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Effects of an external electric field on 'P' resonances of.H
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Positions, widths, and oscillator strengths for the. 2s-2p "shape" resonance and the lowest Feshbach
resonance in the 'P' spectrum of H have been computed via the method of complex coordinates. The dc
Stark broadening of the shape resonance has been determined. giving a quantitative estimate of the effects of
plasma microfields on the resonance and explaining the negative observational results of Ott et al. [Phys.
Rev. A 12, 2009 (1975)].

I. INTRODUCTION

Resonant structure in the H photodetachment
spectrum has received considerable attention
over the past seve'ral years. ' " Of particular'i:n-
terest has been the "2s-2P" shape resonance lying
just above the threshold for detachment to the
hydrogenic n = 2 levels. This shape resonance has
been previously discussed, theoretically by Macek, '
Macek and Burke, ' Hyman et al. ,' gunman, ~ Her-
rick and SinanoI|lu, ' Lin, ' and Broad and Rein-
hardt. ' Based on early estimates [three-state
close coupling (196V)' and (1972)'] of the resonant
oscillator strength, ott et al. ' (1975) attempted
to observe the shape resonance in uv emission
from a local-thermodynamic-equilibrium (LTE)
hydrogen arc plasma with negative results. At-
tempts at astronomical observation are discussed
by Snow. ' More recently, Broad and Reinhardt'.
(1976) recalculated the oscillator strength using
highly correlated initial- and final-state wave
functions and obtained an estimate smaller than
the three-state close coupling result by a factor
of -2. This new estimate is consistent with the,
recent direct observation of the resonance by
Bryant et al." (1977) and new plasma experiments
by Behringer and Thoma" (197V).

It is the purpose of this paper to apply the com-
plex-coordinate technique to the problem of cal-
culation of the dc Stark broadening of the H shape
resonance. Additionally, new values of the field-
free resonance energies, widths, and oscillator
strengths for the shape resonance and lowest 'P'
Feshbach resonance are obtained from the vectors
arising in the complex-coordinate calculation,
avoiding the necessity for the intuitive graphical
estimate of Refs. 1 and 7.

A brief review of the necessary theory appears
, in Sec. II, results are presented in Sec. III, and
a discussion appears in Sec. IV. -

II. THEORETICAL BACKGROUND

A. Dilatation transformation and the Stark problem

The use of the theory of rotated complex coor-
dinates (i.e. , the transformation x-xe", t' being,
an interparticle distance) to investigate the spec-
trum of atomic systems is becoming increasingly
common. " The basis of the technique is that under
the dilatation transform x-xe'e the nonrelativistic
atomic Hamiltonian H is transformed to H(e), a
non-self-adjoint operator some of whose complex
eigenvalues are independent of 8 and represent
complex resonance energies, the real part giving
the "position" E'" of the resonance, and the imag-
inary part the "width" &l . The theory of such
coordinate transformations dates back to Reggie"
and has been considerably generalized by Balslev
and Combes" and Simon, '" among others. The
appropriateness of the dilatation transformation
to the atomic problem relates both to the spherical
symmetry and to the analyticity of the Coulomb
potential. However, numerical experiments car-
ried out in investigation of the H-atom dc Stark
effect" have indicated that excellent results may
be obtained even though the Stark operator

N

F~; = Fx; cosa,-,

(I' being the field strength, and z; =x; coso. ; the z
coordinate of the "i"electron) lacks both the
spherical symmetry and asymptotic boundedness
properties necessary for the usual application
of the theory of dilatation transformations, as is
discussed more thoroughly in Ref. 16. Avron and
Herbst, "and Cerjan and Reinhardt" have sug-
gested that the "translation" transformation z - z
+iq (q being a real distance) is more appropriate
to the Stark problem, although the dilatation trans-
formation used in the present paper has- recently
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been shown to also provide a. correct analytic con-
tinuation of the resolvent. "

B. Computational techniques

Numerical calculations using the method of ro-
tated complex coordinates are very'simply carried
out using standard configuration-interaction (CI)
techniques. The two-electron Stark Hamiltonian

Laguerre functions of the form

(2l +2+n) t
(~8) =

I

I./2
(yf, )let e ar I 8I at +a (y~)

(4)

These radial functions were combined with Y', (8,
&f&)&s and coupled to give atomic states of appro-
priate symmetry within the I -S coupling scheme.
In general we will denote a basis by, for example,

H"~"=Ha™c(rr )+ +F8, costi
/=1

'P' =i,j &
k &. . . (X, X8 & Xd &. . .) (5)

gives rise to the CI matrix form

Hdtark Hatomic Pyf ield (2)

H (8)Stark e-2i8Tatomic e i8I&a-tomic sic yfield (3)

which, under the dilatation transformation converts
to

with i,j, k denoting the number of l =0, 1, 2, 3, . . .
(s, P, d, f, . . . ) functions used in the CI, with the

X, being the corresponding exponents defined in

Eq. (4). (Note that the A.'s are tf8ice the corre-
sponding Sla, ter exponent. ) . When exponents of all
symmetries are constrained to be identical only
a single value of X is reported (X=X, =X8=Xd=. . . ).

where T ' i and V to ic are respectively, the
atomic kinetic and potential energy matricies.
H(8)st " is thus a complex symmetric matrix,
easily constructed from the real symmetric ma-
triCieS Tatomic yatomic and yf ield AS Hatomic

atomic+ P ™cis spherically symmetric it has
a block structure labeled by the usual I.-S man-
ifolds of two-electron states '$, 'I', 'D, . . . .
V"" has no diagonal block elements, and only
couples the two-electron blocks of type '1. to '(I,
+ I). The resulting block structure of H(8)st " is
shown in Fig. 1.

The present computations were carried out by
performing a full two-electron CI within a subspace
defined by taking a finite number of orthogonal

III. RESUI.TS

In this section we present the results of numer-
ical calculations to determine the positions and
widths of the poles of the resolvent ((z —H) ')
giving rise to the lowest member of the Feshbach
series of resonances which occur below the hy-
drogenic n=2 threshold, and for the 2s2P "shape"
resonance occurring just above the n =2 threshold.
In Sec. IIIA we consider the field-free case [i.e. ,
E = 0 in Eqs. (1) and (3)] to determj&ne the positions
and oscillator strengths of the two resonances, and
in Sec. III B we consider the added effect of a dc
electric field on the shape resonance.

A. I' resonances in 8

&'S I HI'S& &'S I DI'P)

4P ID I 'S) &'PIHI'P) & MIDI'0&

&'DID)'P) &'DIHI 0& O'DIDI F)

('FIDI '0) g'FIHI'F)

FIG. 1. Tridiagonal block structure of the two-elec-
tron Stark Hgmotonian. The L,$'-coupled two-electron
blocks of '$, 'P, ~&, ~ ~ ~ symmetry of the atomic Ham-
iltonian H are coupled by the usual dipole coupling op-
erator "D."

Convergence to the complex eigenvalues of
H(8)'t' "must be carried out with g'reat care.
While in the limit of an infinite basis the res-
onance eigenvalues will be independent both of
basis and of "8"provided that 8 is large enough
to expose the resonance, in a truncated basis'set
neither of these results obtains. In practice the
method of choice is to choose a basis set apd to
carry out calculations for a range of 8 values,
looking for a stationary point in these 8-trajecto-
ries, as discussed by Doolen" and illustrated for
the Stark case in Ref. 16e 'Typical examples of
this procedure are shown in Fig. 2, where the
location of the 'P' shape resonance is investigated

.for the 9, 9, 7 (X =0.5) basis set, the sharp kink
in the 8 trajectories indicating stationary points
of the calculation. Convergence seems reasonable
for the shape resonance giving an energy (pole po-
sition) of E'"=0.124 351 a.u. and al" and 2.60 x 10 '
a.u. , which corresponds to 17.6 meV above the,
n=2 threshold and a full width at half maximum
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TABLE I. Convergence of the oscillator strength f
for the 2s-2P shape resonance in H

He sonance P basis

-6—LLJ

E.
H

8=0 2~&

8=0.3—i i

8*0,35- &

8=0.4—
8=0,45

8=0.6

10,10,8(0.4386) 0.3
0.4
0.425
0.44 b

0.5

0.011
0.013
0.014
0.015
0.040

- 0. I 240
I l

-0.1242 -0.1244
Re{E in o.u. )

FIG. 2. 0 trajectory for the field-free 2s-2p "shape"
resonance in H with the 9, 9, 7 (X=0.5) basis des-
cribed in the text, taking the "kink" in the trajectory as
indicating the resonance position as (E ' ——' iI)
= —0.124 351 —g2.60 x 10"4 a.u.

Feshbach

10, 10,8(0.5)

9, 9, 7(0.5)

10,10,8(0.4590}

0.425 0.016

0.4' 0.015

0.2
0.27 b

0 4

'0.0011
0.0013
0.0016

'All f 's were calculated using ~& = 10, 10, 7(2.0) H

ground state which gave &-"-—0.5274 a.u.
Kink points.

4.0—
50

3.5—

(pglHM) of 14.1 meV, in good agreement with
Broad and Reinhardt's photoabsorption values of
l8 and 15 meV, ' respectively, and with the e-H
scattering results of Macek and Burke. ' As the
position and width are very close to those deter-
mined from the photoabsorption work of Ref. 7,
we compare the calculated photoabsorption line
shape [resulting irom a 10, 10, 6 (X=0.5) J'-matrix
calculation] with the. recent experimental results
of Bryant et a/. ' in Fig. 3. Agreement is seen to
be excellent. 'The graphica, lly estimated oscil-
lator strength of the shape resonance was deter-

mined tq be 0.024, compared to Macek's estimate
of 0.044. Direct calculation of the oscillator
strength using the eigenvectors corresponding to
points on the 8 trajectories gives a value of 0.015
as is documented in Table I. This lower value
indicates the ambiguity in separating resona, nt;

from nonresonant cont:ributions in the graphical
analyses of Refs. 2 and 7.

With the limitations of modest CI calcula. tions
the Feshbach resonance is less well converged.
Typical 8 trajectories are shown in Fig. 4 for
10, 10, 8 (0.4590) calculations for a variety of val-
ues of A.. Although the position is well converged,
the width is not well converged as a function of

The width was determined by taking the 8-tra-
jectory "kink" points and determining whether
these kinks had a stationary point when plotted as

3.0O

2.5

UJ .

2.0
40
CA0 LLJ

'

-0.6—
E

X +0.4692
Xio.4590 —i ~ X~ 0.4794
X & 0.4488

%&0.4896

I ~ 0—
f. IE

0.5—

0 I I I I I & I & I i I & I I I I I

10.90 10.92 10.94 10.96 10.98 II.OO II.02 I I.04 11.06
ENERGY &eV&

FIG. 3. Comparison of the experimental data of Bry-
ant et al. (Ref. 10) and the theory of Broad and Rein-
hardt (solid curve) (Ref. 7) for photodetachment of H
near the opening of the n =2 final-state threshold.

-0.1259

X ~ 0.4386—~"
I

-0.1260
Re(E in o.u. )

-0.1261

FIG. 4. Convergence of the lowest field-free P
Feshbach resonance in H" . The trajectory shown in
this case results from a plot of the kink points of in-
dividual g trajectories as a function of X, the basis set
of scale parameter, for a 10, 10, 6 (X) basis. If we
identify the second-o~dex kink in the above plot with
resonance position, we find E ~—

q
jr'=-0.126048

—)1.9 x 10 5 a.u.
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F=O.O a.u.

discrete set.
The oscillator strength of the Feshbach reso-

nance was estimated to be -0.03 (see Table I)
giving an approximate ratio of fr„„/f,„„,—1/11.5
which compares reasonably well with the estimate
of 1/14 from the data of Gram et al. 22

F =3.0 x10 a, u.

E -8—

LLI
Cj

E

F=45 xto 5 a u.

-10—
F' =6.0 xlO 5 a.u.

-12
0.1 242

I I

- 0.1243 -0, 1244
Re(E in a. u. )

-0.1245

FIG. 5. Stark field dependence of the position and
width of the shape resonance for fields of I' = (0, 3,
4.5, and 6) xlo ~ a.u. (1 a.u. =5.1xlo' V/cm). The
Stark broadening parameters of Table III were ob-
tained from the kink positions of the 0 trajectories
shown in the figure. Im E= —

2 I where I'= FWHM for a
Breit-Wigner line shape.

a function of A.. This second-order variational
technique yielded E"= -0.126 048 a.u. and —,'I' = 1.9
x 10 ' a.u. , (FWHM= 1.05 meV) for the lowest
'P' Feshbach resonance. The resonance position
is in good agreement with previous values. " The
FTHM is -20 times that determined by Lipsky";
however, the final-state wave function used by
Lipsky was quite crude, lacking the capability of
representing both correlation and polarization.
Additionally, Lipsky's resonant wave function was
converged within the framework of the incornPlete
set of bound hydrogenic functions, whereas the
Laguerre-type functions of Eq. (4) form a complete

8. dc Stark effect

As shown in Fig. 1, the field couples the 'P shape
resonance with the neighboring 'S and 'D mani-
folds; the 'D is in turn coupled to 'I', 'G, etc. For
tQe hydrogen atom in a dc Stark field it was found"
that a very large number of angular momenta were
needed to be included to obtain convergence of the
Stark widths at low fields. However, for the H

atom the zero-order atomic states are all effec-
tively closed channels, and thus the Stark ion-
ization is determined by tunneling as in the con-
ventional picture. However, for H even at the
rather low electric fields in the plasma exper-
iments of Ott et al. (10' V/cm), we expected tha, t
the dominant broadening would arise from coupling
of the 'P' resonances to the neighboring 1sks,
2sks, 1skd, 2skd, 2PkP, 'S', 'D' continua, and
that both "back coupling" of these manifolds of
states to the 'P' states and inclusion of 'I', '6,
and higher I, states would be negligible. This
turned out to be the case. The reasoning was sim-
ply that the 'S' and 'D' manifolds of states are
"open" channels and thus Stark ionization (and
hence width of the resonance) is dominated by
direct coupling to neighboring open channels,
rather than by tunneling. " Typical 8 trajectories
are shown as a function of field strength I for the
shape resonance (Fig. 5) in the limit of the '&'
resonant state coupled only to the neighboring 'S',
'D' manifolds. Table II documents the fact that
inclusion of higher partial waves does not affect
the Stark broadening of the shape resonance. The
results of the field dependence of the resonance

TABLE II. Effect of indirectly coupled L states on the shape resonance. As discussed
in the text the direct coupling of the I' resonance (lying above the n=2 hydrogenic thres-
hoM) to the neighboring open S, D continua lsks, 2sks, 2pkp( S), lskd, 2skd, 2pkp(~D)
dominates the Stark broadening.

~S, ~&, ~Dbasis ~
energy (E 2

il)—
~S, ~P, ~D, ~S' 'G basis'

0.3
0.4
0.5

-0.124 209
—0.124 051
—0.124 181

-0.000 033 li
—0.000 036 4i
—0.000 026 6i

-0.124 209
—0.124 052
—0.124 181

—O.OOO O33 2i
-0.000 036 4i
—0.000 026 Gi

'~=1.0 x gO 4 a
S = 5, 5,3(0.5), &= 9, 9', 7(0.5), D= 5, 5, 3(0.5).
S = 5, 5, 3(0.5), I = 9, 9, 7(0.5), D= 5, 5, 3(0.5),
'a= 5,o, o, 5(o.5), 'G= 5, o, o, 0, 5(0.5).
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Field (a.u. ) Width {meV)

0.00
0.10(—, 5)
3.00(-5)
4.50(-5)
6.50(—5)
7.50(—5)

14.1
14.1
15.5
17.4
21.0
26.1

Taken from the kink values.

positions are shown in Table III. Inspection of
the coefficients in the configuration interaction
representation of the wave function indicated that
the oscillator strength for transition to the ground
state was essentially independent of the field for
the values considered here. '4

Comparison with the plasma experiments of
Ott et al. ' was made by first simulating the mo-
lecular H, background on a sloping baseline. Then
the theoretical curve of Broad (Fig. 3) was aver-
aged over the appropriate Holtzmark distribution
of fields" and folded into the molecular background

t

EXPERIMENT

r

r.a.a -~~K

/

0-45 AMP +jJL
-r~ e~Fr

r

TABLE III. Effect of dc Stark field on the width (FWHM)
of the shape resonance {1a.u. = 5.1 &&108 V/cm).

1 l. ) 1 1 I 1 1 1 1 1 I [ 1 1

lO —n =9.2 xlOI6 cm ~
L e

T= l3200 Ke—

MP

ne=7. 3 xlOI6

6 — T=I2 600 K

6—
ne=3.8 xl0 cm

T = l l 300 K

using the relative intensities of Ott et a/. Finally,
'

the 10/p signal-to-noise ratio of Ott was included,
giving the spectrum shown in Fig. 6, which is
compared to the experimental observations of
Ott et al. at 15 000'K. The simulated experimental
results are clearly consistent with the negative
results of'Ott et al. However, as is evident from
the simulated spectrum, there is a slight rem-
nant of the resonance at 1130 A, suggesting that
appropriate signal averaging might have revealed
the resonance. More recently Behringer et al."
have repeated the Ott experiment at somewhat
lower temperatures, employing extensive signal
averaging and careful modeling of the molecular
background radiation, and have observed the res-
onance as is shown in Fig. V.

I

1110
I

I I I 5
I

I I 20
k(R}

l

I I 2 5
I

I I 30

FIG. 6. Comparison with the Ott et al. experiment.
The lower curve shows the experimental data of Ott
et al. (Ref. 8);.the dashed peak indicates the line shape
expected by them based on an estimated oscillator
strength of 0.044 and no microfield Stark broadening.
Recalculation of the oscillator strength (Broad and
Reinhardt, Ref. 7) reduces the expected peak resonance
signal by a factor of roughly 2; the dc Stark broadening
reduces this by an additional 30%. The calculated spec-
trum was obtained by taking the theoretical curve of
Broad and Reinhardt {Ref. 7; see also Fig. 3) averaging
over a Holtzmark distribution of microfields appro-
priate to an LTE plasma at 15 000 K, adding a simulated
molecular background and finally convoluting the spec-
trum with a 10% random signal-to-noise ratio of a fre-
quency appropriate to the Ott et al. experiment.

I I I I I I I I I I I I I I I

l l20 l l 30

FIG. 7. Data from the plasma experiment of Behringer
and Thoma (Ref. 11) obtained by extensive signal aver-
aging of the uv emission from hydrogen at slightly
lower temperatures than the Ott experiment. The re-
maining spectrum consists of molecular lines superim-
posed on the shape resonance indicated by the dashed
line. . This analysis of the plasma data gives an oscilla-
tor strength consistent with that of Ref. 7, but a Stark
width about a factor of 2 larger than determined by the
complex-coordinate method used here.
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IV. DISCUSSION

We have employed the method of complex ro-
tation to find the complex eigenvalues associated
with the lowest 'I" Feshbach resonance and the
'P' shape resonance in H . By extending the cal-
culations to include the effect of a dc Stark field
the field dependence of the width of the shape res-
onance was determined. This field dependence
was then used to estimate the line shape expected
to appear in uv photoemission from an LTE hy-
drogen arc plasma thereby qualitatively explaining
the negative results of Ott et al. ,' and is also qual-
itatively consistent with the more recent exper-
iments of Behringer et al." However, although
Behringer et al. observe roughly the oscillator
strength (graphically estimated) found by Broad

~ and Reinhardt, ' their work suggests more sub-
stantial Stark broadening of the shape resonance
than indicated either by the results of Table III
or the recent measurements of Qram et al."
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