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Starting with a pairwise, spatially and orientationally dependent intermolecular potential constructed to
include steric effects, we carry out a systematic solution of the mean-field equation for liquid crystals. A
model parameter which is connected to the molecular structure measures the strength of the steric forces. Its
inclusion makes possible a semiquantitative comparison of our results to the experimentally obtained phase
diagrams of several homologous series. The model predicts phase diagrams similar to that found by Lee et al.
Improvements over the latter include (1) the characteristic feature of the smectic A phase, that the director
prefers to be perpendicular to the smectic layers, arises naturally from our model; (2) the connection of one
of our model parameters with the structure of molecules can now be used to explain the differences in phase-

transition properties between homologous series whose molecules are of similar structure but differ in the
length of the rigid section.

I. INTRODUCTION

Contributions to the molecular theory of smectic-
A liquid crystals have been made by a number of
investigators. ' ' In all cases the treatments are
extensions of the familiar Maier-Saupe mean-field
theory for nematics. The model interaction be-
tween a pair of molecules at positions r, and r„
with respective orientations 0, and 6„ is taken
to be of the form

V(1, 2) = Vo(x„)+V,(r„)P,(fl, .52).

'The interaction potential defined in this manner de-
pends on the magnitude of the vector r» joining the
molecular centers of mass, but not the orientation
of r» relative to the two molecular axes. As a re-
sult, for a fixed value of the relative orientation
between 0, and 0„ the model interaction given by
Eg. (1.1) is spherically symmetric. This property
results in a peculiar feature for the smectic phase,
that the relative orientation between the director
(the preferred direction of orientation of the mol-
ecular axis) and the direction of the density wave
vector q (the normal to the smectic planes), is not
uniquely determined. This means that it is equally
favorable energetically for the director to lie in
any direction. Such a model cannot distinguish
smectic A from smectic C, nor can it exclude such
unknown configurations in which the molecules lie
laterally in smectic planes.

Recently a molecular statistical model for the
smectic-A state based on a rank-two symmetry has
been discussed. ' The intermolecular potential as-
sumed does not depend on the magnitude of the vec-
tor r», but rather on its orientation relative to
the two molecular axes. The peculiarity caused
by the model given by Eg. (1.1) is then removed.
But this model predicts a phase diagram which
does not agree with experiment. The isotropic-

smectic phase-transition boundary obtained is
not an extension of the isotropic-nematic phase
boundary.

The purpose of the present work is to propose
a model constructed to take steric effects into ac-
count, and to study its implications. via the mean-
field theory. To include the short-range steric
forces in our model, we follow the discussion giv-
en by Pople. ' The pairwise interaction contains
the desired properties mentioned above in that it
depends on both the magnitude of r» and the orien-
tation of r» relative to the axes of the two mole-
cules. Thus, since it now contains all the rele-
vant coordinates, the pairwise molecular inter-
action approximates the most general form for
cylindrically symmetric molecules. It turns out
that the model predicts phase diagrams in good
qualitative and quantitative agreement with experi-
ment. It also identifies the force which keeps the
director oriented normal to the smectic layer: the
mechanism that determines the energetically fa-
vored state as smectic A. We are able to connect
the parameter which measures the strength of the
steric effect to the length of the rigid section of the
molecule. This relationship is further verified
empirically by comparing our results with data for
several homologous series.

The systematic and accurate procedure for solv-
ing mean-field equations as developed by Shen
et a/. ' is used in this work.

II. PAIRWISE POTENTIAL

We assume that liquid crystals are composed of
axially symmetric elongated organic molecules
which do not have permanent dipole moments of
consequence. In general six independent coordi-
nates are required to specify the configuration of
each rigid polyatomic molecule. These may be
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-taken as the Cartesian coordinates of some central
point fixed in the molecule and three Eulerian
angles: two to specify the direction of some fixed
axis in the molecule, and the third to specify ro-
tation about this body axis. The intermolecular
energy will in general depend on all these coordi-
nates. But for axially symmetric molecules the
third Eulerian angle can be ignored.

Actually the most general form for the inter-
action potential between a pair of such molecules
at positions r, and r„with orientations Q, and Q„
is a function of five variables. ' This follows from
considerations of translational and rotational sym-
metries, which lead to the formation of the five

A A A A

x 0, ~ v», with 0,. =(0, , y,.}as measured from some
symmetry-breaking polar and azimuthal axis.
The polar axis is usually called the "director"
and denoted by the unit vector ~. The pseudoscal-

A A
ar Qy + Qp vy2 offers a sele ction between two s igns .
4t gives rise to a chiral term. Assuming that the
molecules are nonchiral, we need not consider
the latter. '

Model systems with pairwise potential that de-
pends only on the variables x» and 0, ~ 0, have
been studied by many authors. ' ' The potential
is often written in the form

V(1, 2) = V (y;,)+ V, (x, )P,(Q, ~ 0,). (2.1)

We observe that such a potential gives the same
value for the intermolecular potential between a
pair of molecules with Qy Kyat Q2 K]2 0 and a
pair with f),', ~ x» =0, ~ x» =1. But intuitively we
expect that steric effects at play should lead to
very different values for the two configurations.
As a simple and straightforward generalization of
Eq. (2.1), we shall now write our model potential
as

V(1, 2) = V,(~„)+V,(~„)P,(fl, .5,)

+ W, (r»)P, (A, ~„)+P,(A, ~„)]. (2.2)

in Eq. (2.2), we require that on the average

W, (~„)&0. (2 2)

V.(~) =n (~i~)" (c/~-)'1,

and V, (x) and W, (x) to be Gaussian,
2

V, (x) =-liuke ~~"o, 6)0,
W, (x) =eye" ~"o e)0

(2.4)

(2.5)

(2.6)

We can gain some qualitative feelings about the
potential by sketching profiles of V(1, 2). V(1, 2)
depends on essentially four independent variables:
(i) the angle between 0, and A„(ii) the center-to-
center distance x» between the pair of molecules,

Now, if we choose the sign of W, (x») according
to Eq. (2.3), an increase in the value of W, in-
creases the primary lateral attraction between
molecules situated in a layer of the smectic. Thus
with increasing 8"„ the system becomes increas-
ingly unstable against freezing within layers. A
very strong S; leads to a smectic-B or a solid
phase.

We assume V,(r) to be of the po'pular Lennard-
Jones form,

The last two terms in Eq. (2.2) represent the sim-
plest form of anisotropic intermolecular field that
would account for steric forces between axially
symmetric molecules. ' The choice of the sign of
W, (x») will have consequences on phase transition
properties. In making a choice we are guided by
the following observation.

In order to have a stable smectic phase, we
must clearly make the cohesive forces between
molecules alongside each other strong enough to
prevent them from moving out of the layex's. This
implies the existence of stronger cohesion oper-
ating between the sides of the molecules than be-
tween the ends of the molecules. Thus, based on
properties of the terms between square brackets

FIG. 1. Profile of the potential V(1, 2). The center-to-
center distance between the two molecnles is r&2 ——5 A.
Molecule 1, with fixed orientation Q&, is located at the
origin. 02 is the angle between 02 and 0&. Each con-

.tour represents a plot of V(1,2) vs the polar angle 0&2
(the angle between 9& and f",2) for fixed 8&. A point on
each contour represents a value of.V(1, 2) given (not
to scale) by V(1,2) = (r-R), where x and R represent
radial distances from the origin to the contour point and
the dashed circle, respectively.
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field equation. ' Statistical mechanics begins with
the partition function

Z= exp Vi j r d, . . . drNdQ„. 3.1
i&j

%e define the v-particle distribution by

P'"'(1, . . . , v) = '
exp g V(i, j)!„) (4r)"¹! —1

&& dr„, dQ„„.. . dr„dQ„.
(3.2)

In particular we have the density function

P"'(1) =P "(r„-Q,) =nf(r„5, )

4m'N

Z
exp V i,j

i&j

x dr, dQ, . . .d'r„dQ~, (3.3)

FIG. 2. Profile of the potential V(1,2) for x&2= 15A.
Molecule 1, whose orientation 0& is fixed, is located at
the origin. 82 is the angle between 02 and 0&. Each con-
tour represents a plot of V(1,2) vs the polar angle 0 &2

(the angle between 0& and x&2) for fixed 82. A point on

each contour represents a value of V(1, 2) given (not to
scale) by V(1,2) =y —R where r and R represent radial
distances from the origin to the contour point and the
dashed circle, respectively.

(iii) the angle between Q, and ~», and (iv) the angle
between Q, and x». A single plot of the profile of
V(1, 2) showing the dependence on all the above
variables is not easy. Thus, fixing the position
and Q, of the first molecule, we have made several
qualitative plots of the angular and spatial depen-
dence of V(1, 2) as shown in Figs. 1 and 2. Note
that the profiles strongly suggest the inclusion of
steric effects in our model.

Generally speaking, the form of Vo(x) given by
Eq. (2.4) is not amenable to easy mathematical
manipulations. So for simplicity we will later
assume a model potential with V, also given by'

a Gaussian. The spatial part of the model inter-
action between a pair of liquid- crystal molecules
will then be of the form suggested originally by
McMillan. The anisotropic profile shown in Figs.
1 and 2 remains unchanged when this assumption
is made.

In this paper we intend to examine the role
played by the symmetry-breaking potential
W, '(z»)[P, (Q, ~ y»)+P, (Q, ~ g»)j. In this manner we
wish to learn to improve the model and strengthen
the molecular basis of the theory of liquid crystals.

III. MEAN-FIELD EQUATIONS

For the sake of completeness we will summar-
ize here the derivation and reduction of the mean-

and the pair distribution function

P!"(1,2) =P" '(r—„Q,; r„Q,)
= n2f (r„A,)f(r„Q,)g(l, 2)

V, 1nf(x„Q,) = f(r„Q,)g(1, 2)

x V, V(1, 2) d r, dQ„ (3.5)

V„ lnf(r„Q, ) = f(r„Q,)g(1,2)

x V„V(1,2) dr, dQ .
1

(3.6)

The solution of Eqs. (3.5) and (3.6) requires the
knowledge of g(1, 2), which greatly complicates
matters. But in the mean-field approximation,
which does not take short-range correlations into
account, so that g(l, 2) = 1, Eqs. (3.5) and (3.6)
can be integrated directly to give

in[if(r„Q, )j =
4 f(r~, Q, )V(1,2) dr, dQ, (3.7)

where ink is an integration constant.
Equation (3.7) is the mean-field equation, to be

&& dr, dQ, . . .drNdQ»

(3.4)

where n =N/'0 is the particle number density of
the system and g(1, 2) is the pair correlation func-
tion.

Differentiating Eq. (3.3) with respect to spatial
coordinates or angular coordinates gives rise to
the integrodifferential equations:
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reduced to a form that can be solved systematically.
At this point we would like to point out that from
the fact

The coefficients n~ „are order parameters given
by

P~' (ri, fl, ) d ri dQ =4')
we have the normalization condition,

f(r, Q) d r dA = 4w'0.

(3.8)

(3.9)

4l+ 1
Q

4ng f(Z, 8)P„(n Q)e '~'ed r dQ. (3.11)

Following Shen et al.' we introduce another set
of parameters P», by the definition

Let us assume a uniaxial distribution of mole-
cules about the "director" n. Also, we let the
centers of molecules be located in planes normal
to the Z axis of a fixed Cartesian coordinate sys-
tem. Note that there has been no attempt to set
n parallel to Z. It is then natural to expand f(r, Q)
in the form

OO 00

f(r) 0) =f(z) 8) g Q Gp 2)P2i(n Q)e ) (3 10)

where q is related to the spacing d between planes
(d~0) by

q =2it/d.

In[kf(Z, 8)] = g g P&»P„(n Q)e'~'e. (3.12)
l=1

Utilizing the normalization condition (3.9), we ob-
tain

exp QD~„P„(n n)e'"*) dp ~ do.
P g=1

(3,13)

Now, making use of expression (2.2}for V(1,2)
and Eq. (3.10}on the right-hand side of Eq. (3.5),
we find with the aid of the addition theorem of
spherical harmonics:

lnf(Z„8, ) = Q o.'~ o
1 P-aoo

n

iPqs2 n
BZ " ' 5kT1 phoo

(~2(i"12)P2(Qi ' 'ri2) 1"r2
1

n
5kT ~p

e*'"'
Z P'2(&i2)P2(n'&i. )l d".

BZ1
(3.14)

We next use Eq. (3.12) for lnf(Z, 8) on the left-hand side of Eq. (3.14) and obtain after some straightforward
algebra:

(3.15)

(3.16)

and P~, =O, l )2. The coefficients of order l &2
vanish because of the truncated form of the poten-
tial given in Eq. (2.2).

To proceed further we must make an assumption
about the explicit form of the short-range central
forces. We take simply the Gaussian

Vo(i) =-vo6e " ~ "o,

where x0 gives the range of the potential and 6 and
& measure the strength of V, and $2 relative to V, .
e&0 since W2&0.

On the right-band side of Eqs. (3.15) and (3.16),
we now have integrals of the form

i e )i" io — V (i )dr =PqV 5V' 'i"e i' ~Po«8 2 2

8Z 0 12 2 0 0
1

2 2
V,(x) =-v,e " "o (3.17) (3.18)

V)'(r) =vie " ~"o2 2



THEORY OF SMECTIC A: A MOLECULAR MODEL. . . 1533

e ''"» [W,(x„)P,(n ~ r„)]dr,8

l
~ "'" =4~+ g (-~)'A(p«»)

l=p m=-l

=' 4mPqvpE e " "o'j,(Pqr)P, (n ~ Z)x'dh »;(~., q', )~;*(O...q'„). (3.20)

=(Pq)'v, em''",'[P, (n Z)/10]M(-,', —,'; P'q'-xo/4),

(3.19)

where j,(r) is the spherical Bessel function of order
3 and M is the confluent hypergeometric function.
In evaluating the integral in Eq. (3.19), we used the
expansion'p:

Now using the Kummer transformation" we can
write

M(~ 7' —p2q'f2/4) =e ~Q to 4M(1 7'p2q2/2/4)

(3.21)

Substituting the results (3.18), (3.19), and (3.21)
in Eqs. (3.15) and (3.16) leads to

p& o
——(vox' 'x3on/I T){n& O6+ —', n, ~,r',e(pq)' [P,(n ~ Z)/10]M(1, —,';p'q'x'/4)fe '

p» ——(v m'"y' n30/f T) f—', n,„+n&„roe(pq)' [P, (n ~ Z)/10]M(l, —,'; p'q'xo/4)fe '
P', =0, l&2.

From Eqs. (3.11)-(3.13) we also have

(3.22)

(3.23)

(3.24)

Qp2i (4l+1)
exp P,2l P2l n n e'p"' P2l n n e- p d re

l

exp QQ p,, „,P», (n ~ A)e''" dydee
Pl lt

(3.25)

with ~v denoting the volume of a unit cell. Thus
instead of solving the mean-field equation directly
our problem reduces to solving Eqs. (3.22)—(3.25)
self-consistently. Let us next digress to discuss
the physical properties of the model potential as-
sumed in Eq. (3.17).

IV. FEATURES OF THE GAUSSIAN MODEL

Combining Eqs. (2.2) and (3.17) the short-ranged
pairwise potential can be written as

V(1, 2) =v, exp[-(r»/x, )']

x[ 5 P, (fl, n, )+&P,(n, ~„)+eP,(n, '„)].
(4.1)

Thus four physical parameters enter the theory:
vp, 6, &, and xp vp determines the nemati. c-iso-
tropic transition temperature T». rp is of the or-
der of the length of the rigid section of the elon-
gated organic molecule. It gives the range of the

)

interaction. The effect of the parameters 6 and c
is not very obvious. To gain some insight into
the. salient features of Eq. (4.1), let us make sev-
eral observations about the experimental situation.
The reader will find Fig. 3 helpful in following the
discussion below.

Experimental phase diagrams of the transition
temperatures with respect to number of carbons

in the end alkyl chain, which we consider to be the
chain length, show the following features. For
short chain lengths, the smectic-A-nematic trans-
ition temperature T„„increases with increasing
chain length. T„„rises and meets the nematic-
isotropic transition temperature T». For large
chain lengths one has only the smectic-A and iso-
tropic phases and the transition temperature T,„
generally decreases. Finally we observe that dif-
ferent classes of homologous series have in gen-

LLJ

!X
I—

K
ILJ

ILL
I—

O
I-
(A
Z,'

CL

ALKYL CHAIN LENGTH

FIG. 3. Typical phase diagram for homologous series
of compounds showing transition temperature vs length
of alkyl end chains (Bef. 2).
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eral a triple point at about the same end chain
length.

With the above experimental results in mind let
us now inspect the pairwise potential Eg. (4.1).
The underlying idea for the discussion that follows
has already been given. ' First, let us consider the
spatial part only for fixed 6 and E. The potential
V, seen by a single molecule i is approximately
given by a summation of V(i, j) over all molecules
j sitting on planes spaced d apart. V,. is an oscil-
lating function with periodic wells centered on the
smectic planes and barriers arising from overlap-
ping Gaussian tails. For chains which are suf-
ficiently short, the height of the barriers increases
with increasing chain length while the Gaussians
disengage. This enhances the tendency of each
molecule to be localized on a plane. Thus the
transition temperature T„„rises. As the chains
continue to grow, eventually molecules are spaced
too far apart for this mechanism to remain effec-
tive. Therefore T» and subsequently T» should
stay constant with respect to chain length.

Also, according to Eq. (4.1) the strength of the
orientational force diminishes as the average dis-
tance between molecules increases. Thus rnole-
cular alignment becomes more difficult as the
chains lengthen. This results in a depression of
the transition temperatures T» and T», from iso-
tropic to orientationally ordered states in a contin-
uous manner.

In the region of intermediate chain length the
magnitude of the parameters 6 and & gives rise
to some features which could make the model in-

consistent with experiment. So let us first con-
sider a variation in the parameter 6. As ~ increas-
es, the wells centered at each plane become deep-
er. This enhances the tendency of each molecule
to be localized on a plane. Thus, for short chains,
the transition temperature T» rises with increas-
ing 6. Now, for each 6 there is a chain length L,
at which T„„meets T». According to the above
consideration, L, decreases. So for large 6, L,
may not be large enough for the molecules to be
considered far apart. As the chain length increas-
es, T,„will then increase until it becomes a con-
-stant finally. This is inconsistent with experimen-
tal observation. So contrary to the suggestion'
that T» will decrease with increasing 6, we must
limit the value of 6 to small enough values if the
model is to be consistent with experimental obser-
vations. The parameter 6 thus helps determine
TNg Tz~ and the triple point.

Finally we refer the reader to the discussion in
the Sec. II for the origin of the parameter E. It
determines the transition temperature T». But
since most of the features of the experimental
phase diagram are already reproduced by the pre-
vious model, ' we expect E to be much less than 6.

V. FURTHER REDUCTION OF MEAN-FIELD EQUATIONS

For simplicity we keep only the first Fourier
coefficient and consider P00, P, , =P, „P0„and
p» ——p». Then from the self-consistency Eq.
(3.25) we find

f f„exp[2P, , cos(2'/d)+ [P,+ 2P, , cos(2'/d)]P, (n ~ Q)}cos(2»/d) dr dQ

f „f„exp(2P, cos(21'/d}+ [P,+ 2P, , cos(21'/d}]P, (n Q)}drdQ
(s.l)

J~„fo exp(2P, 0 cos(2'/d)+ [P, ,+2P, , cos(21|Z/d)]P, (n Q)}P,(n ~ Q) 4 rdQ

f~„f„exp(2P, , cos(2'/d)+ [P, , +2P, , cos(21|Z/d)]P, (n Q)}d rdQ
(5.2)

J „f„ex(PP2, , cos(2'/d)+ [P,+2P, , cos(21'/d)]P0(n Q)}cos(2wZ/d)P, (n 0)dr dQ

f „f„xep( 2,pcos(2wZ/d)+[p0 2+2p, 2cos(2mZ/d)]P, (n 5)}dry
(5.3}

Note that-since the angular and the spatial parts
are coupled, the above integrals cannot be evalu-
ated in closed form. It is, however, possible to
rewrite the various integrals in forms more amen-
able to numerical integration. In Appendix A it is
shown that the integrals in Egs. (5.1)—(5.3) can be
expressed in terms of Dawson integrals. Then
using the results (A1)-(A5) we obtain from Eqs.
(s.1) (s.3):

1 0

QP 2

CX1 2

Now defining

lp Oy2& lop & le2

p p 2r 1~ OP lg2

02(PO 0» Pl ~ 0» Pl ~ 2)

0 Op2& leap& ly2

12(PO 2» Pl 0» Pl ~ 2)

0(PO» 2» Pl» 0» Pl ~ 2}

(5.4)

(s.s)

(5.6)
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111
t=kT/vo, n=n„n„n, =

d

and

leO 8p3/2t~ (P p P )0 0 ~ Q 120 122

A/2
.[.10(POy2& ~1~ Oi Ply2) 5 ~1 (P2, 0&2Pl ~ Oi P1,2)

X [P,(n ~ Z)/10]M(1, —,'; &2/4)e ~ ~', (5.8)

12(PO ~ 2&pl ~ 01 Pl ~ 2} '~ 10(POp2&Pl& &0Pl ~ 2):

x [P2(n Z)/10]M(1, 2; g /4})e ~ ~, (5.0)

p:. ': ~X~V~:, :.02(~0, 2$ ~1~ 0& Pli2}
0(POy2P Pl ~ 0 t Pl I2}

(5.10)

The expressions for ~0 ~co ~12 and K02 can be
evaluated easily by numerical integration using
the Gauss-Chebyshev formula. So, for chosen
f, r„„, f„nad/, the coefficients P02, Plo, and P»

g„=2m3 /d„, ),=2w3 /d„, g=2m3 /d, (5.7)

and substituting them into Eqs. (3.22} and (3.23)
we get.

can be evaluated by using a fixed-point iteration
procedure from Eqs. (5.8)-(5.10).

It should be noted that p„depends explicitly on
the value of the angle between the director and the
direction of the density wave vector fl, . denoted by

This will help us to find out if our model al-
lows for stable phases in which the director. in-
clines at an angle relative to the Z axis. (For this
purpose the Helmholtz free energy must be cal-
culated and minimized. ) In fact this feature rend-
ers our model as an improvement. over previous
models. In the models' ' studied previously it had
usually been assumed that the direction of the den-
sity wave lies in the direction of the nematic pre-
ferred axis. But it is equally favorable energetica-

A

lly for n to be in any direction with respect to Z.
In the present model, this restriction has been re-
moved in a, very simple and natural way. It has
been suggested3 that if one considers excluded
volume effect, the ambiguity concerning which di-
rection of the director should give minimum free
energy will be removed. Since in our model we
have effectively accounted for steric effects, our
results will offer a test of the above conjecture.

VI. FREE ENERGY

In the mean-field approximation the Helmholtz
free- energy functional can be expressed as

6: =60+ — f(r, Q) ln . ' drdQ+ 2 f(rl, Q, )f(r2, 62)V(1, 2) dr, dA, d r2dA2.
kTn nf(r, Q) n'

(6.1)

From Sec. V, we have

exp/2p, 0 eos(2'/d)+ [po 2+2p, 2 cos(22Z/d)]P, (n ~ Q)] (6.2}

Thus, using Eqs. (Al) —(A5), we obtain

kTn nf(r, 0)f(r, Q) ln ' dr dQ =kTNln(m2) —kTNlnvo(po 2, p, 0, p, 2}—kTNp0, 2

kTN
lq p 12 '1 [ ~1,0~10(~0,2& ~1,0) P1,2) ~0, 2 02(~0, 2P I 1IO& P1, 2}

Okf 022& t 1,0& ~1,2&

Pl~2 12(t 0~2& ~l'gO& ~1~ 2}] (6.3)

The next step is to consider the third term in the free-energy functional expression (6.1):

n2F2=, f(r„A,}f(r2,Q2)V(1, 2) dr, dQ, dr, d Q, . (6.4)

F, is a complicated integral and cannot be evaluated in a closed form. In Appendix B we use Eq. (6.2) to
write F2 in a form that can easily be integrated numerically. The results from Eqs. (6,3) and (M2) can
now be put into Eq. (6.1) to give the Helmholtz free-energy functional:
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So+kTN ln ~g —
o~

—l o o2,

1 ]
1 PP10 10(P021 P10 & P12) P02 02(P02 t P101 P12) + P12 12(P021 P18 P P12))

0%+02& +10 P H12/

. ..( PP=('.P„P„,P„;,() J=(P'. „P„. P„;,1)+(1~/( )J ('P. .P„..P„;,()])
,L O~t 02& ~10& +12~

VII. NUMERICAL RESULTS AND COMPARISON
WITH EXPERIMENT

In performing numerical work we choose the
parameters f„and f, to be

We also assume values for the potential'strengths
6 and &. Then for each value of the parameter f ',
which characterizes the chain length and takes the
role of volume in a thermodynamic sense, each
value. of the reduced termperature t, and each val-
ue of (n Z), which should also be viewed as a ther-
modynamic variable, we use fixed-point iteration
to evaluate the coefficients P, „P,„and P, ,
For the isotropic phase, p, , = p, , = p, , =0. For
the nematic phase, p, ,c0 and p, , = p, , =0. And
for the smectic phase, p0 2o0, p, 0o0, and p, 2o0.
The computed values of P, „P,„and P, , are used
to evaluate the Helmhotz free energy. For each
chosen value of g ', the stable phase (isotropic,
nematic, or smectic) is then determined by com-
paring the free energies in the three phases at the
same temperature t. Furthermore, a comparison
of the free energies for different values of (n ~ Z)
will give the angle between n and 2 which mini-
mizes the free energy. Our numerical results al-
ways gave (n ~ Z) =1, which means that only one

A,

direction of ~ with respect to Z is energetically
favorable.

In this manner the transition temperatures T,„,
TN„, and T,„as functions of f ' can be determined
and the "phase diagram" drawn. The procedure is
then. repeated for different combinations of 5 and E.

As was pointed out earlier, the theory has four
interaction parameters: v„6, &, and x„which
we fix by requiring the model to fit the measured
transition-temperature curves and approximate
triple point. For each homologous series, our
variation of vo determines one point on the trans-
ition-temperature curve TzN(f '), while 20 mea-
sures the length of the central section of the mole-
cule. Both these parameters are chosen at the
outset and thereafter held fixed. Only the param-
eters 6 and e remain at our disposal to be varied
in order to fit the rest of the experimental phase
dlagl" am .

There have been extensive measurements of liq-
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circles denote experimental nematic-isotropic transi-
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uid-crystal "phase diagrams" for different homolo-
gous series of compounds. Transition tempera-
tures as functions of the number of carbon atoms
in the alkyl end chain have been obtained. To fit
the experimental data we locate a value of ~ that
gives simultaneously the best possible fit to the
isotropic-nematic transition curve and the approx-
imate triple point. Then, for that 6, we select a
value of e which gives T„„closest to the experi-
mental curve. In this manner we obtain semiphen-
omenological theoretical phase diagrams. These
calculations were done and compared to experi-
mental data on five homologous series: 4-ethoxy-
benzal-4- amino-n- alkyl- n- methylcinamates, "P-e-
alkozybenzylidene-P- amiriobenzoic acids, ' 4-p-n-
alkoxybenzylidene-aminodiphenyls, "4-~-alkoxy-
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benzylidene-4'-aminoazobenzene, "and 4:4'-di-
(p-n-alkoxybenzylidene amino) diphenyls. " The
results showing theoretical fits superimposed on
data are given in Figs. 4—8.

We also calculated order parameters as functions
of temperature for several specific combinations of
6 and & values arid a representative value of &"'.
0.40. The graphs are given in Figs. 9-11.

Since most of the qualitative features of the phase
transitions have already been satisfactorily de-
scribed by previous models, the new terms in our
interaction essentially bring about only small cor-
rections as expected. Besides getting similar re-
sults as in Ref. 3, however, some improvements
are observed.

In the present model we made no prior assump-
tion about the relative orientation between the di-
rector n and the smectic density wave vector q.
The Helmholtz free energy, which is now an im-
plicit function of this relative orientation, indi-
cates that (n ~ q) =1 is the only energetically favor-
able configuration. This differs from previous
models in which all relative orientations are en-
ergetically degenerate.

We studied the present model for several values
of 6. Contrary to the conjecture in Ref. 3, with in-
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creasing 6 T,A increases with the length of end
chain until it plateaus at some sufficiently long
chain length. The value of the parameter 6 con-
sistent with experiment varies over the range

. 0.40~ 6 ~ O.VO when we consider the model with-
out including steric terms, i.e. , when E =0, which
is essentially the model studied in Ref. 3.

The four classes of homologous series whose
molecular structures are shown in Fig. 12, all
have the same CH =N double bond. The length
of the rigid section of the molecules is approxi-
ma, tely 10 A for the first, 15 A for the second and
third, and 20 A for the last homologous series.
This difference in length suggests that each of these
homologous series must experience steric forces
to a different degree. Indeed, as we make the best
possible fits of our results to experimental phase
diagrams as shown in Fig. 5-8, we found E increa-
sing with the length of the rigid section of the
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FIG. 9. Orientational order parameter q= 7«2 and
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FIG. 11. Orientational order parameter q =—
5 ~p 2 and

translational order parameter y —=~ & p for 5 = 0.65, e
=0.01, and g ~=0.40.
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(() Gn H2n+) —0 CH = N C02 H

( jj ) Cn H»+~ 0 X CH=N/

(iit) Cn Hpn+i —0 CH =N 0

( jv) Cn'Hpn+i —0 / i CH=N N=CH~O-Cn H2n+(

FIG. 12. Molecular structure of the homologous ser-
ies: (i) p-n-a&koxybenzylidene-p-aminobenzoic acid;
(ii) 4-p-p-alkoxybenzylidene aminodiphenyl; (iii) 4-p-
alkoxybenzylidene-4' -axninoazobenzene; (iv) 4:4' -Di-
(p-n-alkoxybenzylidene amino) diphe'nyl.

that the new terms in the potential, those propor-
tional to P,(Q, ~ x») do account for steric effects;
and furthermore, & does serve as a sensitive mea-
sure of the strength of these effects.

It is observed that for a homologous series a
single parameter e is sufficient to generate a rea-
sonably good fit to the experimental phase diagram. m.
We might consider this verification of the usual
assumption that the excluded volume effect is due

. mainly to the rigid section of the molecules. The
role of the end alkyl chains is merely to cause a
larger interplanar spacing f ' in the smetic-A
phase and thus does not affect the model interac-
tion. In this sense there is now qualitative connec-
tion between the parameter c in our model and the
molecular structure. We feel that this is an im-
portant forward step, since for too long the only
way steric effects were considered required the
use of hard-rod models, which have had their
share of difficulties. The model interaction pro-
posed in this paper appears both simple and effec-
tive.

molecule. We have not been able to find more
homologous series on which to test our model,
but the trend determined with the four available
series is certainly encouraging. We conclude

APPENDIX A

Here the various integrals in E(ls. (5.1)-(5.3) are
rewritten in forms that can be evaluated by numer-
ical integration. We obtain

exp (2P, 0 cos(27[Z/d) + [Po,~+ 2P,„cos(2'/d)]P2(n ~ Q)jd r dQ

=2hv
21r 1

sxp(PP, cosa) " sxp[(P+2P, , cosa)(px' , —())2]dx) da
0

where DAW(x) is the Dawson integral, "given by

DAW(x) =e" e' dt. (A2)

exp f2P, ~, cos(2'/d)+ [P, ,+ 2P, , cos(2)[Z/d)]P, (n ~ Q)f cos(2)TZ/d)d r dQ

= 24Ve~0.2 DAW(P(PO. , + 2P, ,, cosn)]' ') dn
exp[2(P, , + P, ,) cos().] cosn

I(P, ,+ 2P, , cosQ)

-=2&ve ~](|0(P0 2' Py p Py 2)

exp (2P, , cos(2'/d)+ [P, , + 2P, , cos(2)[Z/d)]P, (n Q)]P, (A ~ Q) d r dQ

2+Veto, 2
*'sxp[2(p, .+p, )cosa] ( (cp, , cpp, , cosa „( )],C

)2(P, , +2P, , cosc() [P(P, , +2]3, , cosn)]'"
=26,ve ](„(P,„P,„P,,). (A4)
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exp(2p, 0 cos(27)Z/d)+ [p0 2+ 2p, 2 cos(2wZ/d)]P2(n ~ Q)}cos(2vZ/d)P2(n ~ Q) dr dQ

" exp[2(p, 0+2p, 2) coso'] coso. 1+p0.2+2p, .2 cosa

1

~12(PO 2 ~1~ 0 ~1~ 2}' (A5)

APPENDIX B &=L„L L . (B2)

In this appendix E2 is rewritten in a simpler ex-
pression that can easily be evaluated by numerical
integration:

n2
E, —= f(r, , Q, )f(r„Q2}V(1,2}d r, dQ, d r2 dQ2.

In the thermodynamic limit, 'U -~, N -~, with

N/U = constant =1/&v, (Bs)

N =N„N N—, = (L„/d„)—(L /d )(Ld/d) . (B4)

where as mentioned earlier &v is the volume of a
unit cell, and as before we write

Write the volume 'U of the system as

(B1)
The integrals in I 2 over coordinates x and y are

decoupled and can be done easily:

exp[-)x, —x,)'/x*, ]dx, dx, )d„ f' dx,
waO p

epx(-x /2r20)dx =N„d„tv m,

(B5)
00 00

CO ~00f exp[.-(y, —y, )2/2 20]dy, dy, =N, dy, e px(- y/ 2 )d0y =N, dpi''0&~.
p, ' ~co

The integrals over Z and 0, on the other hand, cannot be done so simply on account of the coupling term
P» in f(Z, O). We have the following integrals which can again be written in terms of Dawson's integral.
First,

exp 2 „cos — 1 + cos 2

Q2

expgp02+ p» cos(2', /d)]P2(n ~ Ql)+ [p»+2p» cos(22Z /d)]P, (n ~ Q, )}dQ,dQ dZ, dZ,

d 2e2gp2s exp[2(P,.+ Pl.)(cos&, + cos&.) —(5, —$.)'/V]

DAW([2(p02+2p» cos), )]1~2)DAW([2(p +2p, cosg )]1~2)

2[(~02+ 2I 12 coeval)(&02+ 2~12 c»~2)]

(B6)

Next we consider the term with a factor P,(Q, ~ Q, ) in the integrand of Eq. (Bl). By the addition theorem
of spherical harmonics

2

P,(Q, ~ Q ) = —g Y,"(G„y,)Y,"*(O„y,),
m~~2

we. find

(B'r)
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exp 2 „cos |+ cos 2

x exp, +2 „cos2mZ, d P n ~ Q, + „+2 „cos2mZ, d P n ~ Q, P Q ~ Q dQ dQ dZ dZ,
1 2

I

=(2v)z J exp f2P,o[cos(2', /d)+ cos(2vZz/d)] —(Z, —Zz)z/xzo)
a oo

1 1
x expgpoz+2P» cos(2', /d)]Pz(x))Pz(x) dx exp([poz+2P» cos(2vZz/d)]Pz(y))Pz(y)dy dZ, dZ,

1 1

=4N d'e2~02
" exp[(2P»+2P»)(cos], +cos&z) —((, —&z)'/K']

4(P„+2P» cos $,)(poz+ 2P» cos$z)

LzL oz+ xz COS ) j

Lz oz+ zz cos

=-4Nzd'&"- .(Poz Ao Piz'&) (B8)

2

P, (Q ~„)=—g r,"(e„,q„)l","*(e„,q„),
m=~2

e

where (O„,y„) and (8», Q») are the angles which Q and z» make with n, respectively. Moreover, since

(B9)

A

finally, there is the term in Fz containing the sum Pz(Q, ~ x») +P,(Q, ~ x»), which is symmetric with re-
spect to interchanging 5, and Q, . We have the addition theorem

cos(2)TZz/d) =cos[2mZ, /d —(2vz»/d) cose»].

Using Eqs. (B9) and (B10) we obtain for the term containing P, (Q, ~ r»):
(Blo)

x exp „+2 „cos2', d P, Q, n + „+2 „cos 2', d P, n ~ Q, P, Q, 7"„d,dQ, dr, dr,

d'so „' e p[( s2p () e) d„c)os((„e()2 e„()(c,os((,(d d )„,
)

x 2e'~~ d
0

exp[(2P„+2P») cos($, + gx)]Pz(x)
DAW(( —,'[P„+2P„cos($,+ $x)])'~')

1 oz+ yzcos )+ x

d 3'U
=-4

(2 )
""~,(P„,P„,P„;K) (Bl1)

A

By symmetry the integral containing P, (Q, ~ r») gives the same result.
Collecting terms from Eqs. (B5), (B6), (B8), and (Bll), we obtain

F, = kTN ~,—"—'
~]z [-z6Jo(Poz, P,o, P,z; g) —zJz(po„p, o, P,z; f)+ (2E/f )Jz(poz, P,o, P„;f)].

L 0~ 02& 10& 12~
(B12)
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