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Improved impulse approximation for ionization collisions between atoms
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By taking as an example ionization collisions between atoms with simultaneous excitation of one of the
atoms, a mutual relation between the impulse and the semi-quantum-mechanical approximation is made clear
in the case in which the electron-atom scattering amplitude is a function only of the momentum transfer. An
improved impulse approximation is proposed, which employs the smallest number of assumptions among the
various formulas and has an advantage of practical usefulness. It is shown that the formula can be simplified
to a single integral if an average of the cross section is taken with respect to the initial azimuthal quantum
number of an atom to be ionized.

I. INTRODUCTION

Ionization collisions involving excited species
have been the subject of recent interest. These
processes between neutral atoms and/or molec-
ules in high-energy collisions have been quite
successfully treated by the semi-quantum-me-
chanical theory or the impulse approximation. ' '
These approximations have a great advantage.
A better- than- simple perturbation approximation
or a rigorous expression, if available, can be
employed for the two-body (electron-atom} scat-
tering amplitude so that the range of applicability
of the approximations is greatly improved.

These approximations, on the other hand, have
defects. First of all, they assume that the nucleus
of an atom to be ionized does not change velocity
relative to its electron before and after ionization.
Besides, in some instances, application of the
semi-quantum-mechanical theory may involve
lengthy computing tirrie because' the integration
of the differential cross section for the two-body
scattering occupies the innermost position and
is branch'ed into many cases depending on the
energy transferred to an atom to be ionized and
the velocity of an electron to be ejected. '" In
the application of the processes involving highly
excited states, this part of the integration becomes
most cumbersome and time consuming. The im-
pulse approximation, on the other hand, usually
employs a mass-disparity approximation (mass
ratio of electron and nucleus is completely neg-
lected}, even in the case of large-momentum
transfer. " The practical usefulness of the im-
pulse approximation owes very much to this dis-

regard of mass ratio, since this enables the total
scattering. amplitude to be expressed as a product
of an electron-atom inelastic scattering amplitude
and a form factor of an atom to be ionized. The
integration of the square of the form factor over
the angle of electron ejection can further be sim-
plified by using the binary-encounter approxi-
mation.

As far as the authors know, there has been no
discussion about the relation between the semi-
quantum-mechanical and impulse approximations
in spite of their apparent similarity. In this paper,
by using an ionization collision between atoms as
an example, the relation between the two approxi-
mations is made clear for the case when the elec-
tron-atom scattering amplitude is a function only
of the momentum transfer. This corresponds to
a special case of the semi-quantum-mechanical
approximation discussed by Flannery, but presents
an important class of problems in the atom-atom
scattering processes. ' A relation is also in-
vestigated to the Born approximation. In Sec.
III, on the basis of these discussions, a new ap-
proximate formula is proposed for the ionization
cross section. This assumes the smallest number
of approximations among the various formulas.
This is essentially equal to the semi-quantum-
mechanical formula in. the case mentioned above.
The principal difference is the integration order.
This simpledifference, however, reducesthecom-
puter time greatly, and makes the formula more
practically useful in the application to the ionization
collision involving transitions b etween highly excited
states. Especially in the ease of the cross section av-
eraged over azimuthal quantum numbers, the
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formula is very much simplified to a single in-
tegral, and the numerical effort required is es-
sentially the same as that for electron-atom scat-
tering calculations. Flannery has discussed
somewhat a modification of the integration order
to derive Eg. (60) in Ref. 2(b); however not as
fully as here, namely, put the integral over mo-
mentum transfer in the outermost position and
thus reduce the computational effort required.

II. BORN, IMPULSE, AND SEMI-QUANTUM-MECHANICAL

APPROXIMATIONS AND THEIR MUTUAL RELATIONS

in this paper: M„, I» m: mass of A.', 8', and
electron, respectively;

p, = (M~+ m)(Ms + m)/(M~+ Ms+ 2m)

= P~s =M~Ms/(M~+Ms);

p, „=(M~+m)m/(M„+2m) =m;

M„=M, m/(M, +m) =m;

M =. m(1+m/Ms) = m;

R, , k&. initial and final wave vector of the relative
motion between A and B, respectively; K=k,.—k&.
momentum transf er;

In this section we will make clear the relations
between the Born, impulse, and semi-quantum-
mechanical approximations for the case when
the electron-atom scattering amplitude is only
a function of momentum transfer. We use as an
example the following ionization collision process
between atoms:

A+B(i) -A'+B'+ e(f ) .

For simplicity, each atom is considered to be
composed of one electron and a structureless
core.

The following is a summary of the notation used

4: internal energy difference between the initial
and final state of atom A (& &0 in the case of an
excitation of atom A); e: internal energy trans-
ferred to atom B; e =h'(k, )'/2p, ; &

maximum internal energy transfer &~: kinetic
energy of an ejected electron; ~Es: ionization
potential of atom B, e =as+ ~Es ~; gs(Q): radial
part of the momentum (Q) wave function of the
initial atom B; g„"~, ps~: initial and final elec-
tronic wave functions of atoms A. and B, respec-
tively.

A. Born approximation

In the Born approximation the cross section for process (I) can be written

v.„(~'-f)= —,(,—
) A J dZ —. , c„( "

X) J dQ a (
— K)

where

(2)

e.(x)=Q'. ~e'"~y') a=A B (3)

and 0 is the solid angle of the ejected electron. Here the last integral over 0 can be replaced, with good
accuracy, by using binary-encounter theory'.

where

25+ Qo(Ky g)
(4)

Thus the total ionization cross section can finally be expressed as

where fe„,(K) is the electron-atom A-scattering amplitude in the Born approximation, defined as

B. Semi-quantum-mechanical approximation
I

In the semi-quantum-mechanical approximation proposed by Flannery the total cross section for the
same process can be written as follows when the general inelastic electron-atom cross section reduces
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to a function of the momentum transfer only:

o~p((-f)= "
J d'Ji id~(ip)l ()*d()f If"(K)I'dK,

)E' )

where f"(K) is the electron-atom scattering amplitude (can be an exact one), and

P =max(P„J()„), P, =min(P„', P'„),

where
M Q

' 2& '('2
Q

eB eB
(10)

The upper (p, ) and lower (P ) limit of the integration over K are dependent on the values of e and Q. The
(Q, e) diagram defining these is shown in Fig. 1 of Ref. 5.

C. Impulse approximation

An exact scattering amplitude for process (1) is given by

The coordinate system used here is defined in Fig. 1. Equation (ll) can be rewritten

1 i
M +m f " f " i[-M /(M +m)]r +p i

x 4 „(q„r,„,r,B, p„)dr, „dr» dp„dq, dq &
.

Here we have used momentum representations of wave functions defined as

gfB(r2B) =(2v) ' '
Jf g B(q&) e'2f'2B dq&

(12)

3 /2
k ~ ( 1A 2B PA) ( ) +B(q() k1(q1 1A 2B PA) (13)

(14)

This is one of the most essential approximations used in the impulse theory. Substituting Eq. (14) into
Eq. (12), and using a mass-disparity approximation (m/M„and m/MB =0), we obtain

Assuming a free relative motion between 8' and the rest of the system, we can employ the following ap-
proximation for C& '.

7l it'
cvl B+
'"

k( ~
i + Pl

&, ,(f-f ) = (pAB/~)f"(&) ~B(&),

where f"(Z) is the electron-atom A.-scattering amplitude defined as

f"(ii)=— '", f P~ (r,„)e' t'i. — P(k;, q, , |,„,p„)dr, „dp„.
~i2

The total ionization cross section can be expressed as

rr (i-f') =' "»
) f . dd f dii If "(K)i'iff dpi id„(K)i*;

t'EB i ~min

(15)

where prime means that the mass-disparity approximation is used in the corresponding unprimed quan-
tities. Using the binary-encounter theory (4), we have finally

...,(*-f)= —,—' "'"' f "dd f dKif"(Kli f dqip, (())I ().
Q ~s @ tE i E'B Qio{Ey6)

(18)
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factor in Eg. (8}.
The lower limit Q,(K, »} of the integral over Q

is given in Fig. 2 as a function of K. It easily
can be shown that

and

K &Z, for 0«&z
Kmgn~+o for 0 && &C~ or Kg&6 &&max &

(19)

(20)

Z,„&Z, for &, &«&„,
where

FIG. 1. Coordinate system used in the derivation of the
impulse approximation. Gz, Gz, and G are the center
of masses of the A+ —l, B+ —2, and A.+ -1—2 system,
respectively. and

),g, (»„M/p)'~'+ [(I+M/p)»» ]"'
I+M/p,

(21)

D. Mutual relations

Here we investigate the mutual relations of the
three approximate formulas (6); (8), and (18). 'It
is well known and obvious that Ec(s. (6) and (8)
coincide if we use the mass-disparity approxi-
mation iri Ecj. (6) arid replace f"(K) by fa",~(K) in
Eq. (8). Except for the apparerit differences in
the mass factors and tlie approximation for f~(K),
the main difference between the Born or impulse
approximation and the semi- quantum-mechanical
formula consists in the integration ordering. Hy
interchariging the order of integrations, we will
show here the essential equivalence of the Horn
approximation with the semi-quantum-mechanical
formula. It is shown that the only difference be-
tween the two is the Born approximation for f"(K)

,used in Eq. (6) and the neglect of a certain mass

ap(K, e)

max
dK

+ jI dQJ dK,
Qo Km&n

(22)

wher'e

mug
0 gK „ 2M (23)

(24)

and K'(Q, ») is an inverse function of Q;(R'; »)
(Fig. 2) given a,s

Z, =(2M»/m')'~x.

Thus the following two cases should be considered.
(i) 0&» &», or»~&» &» . In this case we have

xq= J" u)) J
" '~z

@o Km&n

, "(. ':)' I. )25)

(ii)», &» &»,. In this case we have always
Qmxx & Qmix and

dZ dQ
Q0 tK

dQJ dx
K (Qa 4)

d dK
Q0 " Kmin

K Kp
, dQ dK,

0 min
FIG. 2. Lower limit @0(E, e) of the integral over Q

in Eq. (6) ss a function of K. q, (K, ») =(m/X)('»/K
—@2K/2M ~. where

(26)
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curve 1:

Q =Q, [Eq. (24)];

curve 2."

j 2

Q=Q„'" [Fq. (23)] for»& —If',.„; (28)

curve 3:

Q=Q, '"- [Eq. (23)] for»& —— K',„;

FIG. 3. (Q, e) diagram defining the range of the inte-
gration over K. Shaded region is forbidden.

(27)

From the above equations we can obtain the (Q, »)
diagram defining the range of the integration over
E as is shown in Fig. 3. 'The integration range of
K is shown in brackets in each region. Curves
1, 2, and 3, and the coordinates of the various
points in Fig. 3 are given as follows:

Q. = (-,
'

i/, )' '(m/M)[(» )'/' —(»,„)' '],
Q„, = (2/i/)' 'I((» )' ' —[(1+p/M) L]' '),

/ 29
Q, =[ I/(2 i/, )'/'](», „) '/'[(i//M)»„-» ],
Q

-- (~ i/)1/2(~/M) [(» ))./2 ~ (» ))./2]

- (2 +M/i/, )&

1+ p/M 1+ p/M

As is seen easily from Fig. 3 and Eqs. (28) and
(29), the integration range of K a,nd Q in the Born
approximation (6) coincides with that of the semi-
quantum-mechanical approximation (8), which is
given in Fig. 1 and Eqs. (6) of Ref. 5. The only
difference is that a mass factor (Ms+m)/MB is
missing in the semi-quantum-mechanical approxi-
mation. This discrepancy simply comes from
the fact that the semi-quantum-mechanical theory
assumes that the nucleus of an atom to be ionized
does not change its velocity before and after thy
transition. The relation between the impulse and
semi-quantum-mechanical approximations is now
obvious. 'That is, both coincide with each other
if we neglect mass ratios m/MA and m/Ms ev-
erywhere in the derivation.

III. IMPROVED IMPULSE APPROXIMATION

From the discussions in Sec. II we propose
here the following cross-section formula of prac-.
tical usefulness which adopts the good parts of
each approximate formula:

P f/) P GlRX

(f "f)= ——
imp 1Hip Q2

dQ
i Pe~ ~E

dz ~f"(K) ~' )"
&rngn QO(I)'p 6)

dQ [a,'(Q) ['Q. (3O)

This„ like the Born formula, does not use any mass-dispa, rity approximation, and, like the semi-quantum-
mechanical and impulse formulas, includes the electron-atom scattering amplitude f (K) which can be an
exact one. Finally, as in the Born and impulse formulas, the most cumbersome part (integration over K)
is not in the inconvenient innermost place. It is better to change the order of the integrations over E and
K, considering the fact that the integration over K is the most time consuming and cumbersome. This
results in

dQ Ia,*(Q) I'Q, (31)

where
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and

Kmnx, min (2 ~/@Z)i/n[(e )i/X + (S E ( ~)i/2] (32)

e (K) =-(n'/2I )K'+2[(e'/2/ ) ~.]"'K-a. (33)

Equation (31) assumes the smallest number of approximations among the various formulas, besides having
a great practical advantage. Hereafter we call formula (31) an improved impulse approximation. For the
sake of making the formula much more practically useful, it is better to further change the order of the
integrations over E and g. This reduces the expression to a double integral, since the integration over
E can be done analytically. For later convenience, we introduce here the following quantities:

e;(Q, K) =~(e/~) QK+(m'/2M)K'x,

Q; (K) = (iQ)//i) [~ (K)/K —(h'/2M)K], Q, (K) =-q; (K),

q s (K)= ( i)/Q8)(~E s~/K ff K/2M), Qs (K)=-qs(K),
(34)

The double integral over Q and & can be classified
according to the following criteria:

defining the classification of the integral 'over
Qn

(A) (8'/2I/, ) e &-,'I'(1/M+1/p, ) b,
(ri'/2I/) e &-,' n'(1/M+1/I/) &.

(A-1)

(A-2)

—( A- l ) —(I )

-(B-l)——(I) for K & K & K
min
0 l

K2' KO 0
max max

(B) (h'/2M)K', & ~Es ~,

(n''/2M)K, '& ~E,'~ &(e'/2M)K'„

(I '/2 M) K ' & I(E s i;

(B-1)

(B-2)

(B-3)

( I I) for
WD)

( I I I) for

(D-2

(D-2) and Kl & K & K2
B B

(D-l), or

) and K & Kl or K & K2
B B

for KO & K & K
min

C
~A-2) —(B)--(B-2) (IV)

(C) K &y [(2~/gx)e ]i/x & (Kmnx +Kmin)

(c-1)

—(I)

)—(II) for (D-2) and Kl K K2
B B

—(D) -—(Ill) for (D-l),

for min(K2, KO ) & K & KO
max max

K,&k, ; (c-2) or (D-2) and K & K or K & K
B B
1 2

HB-3) —(C) -——(C-l) —(IV)

(D) (If'/2I/, ) s &-,' fi'(1/p, +2/M)(4 — Es i),
(D-1)

(~'/2I ) ~.& ='. I-'(1// .2/M)(d —IE.' I) .

(D-2)

The integral further branches into a few cases
depending on the region of K, and then the in-
tegration over & gives the following functions:

—(C-2) —(I)

Here the Roman numerals at the end of each
branching imply the following integrals, respec-
tively:

(n I =- f, ()a f 4Q

dQ, K, Q +
Q~ (E) " Q~ (II.')

dQf, (K),

f,(K, Q) =c', (Q, K) —s, (Q, K),

f,(K, Q) =c', (Q, K) —iE,'i.
(35) Q + (II.')

(n) &= f &Qf.(x, Q)+ f &Qf.(x Q)
0 Qg (E)

According to criteria (A)-(D) and the region of
K, we can have the following branching diagram

+ . dQf, (K),
~ q ', ~II.")
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Q (K) QB (K)
(rr()z=

'
((Qf, (a, ())+ f dQ/, (Ã, q)

.0 Q~ (K

" QB(K)
dQf,(K),

(IV) )= J( &Qf.(&, q)+ J „)e B ()

It may be criticized that the branching is quite
complicated, and that the formula becomes unprac-
tical. As is easily seen from criteria (A)-(D),
how@ver, wt. do not have to follow all the cases in

the diagram for a given process (1). The number
of the cases to be actually considered is at most
four.

If we are interested in the ionization cross sec-
tions averaged over ()e, Eq. (31) can be simplified
further to a single integral. Since we have'

—
2 Q (2is+ 1)l zi(Q)l'

rEB tB

7)(2M„)"'(fz', l+ q'/2M„)' '

we can easily obtain from Eq. (31)

1
p

'
p (+AIA . ++IAy +)) & & 0) = —. (21~ + 1)o,',(~-f)

K msx

( ), «lf (~)l ~fr(y i ~(v )I
p

(38)

where

3
(~'+

I

&* I)' 2IE' l (x'+ IE* I)

(39)

and

m' " ~(K) h'K Q;(K)
2M, sa' K 2~ (2~ )~~' '

(40)

lz*
l

h'K Q;(K)
K 2M (2M )"' '

This is a very useful formula because the numeri-
cal effort required is essentially the same as that

for the plectron-atom scattering calculations. We
can improve easily the cross-section estimate by
employing a better-than-simple perturbation ap-
proximation for f"(K) without introducing any fur-
ther complexity or numerical difficulty.

So far we have been discussing only the ioniza-
tion process (1) with simultaneous excitation of
atom A. Process (1) with simultaneous deexcita-
tion of atom A (b, &0) also presents an interesting
problem, since the excitation transfer is expected
to enhance thy process greatly. The derivation of
the cross-section formula for this case is not very
different from that of the excitation case. We only
give here the final expression for the cross section
corresponding to Eq. (38):

I

4
Kmin

v~v " ""' ' "s: 'o
l l l al) =

3 lEal" 2 dK[~(x:) —~(y, )jk f P'eg Qp

'0KmM

g K mill0'
«(&(v') —&(x )()lf"(&)l*& (4()

where

(42)

In the case of lAl & lE'al the cross-section formula
coincides with Eq. (38). The detailed discussions
of the process will be given jn a future publication.

IV. SUMMARY'

Mgtual relations between the Born, impulse, and
semi-quantum-mechanical approximations were

made cfear for the case when the elec tron-atom
scattering amplitude depends only on the rpomen-
tum try.nsfer by taking as an example the ionization
collisians between atoms with simultaneous excita-
tion of one of the atoms. An improved impulse ap-
proximation is proposed, one which assumes tQe
least assumptions. Except for thy mass ratio factor
rn/M~, this is essentially equal to the semi-quan-
tum-mechanical formula hand modifies the integra-
tion orders in that formula. This has, however,
an advantage of practical usefulness in reducing
the computation time. Especially formulas (38)
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and (41) are very simple and useful in the applica-
tions to the processes involving highly excited
states. A series of applications of the. formulas
derived in this paper will be made in future publi-
cations not only for the case of the simultaneous
excitation, but also for the case of deexcitation of
one of the atoms. Use of the Glauber approxima-
tion for the electron-atom scattering amplitude in
Eq. (38) or (41) will also be interesting to test the
validity of the Born approximation for the ampli-
tude. As pointed out frequently in this'paper, we
have discussed only the case when the electron-
atom scattering amplitude reduces to a function of
the momentum transfer only. This is, of course,
not the most general case, but a very important
case' in atom-atom scattering problems. In gener-

al, the scattering amplitude depends not only on
the momentum transfer but also on the relative
velocity of the two particles. A similar mod'ifica-
tion of the semi-quantum-mechanical approxima-
tion could be made together with clarification of
its relation to the impulse approximation.
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