z e2
L

4~e4 Z, Z,*' @
kv

as a function of Z, . Extrapolation to Z, - 0 yields
L,(8.94v, ) = 1.44 a 0.04 and Lo(11.9v, ) = 1.86 + 0.05.
By comparision, Eq. (10) gives for»Au, with
I, = 797 eV and C,/Z, = 0.27 at v, = 8.94v„and
CJZ, =0.38 at v, =11.9v„" the stopping numbers
L,(8.94vo) =1.43 and Lo(11.9vo) = 1.87.
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In conclusion, current nonrelativistic stopping-
power data in the ranges 1 - Z, - 9, 7 - e,/n, ~ 12,
and 13-Z, - 79 are consistent with the theory of
Z', effects, assuming that effective-charge theory
applies. Comparison of experiments with calcula-
tions of the polarization stopping number I, by
the method of moment integrals and the assess-
ment of the relative merits of the various cutoff
models require the development of inner-shell

corrections to the Z', -proportional stopping-power
contributions.
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