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Measurements of the triple-differential cross section for low-energy
electron-impact ionization of helium
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(Received 19 July 1977)

The triple-differential cross section for ionization of helium by low-energy electron impact is investigated

over the energy and angular variables. Measurements have been made for primary electron energies near 100
eV, ejected electron energies of 5, 10, and 20 eV, and scattering angles 15', 20', and 30'. The'forward
lobe of the triple-differential cross section is found to be approximately cylindrically symmetric.

I. INTRODUCTION

Ionization of atoms by electron impact has been
studied for a, long time in a, great many places. The
atom most commonly examined has been helium.
The reaction is conventionally written

e+ He -He'+ 2e.

The total ionization cross section is obtained by
looking for ion production and the double-differen-
tial cross section is measured by looking for either
one of the two outgoing electrons. Many workers
have examined this reaction by looking at both out-
going electrons for ca,ses in which all electron
trajectories lie in a. plane' ' or both outgoing elec-
trons are constrained to a, symmetric configura-
tion. ' ' Here we report observations of both elec-
trons without the above restrictions.

The principle of the measurement is best de-
scribed by reference to an idealized situation.
Suppose a gas of helium atoms of density N(r ) is
bombarded by a stream of electrons of energy E,
and current density J,(r ). All the electrons are
assumed to be moving in the same direction and
iV(r ) and J,(r ) are assumed relatively constant
over some small volume 5r. Therefore, only the
magnitude of the current density J,(r ) needs to be
considered. Reaction (I) will cause the appearance
of positive ions and free electrons with energy less
than E,. Arrange one electron analyzer detector to
detect those electrons moving in direction k, within
solid angle I50„and with energy E, within some
tolerance 5E,. Arrange another electron detector
with similar characteristics which are distin-
guished by the subscript b. If the current of prim-
ary electrons is small enough, it is possible to
select with little ambiguity those occasions when
the electrons in the two detectors come from the
same ionization event. The main interest here is
in these "coincident" events. If the outgoing elec-
trons have energies .E, and E~, the excitation ener-
gy of the ion is E,. =E,—E —E, —IP, where IP is
the ionization potential of the target gas. In this

measurement, we are only interested in the case
where the ion is in its ground state (E,.= 0). Since

E, is a function of E, for a known incident elec-
tron energy and target gas, E, is not an indepen-
dent variable. The rate of coincident events in

5r can be expressed

N(r )J,(r )5r5E,5jl,50~,dE,dk3, d)3~

where the quantity d'o/dE, dQ, dA, is conventional-
ly called the triple-differential cross section. As
defined above, the triple-differential cross section
provides a full description of the kinematics of the
two outgoing electrons for a particular eriergy state
of the ion (ignoring spin). The principle of conser-
vation of momentum allows the computation of the
momentum of the positive ion. Thus, for this case
the triple-differential cross section may be re-
ferred to as the complete-differential ionization
cross section.

Specification of the final state of reaction (I) re-
quires. nine simple kinematic variables for each
state of the ion. For a given state of the ion, four
of these are related to'the others by the equations
expressing conservation of energy and momentum.
In addition the initial system is cylindrically sym-
metric so one other variable is cyclic. The result is
that the complete-diff erential ionization cross sec-
tion for each ion state is a. function of Eo and four final-
state variables. The final-state variables chosen in
this report are the energy of one of the electrons E,
and three angles specifying the direction of motion of
the electrons. The full five-dimensional space is so
large that there is no prospect for exploring all of
it. Prior work' "provides information on the com-
plete-differential ionization cross section for sel-
ected domains in this five-dimensional space. The
first measurements were reported by Ehrhardt
et al. 2

~ 3 who gave angular-distribution data with the
constraint that the three electron trajectories are
in a plane. Data were reported for low incident
energies and several values of the other variables.
Hood et a/. "' have reported data, at high incident
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energies with other yariables selected to insure
the validity of a particular quantum- mechanical
approximation. The object was to deduce the mo-
mentum-space wave function of the target, . In a
previous paper", we have reported measur. ements
of angular distributions for cases selected to faci)-
itate comparison with the Born approximation. In
this paper we report further measurements sel-
ected to best describe. some. characteristics of the
complete-differential cross section.

II. EXPERIMENTAL APPARATUS

The equipment and operati. ng procedure were' set
up to approximate the idealized measurement de-
scribed above. .Angular distributions were explored
by physically moving some of the components. The
relative positions are important for interpreting
the data, and different parts of the data are best
described using different coordinate systems. ,As
a first step in deScribing the apparatus we define a
coordinate system suitable for specification of the
relative positions of the components. The helium
gas i.s in the form of an atomic beam which i.s
cylindrically symmetx'ic and approximately verti-
cal. The axis of symmetry is an important refer-
ence line which we label by the unit vector z. The
electron gun and the tw'o electron analyzer detectors
also have well-defined mechanic3, 1 axes which we
label with unit vectors k„R,, and k~, respectively.

FIG. 1. Electron-impact spectrometer. A is the
scattered electron analyzer including a hemispherical
electrostatic deQector, electrostatic lens systems,
and a channel electron multiplier. 8 is the time-of-
Qight analyzer, C is the electron gun, and& is the gas
jet. E indicates the bearings for rotating the gun around
the gas beam on one plane and the time-of-flight ana-.
lyzer around the scattering center in three dimensions.

k, is fixed relative to the vacuum system and is
orthogonal to z. k, can be rotated about an axis co-
incident with, z and is always orthogonal to z. k„
z, and k, all intersect at a point which we call the
"scattering center. " The plane containing k, and

k, is called the "scattering plane. "
kb can be ro-

tated about either of two axes both of which go
through the scattering center such that kb always
passes through the scattering center. We define
the scattering angle 8, by the equation k, -kp cos 6.
Define one further line kb which is the projection of
kb on the scattering plane. The angles chosen to
specify k„, 8~, and g are such that k, k~= cos 8~

aIld k~'k~= cos Q'.
The apparatus is illustrated in Fig. 1. The elec-

tron gun was designed to direct a small pencil of
electrons with selected energy E, through the scat-
tering center. The source of electrons was. a.di-
rectly heated tungsten filament with no special en-
ergy selection. -An electrostatic lens was used to
produce a well-defined electron beam at the. scat-
tering center. Tests showed that the beam diam-
eter at the scattering center was about 1..0 rgm and
that the beam divergence was about 0.005 rad. The
energy width of the beam was measured to be about
0.3 eV and the current was typically of the order of
10-8 A.

The helium-gas beam was formed by a small gas.
jet (a, multichannel array with a total diameter of
about I mm) with a, skimmer aperture-of 4 mm
diameter located 4 cm away. The region between
the multichanne1. array and the skimmer was iso-
lated from the main portion of the vacuum system
and evacuated by a separate pump. The. distance
between the scattering center and the skimmer is
2. 5 cm. Tests indicated that in the. scattering
plane the radial distribution of gas density was
approximately Gaussian with the half-intensity
point about 3.5 mm from the scattering center.
The gas pressure in the interaction region was one
order of magnitude greater than the background
pressure which was about 5 & 1o ' torr.

The ionization rate is proportional to N(r )J,(r;).
Because of the shape of J,(r), N(r)J, (r) is zero
except near a line which is in the scattering plane.
The electron analyzer detectors have detection ef-
ficiencies which depend not only on the direction
and energy of the election but the position. of the
trajectory in space. The electrons of interest here
can be considered to originate near the scattering
center. It is useful to define functions G,(r, p:) and
G~(r, p) to be the detection efficiencies of the two,
analyzer detectors for electrons produced at posi-
tion r with momentum p.

For convenience of later description, we call the
outgoing electron-with lower energy the ejected
electron and the one with higher energy the scat-
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tered electron. The simpler of the two analyzer
detectors, the one. labeled with the subscript b

above, was used to detect the ejected electron. It
consists of a three-element lens followed by a
drift tube all fabricated of molybdenum. The dis-
tances from the scattering center to the entrance
pupil, whose diameter is 1.2 em, and the center of
the lens are 2.2 and 6.3 cm, respectively. The
length of the field-free tube is about 13.5 cm. The
analyzer passed those electrons entering the en-
trance pupil which were within 2.5' of the direction
k, . A grid eliminated entirely those electrons with
energies below some selected energy.

The analyzer detector identified by the subscript
a was used to detect the scattered electrons. In
addition to the apertures defining an angular range,
a hemi. spherical deflector with inner and outer
radii of 5 and 7.5 cm, respectively, was used to
provide energy selection. Ori the input 'side the
entrance aperture has a diameter of 1.2 cm and is
3 cm away from the scattering center. The limit-
ing apertures were a circular pupil placed at the
focal point of the first lens and a rectangular slit
after the hemispherical deflector. The character-
istics of the selected electron trajectories are
best described using the images of the two limit-
ing apertures in the field-free space which includes
the scattering center. The image of the pupil was
at infinity arid the image. of the slit for the accepted
electron energy T, was at the scattering center.
The image of the slit at the scattering center was
somewhat smaller than the entrance aperture to
the electron optical system. The result was that
for electrons with energy T„G,(r, p) in the scat-
tering plane was approximately uniform over a
rectangle of width 5 mm, and was zero except for
those directions, of p within 1 of the direction k,.
For electron energies somewhat higher than T,
the image of the slit was below the scattering
plane by enough that G, (r, p) was zero at all posi-
tions where J,(r) was not equal to zero. Thus, the
electron beam performed as one slit of a two-slit
spectrometer. The energy width of the spectro-
meter for this set of measurements was 0.6 eV.
Both of the electron analyzers are designed to have
a field of view big enough to encompass the entire
interaction region.

The magnetic field within a sphere of 20 cm radi-
us about the scattering center was reduced to less
than 5 mG by a set of orthogonal Helmholtz coils
and magnetic shieldings.

III. :EXPERIMENT

The procedure used was standard. ' However,
there were features unique to this experiment.
Data were recorded by arranging for the arrival

of an electron at detector a to start a timer, and
for the arrival of an electron at detector b to stop
the timer. In this experiment a time-to- amplitude
converter was used. If a stop everit did not occur
within 200 nsec after a start the timer was reset.
A stop event while the timer was-not running pro-
duced no effect. When a stop event stopped the
timer, the time was read digitally and the count
incremented in the corresponding channel of a
multichannel analyzer. In addition, other counters
recorded the total number of start and stop events.
These data were accumulated for, .some time, then
recorded on punched paper tape for later analysis.
The multichannel analysis was do.ne by a small
computer, which, a1.so under program control, sets
the angles 6„6~, P». The operating procedure was
to submit to the minicomputer a table of angles
along with other instructions. The minicomputer.
then set the angles, assembled a data set, changed
the angles to the next table entry, and punched the
old data while simultaneously assembling a new
set. The table of angles was scanned several ti.mes
to permit a reproducibility check and to minimize
the effects of instrumental drift. The total counting
time for a fixed set of angle variables was about 2 h.

From knowledge of the net rate of start and stop
events, it is possible to compute the expected num-
ber of counts in each channel using the assumption
that almost all recorded counts are due to uncorre-
lated events. The first step in the data analysis
was to subtract the background of uncorrelated
counts. The resultant time-delay spectrum is
approximately an energy spectrum of the electrons
in the analyzer detector b. This is so because the
arialyzer detector a is such that all electrons which
pass through take approximately the same time.
Thus, the values of E, and 5E~ can be determined by
averaging a large number of time-delay spectra.
With this average the counts due to coincidence
could be clearly distinguished from the random
effects.

IV. DATA ANALYSIS

The coincidence count rate I, can be expressed
as follows:

d3
—J,(r )N(r )G, (r, p )dQ dQbdE

xG (r, p)drdQ, dQ&dE

We have made several assumptions to relate the
above expression to the experiment: (i) The triple-
differentia1 cross section is a constant within the
energy and angular acceptances of both analyzer
detectors. (ii) The electron lens systems are
designed and operated such that the angular accept-
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ances are relatively constant over a wide energy
range. (iii) As discussed in Sec. II, since the an-
gular acceptance of analyzer b is large enough to
contain the scattering volume 5r at any position,
G„(r,p) is treated as a constant. In the following
discussion, G»(r, p) is:assumed to be 100%. With
the above assumptions we are able to rewrite Eq.
(3) as follows:

reported in this work, the energy of the scattered
electron is kept the same, E, =70.42 eV. There-
fore, G, (r, p) and &E, remain constant.

Although the emphasis is on the relative shape of
the cross section, data are reported on an abso-
lute scale. The integral in Eq. (4) can be deter-
mined by observing the intensity of elastically
scattered 100-eV electrons at 20':

I„=,'(r )N(r )G,(r, p )g„dr . (6)

&& Z,'(r )N(r)G, (r, p) dr dE, (4)

I,' d 'p'/cd, dA» dE '

Hence the shape of the triple-differential cross
section can be determined quite accurately. The
uncertainty in the relative. data is estimated to be
about 10%%uo; The uncertainty may come from the
statistical fluctuations in the coincidence rate I,.
Also, the effective interaction volume that analyzer
5 covers may vary slightly from one position to an-
other. Furthermore, . the data- analysis model is
not perfect.

Due to the relatively small angular acceptance
of analyzer a, as the scattering angle varies, the
effective interaction volume in the worst case (the
scattering angle being 10' and 90') can differ by
30%. However, data can be adjusted for the known
problems and this systematic error can be reduced
to less than 3%. This can be accomplished by nor-
malizing to the known absolute elastic scattering
data for a wide range of scattering angles. For the
measurements reported here the scattering angle
varies, at most, only 15'. From simple geometric
considerations, the systematic error introduced is
less than 3%. Hence we are able to compare the
relative magnitudes of two sets of measurements
with the same eriergy variables and different scat-
tering angles.

The detection efficiency G,(r, p) is strongly en-
ergy dependent. Since the voltage ratios on the
electron lenses are fixed, the lens characteristics
are not expected to vary much for different scat-
tered electron energies. In a, first-order approxi-
mation" G,(r, p) is inversely proportional to scat-
tered electron energy. For all the measurements

The principal emphasis in the present experi-
ment is to determine how the cross section is dis-
tributed over the angle and energy variables.
Throughout the eXperiment the electron current and
gas density are maintained constant. For a certain
scattering angle 8, and a set of fi.xed energy vari-
ables, the fatso of any two measurements at differ-

'ent values of.8» and P» is
I

The absolute elastic scattering cross section 0„ is
taken from the experimental results of Kurepa and
Vuskovic" (a„=0.376 && 10 "cm' sr '). In Eq. (6),
I„is the elastic scattering electron current and

J,(r ) is the incident current density. With the
assumptions discussed in this section, the uncer-
tainty of the absolute value of the cross section is
estimated to'be less than a factor of 2.

There are two major sources of error. One is
due to the assumption that the detection efficiericy
of detector b is 100%. The other is due to the un-
certairity in the reported absolute elastic scattering
cross section. ""

100'%%uo detection efficiency is
apparently the upper limit. The experimental ab-
solute elastic scattering cross section of helium
reported by Kurepa and Vuskovic is also slightly
higher than the average of all the reported values.
We chose to use their value so that the uncertain-
ties in both sources of error might cancel each
other somewhat.

V. RESULTS

The measured triple-differential cross sections
of helium as a function of the angles 8„and P» of
the ejected electron are preserited in the polar dia-
grams of Figs. 2 and 3. The dots are the experi-
mental results and the solid curves are the lines
fitting these data. points, The diagrams and the
solid curves are the lines fitting these data points.
The diagrams on the left-hand side [(a)-(c)] show
the in-plane scans where Q» = O'. The arrows from
the bottom to the center indicate the incident elec-
tron direction k„ the arrows outgoing from the
center define the scattered electron direction k, .
The momentum-transfer direction is indicated by
vector K. The diagrams on the right-hand side
[(d)-(f)) are vertical scans. That is, 8, has been
kept constant and only iP» has been varied. For the
vertical scans the angle P» is restricted mechani-
cally to be less than 18' above the plane. The range
of P» close to -90' was avoided to prevent gas in-
jecting directly into the time-of-flight analyzer.
Owing to symmetry, the shapes of the cross sec-
tion above and below the scattering plane are ex-
pected to be mirror images, and data taken above



1596 BEAT Y, HESSELBACHER, HONG, AND MOORE

.270

Ep = &05eV
Eb=)0 eV

8~ = l5'
=0'

10

0

0

Ko

I I~ ~ ~ ' ~

(o

E = t05ev
Q = lO ev
eg = t5'

eb=213 en=64

27d

1

Eo = &05ev
Eb= 10 ev
e&= 20

1P

0

0 gy g 20

E= 105ev
Eb= &0 ev
e~= 20'

eO=2'4

1Q oi

Ib

F80' -90'

E = 105+v
Eb= lQ eV

~ =34
$b- 0

d cr

daven, dE
02 I'Sr'eV '

I

Kp

Ep = &05eV
10 eV

~= 30
en= 216

5

eb 73

0

5CP -90 -60

FIG. 2. Measurements for the case in which energy variables remained constants (Eo ——105 eV, E,= 70.42 eV, and .

E&=10 eV)-. The scattering angles are 15', 20, and 30' for (a)-(c), respectively. (a)-(c) are the results of the i+-
plane scans (P&= 0). Data shown on the right-hand side of (d)—(f) are the results of the vertical scans along the sym-
metric axes of their respective forward lobes. Data shown on the left-hand side of (d)-(f) are the vertical scans made
as close to the maximum of the backward lobe as possible. The dots are the experimental data points. The curves are
the lines fitting those data points to outline the shape of the triple-differential cross section.

I

and below the scattering plane agree with this sym-
metry.

Measurements presented in Fig. 2 are for the
case in which energy variables remained constant
(E,=105 eV and E~= 10 eV). Data, were taken for
the scattering angles 8, =15', 20', and 30 . As re-
ported before'~ '"we observe two distinct lobes.
The maximum magnitudes of the forward lobe in-
creases as 0, decreases. We established previous-
ly" that the triple-differential cross section is not
cylindrically symmetric about the momentum-
transfer direction as pi'edicted by the Born approx-

irnation. One purpose of the current work is to see
if the cross section is ever cylindrically symmetric
about any axis. If so, we will call that axis the
symmetry axis S. By examining the results for the
in-plane scans the forward lobes are approximately
symmetric about certain axes. Therefore, we are
able to choose an axis in the neighborhood of the
ideal symmetry axis, and then scan a cone of half-
angle 15' around that axis. Figure 4 shows the
cone of half-angle 8~ centered about a trial sym-
metry axis S, which makes an angle $ with the in-
cident electron direction. P~ is the azimuthal angle
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FIG. 3. Data presented as in Fig. 2 for the case in which the scattering angle was fixed at 20 . The ejected electron
energies are 5, 10, and 20 eV for (a)-(c), respectively.

TABLE I. Eo ——105 eV, E,=70.42 eV, and E~=10 eV.

] 50 20 30'

Magnitude of the maximuin of the forward peak
(10 4m sr ~eV )

Angl, e between the momentum transfer and the
incident electron directions

Angle between the symmetric axis and the
incident electron dir ection

Angle between the symmetric axis and the
momentum-tr'ans fer direction

Angle subtended by the forward in-plane
peak at its half maximum vertical

Angle subtended by the backward peak at its
half maximum (vertical only)

20

45 4

64'+ 2'

1.8.6'+ 2

6Poy 2o

60'+ 2'

102'+ 2

12.4

50.55

67 0+ 20

16-.45 + 2

59'+ 2'
60'+ 2'

104'+ 2

4.2

54.62'

73 k2'

18;4'+ 2

44 +2
48'+ 2'

70 +2
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F'IG. 4. Schematic diagram of the coordinates for a
cone scan about an axis S. The triple-differential cross
section is measured as a function of the azimuthal angle

ko, k, and k& are the directions of incoming and
the two outgoing electrons, respectively. 6& is the half
angle of the cone.
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I r I
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which locates the direction of the ejected electron
along the surface of the cone. If the results of the
scan turn out to be constant around the cone, the
axis chosen will indeed be the symmetry axis. The
results for a particular case of, E,=105 eV, E„
=10 eV, and 6, =20' are presented in Fig. 5. Three
half-angle 15' cone scans were made around the
axis vectors in the plane at angles of 61', 67', and
73' with respect to the incident electron direction.
The scan with ( = 67' produces a constant value,
hence the axis along 67' with respect to the inci-
dent electron direction is the symmetry axis for
this case. The determined symmetry axis is indi-
cated by S in the diagram. For further evidence,
we make a vertical scan along the determined sym-
metry axis. The results are shown in Figs. 2(d)-
2(f). The shapes of the forward lobe in the plane
and vertical scans are almost identical. The same
procedures described above were performed for
each different case. The forward lobes are cylin-
drically symmetric for all the cases shown here.
For the present experimental arrangement, we
could not reach the maximum of the backward lobe.
Nevertheless we made vertical scans as close to
the maximum as possible. The results are shown
in Figs. 2(d) —2(f). 6, is specified for each angular-

ILJ

I C
fV)
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C
U

0
I I

15-

$ -67
J J.. J.. . . I i |

10

Eo=!05eV
Eb= 10 eV
ea= 20
Bt, =15

0 —. —~
0 180

Q ---7Q

L ~ L
360

FIG. 5. Typical results of 15' half-angle cone scans. ,

In this particular case, E() ——150 eV, E&=10 eV, and 6,
= 20 . Three cone scans were made about the axes in
the plane making angles of 61, 67, and 73' with the
incident electron'direction, respectively. Constant re-
sults of the cone scan show the axis along 67' with re-
spect to the incident electron direction is the symmetric
axis.

dependence plot. It is found that the backward lobe
is much broader than the forward lobe. The facts
observed from Fig. 2 are summarized in Table I.

Figure 3 shows another set of data for which the
scattering angle was. fixed at 20'. The energy of
ejected electron E„was varied from 5 to 10 to 20
eV. It is significant that the width of the lobes de-
creases as F~ increases. The forward lobes are

TABLE II. E, =70.42 eV and 6, =-20'.

E, (eV)
E„(eV)

101
5

105
10

115
20

Magnitude of the maximum of the forward peak
(10 4m sr eV )

Angle between the momentum transfer and the
incident electron direction

Angle between the symmetric axis and the
incident electron direction .

Angle between the symmetric axis and the
momentum-transfer direction

'Angle subtended by the forward in-plane
peak at its half maximum vertical

Angle subtended by the backward peak at its
half maximum (vertical only)

21 12.5

53.62' 50.55' 45.32'

69 +2 67'+ 2 61'+ 2

15.38 +2 16.45'+ 2 16.8 & 2

82'+ 2
82'+ 2

59 +2
60'+ 2

50'+ 2
52'+ 2

90'+ 2112'+2, 104'6 2



MEASUREMENTS OF THE TRIPLE-DIFFERENTIAL CROSS. . . , 1599

still found to be cylindrically symmetric. As shown
in Fig. 2 the backward lobe is again broader than
the forward lobe. The facts observed from Fig. 3
are summarized in Table II.

The angles between the momentum transfer and
the incident electron directions vary significantly
in both sets of data, as do the angles between the,
symmetry axes and the incident electron directions.
It is interesting to note that the angleg between the
momentum-transfer vectors and the symmetry axes
remain the same withm the experimental error.
This provides us a useful means to predict approx-
imately the direction of the forward-lobe maximum.

VI. CONCLUSION

The triple-differential cross section of electron-
impact ionization of helium consists of two dis-
tinct lobes. The forward lobe is found to be cyl-
indrically symmetric. The backward lobe is broad-
er than the forward lobe. It may also be cylindri-
cally symmetric, but it does not share the same
symmetry axis of the forward lobe.
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