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Equation of state for nematic liquid crystals

J. G. J. Ypma*
Solid State Physics Laboratory, University of Groningen, 1 Melkweg, ‘The Netherlands

. G. Vertogen A
Institute for Theoretical Physics, R.I.M., Toernooiveld, Catholic University of Nijmegen, The Netherlands
(Received 6 July 1977)

Taking the point of view that a nematic is an ordinary simple liquid, whose anisotropic properties can be
treated in terms of perturbation theory, an equation of state for nematic liquid crystals is derived, based on
both anisotropic repulsion between (slightly) nonspherical molecular hard cores and anisotropic attractive
forces. The spatial order in the liquid is, in a first approximation, thought to be determined by a hard-
sphere repulsion. The orientational ordering is considered to result from the effect of the eccentricity of the.
molecular hard core and the superimposed attractive interaction, both of which are taken into account by
means of perturbation theory. A molecular field approximation and, in order to account for short-range
orientational correlations, a two-site cluster approximation, are both applied to the orientational molecular
coordinates. Expressions for the equilibrium thermodynamics quantities are derived. Extensive numerical
model calculations are reported and compared with experimental data for p-azoxyanisole (PAA) and the
results of Cotter. As a special case an equation of state for the Maier-Saupe model (spherical molecules) is
‘presented. If short-range orientational order is taken into account, quantitative agreement with the
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experimental data for PAA can be obtained.

I. INTRODUCTION

The nematic phase is characterized by long-
range orientational order, i.e., the long molecu-
lar axes tend to align along a preferred direction.
The origin of nematic order is still a subject of
controversy. Two mechanisms that can bring
about the alignment have been proposed. One
school of thought!*? ascribes the nematic struc-
ture primarily to the anisotropy of the intermole-

-cular attractive forces, particularly the Van der
Waals forces between anisotropically polarizable
molecules. The intermolecular repulsions are
assumed to be isofropic, at least to a first ap-
proximation, and serve to provide a positive pres-
sure. These theories were worked out at constant
volume, rather than at constant pressure. In
other theories®® the nematic order results pri-
marily from the short-range highly anisotropic
repulsive forces between rodlike molecules. The
high density of the liquid is established by the in-
termolecular attractions, which are assumed to

" be isotropic. Neither of these extreme approaches
can account for the quantitative behavior of real
nematogens. The hard-rod models are athermal
and give values for the order parameter and the
density change at the nematic-isotropic transition
that are too high. The Maier-Saupe model fails to
predict the correct density dependence of the order
parameter, as shown by the experiments of McColl
and Shih.® These experiments revealed large dif-
ferences between the temperature dependence of
the order parameter at constant density and at

constant pressure. They also demonstrated the
importance of both attractive and repulsive inter-
molecular forces in establishing nematic order.

A number of authors™ ® have tried to reconcile
the two extreme points of view by incorporating
both anisotropic intermolecular repulsions and
attractions in their models. From the statistical-
mechanical point of view Cotter’s approach’ seems
to be the most promising. In her model the short-
range intermolecular repulsions are represented by
repulsions between hard spherocylinders, having
the dimensions of a molecule. The anisotropic in-
termolecular attractions are treated self-consis~
tently in the mean-field approximation. Using
scaled-particle theory an equation of state is de-
rived, ‘which permits a description of the various
influences of density, pressure, and temperature
on the nematic-isotropic transition. Although her
model calculations display many qualitative fea-
tures of the common nematogen p-azoxyanisole
(PAA), quantitative comparison with the experi-
mental data suggests that her treatment exagger-
ates the effect of the elongated molecular hard
cores rather strongly. From the physical point
of view this is not surprising at all because mutual
excluded volumes of spherocylindersare strongly
nonadditive. This means that an equation of state
which is derived onthe basis of the excluded

“volume of only a few spherocylinders is bound to

exaggerate the influence of the excluded volume, if
we substitute the real length-to-breadth ratio;

_e.g., the density is underestimated but the rela-

tive density change is overestimated. This situa-
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tion gets worse with increasing length-to-breadth
ratio. Experimentally the relative density change
at the nematic-isotropic transition is very small,
while the density of the liquid is that of a normal
liquid. . This suggests that a nematic can be looked
upon as a normal liquid, where its anisotropic pro-
perties can be treated in terms of perturbation
theory.

In view of the foregoing it seems logical to de-
rive an equation of state for nematics, starting
from a system of molecules with a hard core
that deviates only slightly from a sphere. The
liquid aspects of nematics can then be treated in
terms of the theory of simple liquids, which is
quite well developed. The purpose of this paper
is to present an equation of state based on the
following point of view. The spatial ordering in
the liquid is considered to be determined by the
hard-core repulsion, which is, to a first approxi-
mation, replaced by a hard-sphere repulsion. As
is well known, hard spheres form a good reference
system for simple liquids.'® The orientational
ordering is thought to result from the effect of the
eccentricity of the hard core and the superimposed
anisotropic attractive interaction, both of which
are taken into account by means of perturbation
theory. The orientational molecular coordinates
are treated in two ways. First a molecular-field
approximation is applied. Secondly, the effect of
short-range orientational order is investigated,
-using a two-particle orientational distribution func-
tion, as provided by a two-site cluster variation
method.”* This short-range order is also essential
for the calculation of pretransitional phenomena in
the isotropic phase.!' As a special case an equa-
tion of state is presented, involving the assump-
tions of Maier and Saupe, i.e., the neglect of all
steric effects. Until now the Maier-Saupe model
has been worked out at constant volume, rather
than at constant pressure. The derived equation of
state enables one to consider and compare both ap-
proaches.

This paper is organized in the following way.
The model is described in Sec. II. Expressions
for the relevant equilibrium thermodynamic pro-
perties, such as the free energy and the equation
of state are given. In Sec. III extensive numerical
calculations are reported for systems of spherical
and slightly nonspherical molecules. The relative
influence of anisotropic attraction and steric
hindering on the nematic-isotropic transition is
investigated. In the model calculations two parti-
cular choices of the attractive interaction are
considered. The results are compared with the
experimental data for PAA and with Cotter’s
results.® The effect of short-range orientational
order on the equation of state is also investigated.

Finally, a summary with conclusions is given in
Sec. 1IV. ' '

II. MODEL

The model system which we will consider con-
sists of N axially symmetric, nonspherical mole-
cules, which are contained in a volume V. Apart
from the infinite hard-core repulsion the molecules
interact with each other through anisotropic attrac-
tive forces. I the molecules are assumed to have
an anisotropic polarizabﬂity, they interact through
the Van der Waals dispersion forces. The attrac-
tive interaction energy has the following form:

uatt('rij’ Q;, Qj) =uo(7'u) +u2(7’¢j)P2(0059” ), (2.1)

where Q; denotes the orientation of the long axis
of molecule ¢, 6;; the angle between the orienta-
tions of two molecules, and 7;; the intermolecular
distance. P, is the second Legendre polynomial.

A. Steric hindering

First we will derive an expression for the con-
figurational entropy due to the eccentricity of the
molecular hard core. Consider a system of N
hard particles with fixed orientations, such that
N, molecules have an orientation between , and
Q, +dQ,, k=1,2,...,p. The partition function for
this system without attractive forces reads

L2 - P N
QN(NI,...,N,)=N!(H N, !) H(%%-"-) " Zy,
1

k=1
(2.2)
with
1 .
Zy= i f-°'fdr"‘di il—} 5[”’” —D(Qi’ﬂi)] ’
>
(2.2a)

where D(2;,%;) is the closest distance of approach
of two molecules with orientations §2; and Q; and

£ is defined as
£x)=0, x<0,
=1, x>0.

Strictly speaking, the closest distance of approach
D also depends on the direction of the intermolecu-
lar distance vector T;;. Including this dependence
would confront us with the serious problem of
short-range correlations between positional and
orientational molecular coordinates, a prohibit-
ively difficult task. D(Q;,%;) should therefore be
interpreted as a mean closest distance of ap-
proach, averaged over all directions of the dis-
tance vector T,;, at fixed Q; and ;. For small
eccentricity this approximation is allowed. The
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total configurational integral @, is obtained by
summing Qu(Ny,...,N,) over all possible distri-
butions {N,,N,,...,N,}. Describing the orienta-
tional distribution by a continuous functlon AQ)
such that

N, =Nf(Q,)dQ, ,

we find, in the maximum-term approximation (see
Ref. 5),

InQ, = _Nf dQf(Q) Inf4rf(Q)] +1nZ,. - (2.3)

The first term of this expression refers to the
mixing entropy and the second term to the packing
entropy. The mixing entropy term arises from
the fact that molecules of different orientations
are treated as molecules of different kinds.

Following Bellemans'? we will express the free
energy of the system in terms of the properties
of an assembly of hard spheres, which are fairly
well known. We write

anN~ 1nQS%, + D, Z (a(sz,,sz,»

with Q% denoting the configurational integral of
the reference hard-sphere system:

1 - -~
Q%= mfdrl---dr,,g E(r,, -Dy). (2.7)
When the radial-distribution function gyg of the

reference hard-sphere system is defined in the
usual way, (2.6) can be rewritten

InQy ~1nQj + 3 NpD,(a (R, 2'))

X _[d T, 8(715 = Do) gHs_ (712)6 7 (ry, = D)

- [ def@ml4rr@)], (2.8)

where p is the number density. Realizing that by
definition
é("u —Do)zeXP[ —Bugg ('Vi,-)]y (2.9)

where u ¢ is the infinite repulsive interaction be-
tween hard spheres, and defining

7(r) = gy (v) exp[Buys (7)], (2.10)
the integral in (2.8) reduces to

f dFG(T—Do)T(T)=4ﬂD§T(D(;). 2.11)

D(Q,;,9;)=D,[1 - a(Q;,92;)], (2.4)

where a is defined such that the average over all
orientations

(9,29 = 37 2 NiN,e(®;,9,)
iyd

- f [anar@r@)aa, )

vanishes in the isotropic phase. D, is called the
diameter of the equivalent hard sphere of the ref-
erence system. Expanding &[r;;, —D(Q;,9,)] in
terms of @ we have

E[r;; - D(y,R,)] = E(r;; - Do) + Do (R, , Q)
X 8(r;; —Dy) (2.5)
where 6(7) denotes Dirac’s 6 function. Expanding

Z and keeping only terms linear in (a(f,Q’)), we
obtain

f df, -+ +diy o(ryy -D) 11 &y =Dy ~N [a0f(0) mfaar(@)],
r>1

RI#]
(2.6)

Since the hard-sphere model has not been solved
rigorously, we have to resort to some approxi-
mation. A successful approximation is due to
Percus and Yevick® which leads to an integral
equation for 7(») that can be solved explicitly*:

7(r) =1, + 672 (/Do) + 30\, (/DY (r< D), (2.12)

with n=%7D3%p=pv,, the packing fraction, where
v, is the volume of a hard sphere. The constants
A; and A, are given by

=(1+2mP/(A =), A=-(1+5n?/(1-7). (2.13)

Applying the expressions (2.12) and (2.13) the con-
tribution to the entropy due to the eccentricity of
the molecular hard core reads, apart from the
Boltzmann factor &,

51nQ, =InQy —~1nQS =12N ’Zg“ 2)Q)< @, 9

- [ aaf(@)n[anf@)] . (2.14)

Next, a(®;,%,) is expanded in Legendre poly-
nomials. Neglecting possible differences between
heads and tails of the molecules and truncating
the series after the first term, we have
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a(Q;,2;)=a,P, (cosb;;) . (2.15)

where 6;; denotes the angle between the long mole-
cular axes of the molecules ¢ and j. The Helm-
holtz free energy Fg and the corresponding equa-
tion of state for the reference hard-sphere system
are known in closed form and read (see, e.g.,
Refs. 10 and 15)

BFys _ p 2)& 2(>\+3) 3, 5
N IOg (1 __,'7))\-'-1 (1 ,,1)2 + . A 9
(2.16)

Bbys /0= +n+n*+ar®)/(1 - 1n)°, (2.17)
‘with B=1/kT and A=0Q or -3; A =0 corresponds to
the compressibility equation of state, derived
from fluctuations in the grand canonical ensemble;
A =-3 corresponds to the pressure or virial equa-
tion of state, which can be derived from the virial
theorem. The discrepancy between the results of
the two equations arises from the approximate
form of the radial distribution function g(»), and
is often considered as a measure of the degree of
failure of a theory.

It easily follows that the conflguratlonal free en-
ergy Fyc that originates from repulsive interac-
tions can be written

BFyc =BFyg — 12N T 2200 ’7((11 b 2)72’) @(P, (08 6,,))

4N [ d2f@)inl4n7(@)]. (2.18)

B. Attractive forces

A system of hard particles cannot satisfactorily
describe all thermodynamic properties of liquid
crystals. For instance, it is athermal and it does
not yield a vapor-pressure line. Attractive forces
must be added in order to establish the high liquid
densities, a liquid-gas transition and so on. A
simple and useful approach!® in order to account
for attractive interactions is to consider the hard-
particle system as a reference system and to
treat the attraction as a perturbation. The inter-
molecular potential is written as the sum of the
hard-core potential and an attractive perturbation:
Ty Qy) = U (FiQy, o .., Ty Q)

F Ut T, ., TyQy) -

N (2.19)

Un(F,Q,, -

The partition function @, satisfies
logQy =1log Tr exp(—BUy)

=1logQUC+1log(exp(—BU Nac » (2.20)

where @, and @ i° are configurational 1ntegrals
for a system of molecules with fixed orientations
[consistent with f(Q)] and the average ( ),. is
also evaluated for such a system.

Generally it is very hard to calculate this ther-
mal average, and we have to resort to some ap-
proximation, in our case a high-temperature ex-
pansion?!®:

10g<exp( "ﬁUatt )> HC
with

(Uatt >HC = Z

i>j

~BUpy Ve + (2.21)

o= [ at,as, a¥,ae,

XU g1t (fijﬂigj)f(gi)f(g,‘)
xgu Fijy uQ),  (2.22)

where g, is the hard-particle pair correlation
function and f(2) a one-particle distribution func-
tion for the orientations. Subsequent terms in
the high-temperature expansion involve higher-
order (than the second) distribution functions and
will be neglected.

In the foregoing we considered molecular hard
cores that deviate only slightly from a sphere.
This means that, in a first-order approximation,
we may evaluate the attractive perturbation en-
ergy with the hard-sphere distribution function
gyus- The average over the orientational coordi-
nates then only involves the one-particle dis-
tribution function (), which implies that we have
effectively introduced the molecular-field ap-
proximation for the treatment of the orientational
coordinates. : ‘

If we assume that the attractive interaction has
the form (2.1), the total internal energy reads

<Um>=%prd?gHs ()uo(r) +u,(r)

X (P, _(cosem))]. (2.23)

The integral cannot be performed easily, because
a simple expression for the hard-sphere radial
distribution function g, is not available. The
Laplace transform of rgys (), however, is given
explicitly by Wertheim'*:

= L re ~tr/ D
Gys (1, 1) = 7 fo drvgys r)et”/ Do

B te”tL(t)
S 129[L(t)et +S()]

(2.24)

with
L(8)=129[(1 +2n) + (1 + 39)t],

(2.25)
mt2+ 1807 — 129(1 +27),

S =01 -nPt+6n1 -
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and D, denoting the diameter of the hard sphere.
If we assume that ru(r) (£=0,2) possesses a con-
tinuous finverse Laplace transform'’

rusr)=D, [ dt e/PoV (1) (i=0,2), (2.26)
0
(2.23) can be written

()= 120N [ dtGus (1, DVt) + V(0
x{(P,(cosb,)], (2.27)

with n=%7D3p.

In the model calculations two particular choices
of the attractive potential will be considered.
First, we shall consider

. 1
U (745, Qin)z— P [Jo+T:P, (coseij)]’ (2.28)
ij
corresponding to the Van der Waals dispersion
forces. We then have
Vi(t)=-J,t*/D34! (i=0,2), (2.29)
and the internal energy reads

Jo+ (P, (c086,,))

(Uatt>=—%N77 DS

xf dt t4Gys (1, 1) . (2.30)
o

The integral must be evaluated numerically for
each 7. It seems attractive, therefore, to use a
second somewhat simpler potential, e.g.,

war (745, Q) ==(1/V)[V,+V,P, (cosg,;,)], (2.31)

where the interaction constants V, and V, have
been divided by the volume V in order to get an
extensive expression for the total attractive in-
teraction energy

Ua )= =2 Np[V+ VP, (cos 6))]. (2.32)

This simple potential leads to the same one-par-
ticle pseudopotential as was used recently by
Cotter.?

C. Thermodynamic equilibrium

In this section we will give expressions for some
equilibrium thermodynamic properties of the sys-
tem of molecules that interact through both repul-
sive and attractive forces, as described distinctly
in Secs. I A and II B, applying the molecular-
field approximation to the orientational coordi-
nates. Employing the relations (2.1), (2.18), and
(2.20)~(2.23), we obtain for the total Helmholtz
free energy F

BF=PF, +Nf dQ Q) 1ndnf(Q)

1
- 12N 7’((—11_T;)—’Z) a,S?

+3NBp [ A% g5 0)luolr) +1,0)5°]. (2.33)

In this expression S is the long-range order para-
meter, defined by

s= [ aap,(coso)F(@). (2.34)

The one-particle orientational distribution func-

-tion f(R) must still be determined. At a particular

temperature T and pressure p the equilibrium dis-
tribution results from minimization of the Gibbs
free energy G = F +pV with respect to variations

of f(2). From (2.33) the form of f(Q) is readily
derived,

@)= 55 explB,(n, TISP, (cos®)],  (2.35)

with

24n(1+37

\
By, )= 2 0, gy [ aF (g )

(2.36)

with Z denoting a normalization constant, such
that ff(Q)dQ =1. The terms in B,(n, T) corre-
spond to the two mechanisms that bring about the
nematic order, viz., the steric hindering be-
tween nonspherical molecules and the anisotropic
attraction between anisotropic polarizabilities.
With the form (2.35) for f(Q), (2.34) is an implicit
equation for S.

From Eq. (2.33) we can evaluate all thermo-
dynamic quantities, e.g., the equation of state is
given by

Bp _ Bp 1.8 :
r ———pﬂs—+2n on (Bpfd’ruo(’r)gﬂs (T)—Bz(ﬂ,T)>,

(2.37)

with p,o given by (2.17). At a particular tempera-
ture T and pressure p, (2.34) and (2.37) from two
coupled equations in p (or ) and S, which must be
solved simultaneously. The nematic-isotropic
transition at constant pressure is located by
equating the pressures and chemical potentials of
the two phases: ’

“’nem(nc’ Tc’ Sc) = “lso(niC’Tc) ’

pnem (nc’ Tc, sc) =pis°(nic’ Tc) )

with S, determined by (2.34). If the pressure is
kept fixed, we have, in fact, four equations in
the four unknowns 7,, 7, T., and S,. Choosing

(2.38)
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v, to be the estimated molecular volume of a
particular nematogen, the only parameters that
have to be specified are the eccentricity o, and
the strengths of the isotropic and anisotropic
attractive interaction (2.1). The isotropic inter-
action strength can be estimated from the latent
heat of vaporization, because

AH&AU&%puqf ar gus (N)u, (7)), (2.39)
where the difference between enthalpy H and inter-
nal energy U has been neglected.

The eccentricity parameter «, can, in principle,
be related to the dimensions of the molecular hard
core. In the case of spherocylinders an expression
for a, can also be -obtained by equating (2.36) with
the corresponding expression in Ref, 5, because in
the limit of small length-to-breadth ratios the equa-
tion of state mentioned in Ref. 5 reduces to ours,
We find

o, =g (/a-1), (2.40)
where [ is the length and d the breadth of the mo-
lecular hard core.

D. Short-range orientational order )
In the preceding paft the Helmholtz free energy

of the system was written

BF=BF s +%Nﬁp[ ngHS (’r)uo('r)"”BE)'riem s (2-41)

where the orientational free energy E ..+ was given ‘

in the molecular-field approximation, i.e.,
BFyien =N [ d2/(@) In41f@) - INB, (n, T)S?. (2.42)

In using only a one-particle distribution function
for the molecular orientations, short-range orien-
tational correlations were neglected. In order to
account for nearest-neighbor correlations between
molecular orientations, at least a two-particle
orientational distribution function is required. In
a recent paper'' we described a cluster-variation
method, which provides such a distribution in a
rather crude but simple way. This method gives

the following expression for F ronts

BForient = —éNY 1nZ12 +N(7/ - l)an1 9 (2.43)

with

B,(n, T
Z,, =fdﬂ1 as, exp<-2(%’—)P2(cos6m)

-1 _
+ Z—)—/——Bz(n, T)S

X[P,(cosb,) +P,(cos 92)]> , (2.44)

and

z,= f dS expl B, (n, T)SP, (cos0)] . (2.45)
0,, is the angle between the orientations €, and €,
of two molecules that are nearest neighbors, v is
the number of nearest neighbors, and S is a vari-
ational parameter to be determined self-consis-
tently by minimizing the orientational free energy.
From the total Helmholtz free energy F, which
reads [compare (2.33)]

BF =B +3Np [ dF gys (r)uy(r)

-3NyInZ,, +N(y -1)InZ, ,

all thermodynamic quantities are readily derived.

(2.46)

III. RESULTS AND DISCUSSION

In this section extensive numerical results are
presented for various model systems and com-
pared with available experimental data for a com-
mon nematogen, p-azoxyanisole (PAA), In Sec.
IIT A a model system is considered, consisting of
molecules with a spherical hard core. This cor-
responds to the assumptions of the Maier-Saupe
theory. An interesting comparison with Cotter’s®
model of hard spherocylinders is made. In Sec.
III B a model system is investigated, consisting of
molecules with a slightly nonspherical hard core.

- In Secs. IIT A and III B the molecular-field approxi-

mation is applied in dealing with the orientational
coordinates, This means that the numerical re-
sults of these sections have been obtained using
the formulas of Sec. IIC. In Sec, IIIC finally, the
same model systems will be discussed, but the
orientational averages will be evaluated, using a
two-particle orientational distribution function, as
described in Sec, IID. A short account of this
work has already been reported.!®

In Secs. IIT A and III B the nematic-isotropic
transition in the model systems was determined
from (2.38) and (2.34) with f(2) given by (2.35).
The pressure p is kept fixed at about 1 atm, i.e.,
PY,/k =1.69 °K,- where k is Boltzmann’s constant
and 4, is chosen to be the estimated volume of a
PAA molecule, 230 A3'® If the interaction
strengths of the attractive interaction [Vo, V, in
(2.31)] or P, J, in (2.28)] and the eccentricity
parameter «, are given, solution of (2.38) and
(2.34) yields the packing fractions 7. and 7;, of the
nematic and the isotropic phase, the transition
temperature T,, and the long-range order param-
eter S;. All remaining thermodynamic quantities
can then be calculated.

In Sec. IIIC a similar procedure is followed, but
now based on the free energy (2.46) as given by
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TABLE I. Comparison of the nematic-isotropic trans-
sition for different equations of state A =0, -1, -3; S, is
the order parameter, 7, the nematic packing fraction,
An/nc the density change at the transition temperature
T.. Vo/vok=30000°K; Vy/vgk=3000°K; a,=0.

Quantity A=0 A=-1 A=-3
T, 373°K 382 407.
S, 0.440 0.440 0.441
7 0.567 0.580 0.618
‘;T” 0.0054 0.0055 0.0059

the two-site cluster approximation.

The model calculations were based on the com-
pressibility equation of state, i.e., A =0 in (2.37).
The reason is twofold. In the first place, this
equation gives, for a system of hard spheres with-
out attractive forces, better agreement with the
computer-simulation results!®'?° than the pressure
equation (A =-3), Secondly, Cotter’s® equation of
state for a system of hard spherocylinders reduces
to ours (A=0) in the limit of vanishing cylindrical
length. The discrepancy between the pressure and
compressibility equations of state is often con-
sidered as a test for the consistency of a theory,
in this case the Percus-Yevick approximation, In
order to estimate this degree of consistency
the nematic-isotropic transition was determined
from (2.38) and (2.34) for a fixed set of interaction
constants, using the compressibility and pressure
equation of state, Table I summarizes the results
where we used the uniform attractive interaction

(2.31) with fixed interaction constants. The re-
sults for A=~1, corresponding to an empirical
equation of state,?! are also shown, because this
equation gives, for hard spheres, the best agree-
ment with the computer-simulation results. Use
of the compressibility equation of state (A =0) ap-
pears to introduce only small errors,

A. Case o, = 0: spherical molecules

In this section the molecular hard core is as-
sumed to be spherical (@, =0), in agreement with
the assumptions of the Maier-Saupe theory. Until
now the Maier-Saupe theory has been worked out!*?
at constant volume. This means that properties
of the phase transition at constant pressure, as it
takes place in experiments, can only be estimated
by relating them to experimentally determined
quantities, e.g., the compressibility. Application .
of the equation of state of Sec. IC with o, =0 en-
ables an investigation of many thermodynamic
quantities of the nematic-isotropic transition in
the Maier-Saupe model, both at constant volume
and at constant pressure. We will apply the mo-
lecular-field approximation to the attractive inter-
action (2.31), which allows an interesting compar-
ison with the results of Cotter.® All differences
between Cotter’s results and ours are caused by
the assumptions about the effective shape of the
molecular hard core, which is a spherocylinder
and a sphere, respectively.

In Table II we compare the properties of the
nematic-isotropic transition in the model systems.
of hard spheres and hard spherocylinders® with
the available experimental data for PAA, The an-

TABLE II. Comparison of the nematic-isotropic transition in PAA and in the model sys-
tems of hard spheres and of hard spherocylinders (Cotter, Ref 9); S, is the order parameter,
7. the nematic packing fraction; AZ/NEk is the entropy difference between the two phases;
I(T,) is defined in (3.1). (Vy/¥¢R)gpneres= 39 000°K; (Vo/v gR)pperes = 3130°K; = 0.

Voo ok)spherocyl= 25000°K; (Vz/vok )spherocy1= 2000 °K.

Quantity Spheres Spherocylinders PAA References
T, ] 408°K 410 409 1
Se 0.437 0.542 ~0.40 23
Ne - 0.593 0.454 0.62 1,19
A

=1 0.0038 0.040 0.0035 1
Ne

AZ

NE 0.542 0.887 0.218 24
(T, 1.00 3.90 ~4.0 6
4le 19.7 °K /kbar 175 43 1,24

dﬁ p =1 bar ’




isotropic interaction strength V, was chosen such
that the transition temperature of PAA at atmo-
spheric pressure was reproduced. In this table
the parameter I' is a measure for the relative
sensitivity of the order parameter to volume
changes (at constant temperature) and temperature
changes (at constant volume), It is defined as

V (8S/aV) 8InT\ _/8InT
T=7 (as/aT):, ='<a1nv)s“<a 1nn>s' 3.1)

A constant order parameter S in the differentiation
of (3.1) implies B,(n, T) =const [see (2.35)]. With
the definition (2.36) of B,(n, T) and the potential
(2.31) we have for the special case of spherical
molecules \

B,(n,T) =pV,/kT = (0/T)(V, /v k), (3.2)

which implies I' =1, The pressure dependence of
the transition temperature dT,./dp is determined by
Clausius-Clapeyron’s law, Cotter® chose the in-
teraction strengths V; and V, such as to reproduce
T, and I'(T,) quantitatively. The other quantities
deviate appreciably from the experimental values.
Except for I', the overall agreement with experi-
ment of the hard-sphere model isbetter than that of
Cotter’s model, although her basic assumption of a
spherocylindrical molecular shape seems more re-
alistic than a spherical shape. It shouldbe noted,
however, that the predicted S, for spherocylinders
willbecome much worse, if the excluded volume of
two spherocylinders is taken into account more ac-
curately. This excluded volume b(Q;, Q,) for sphero-
cylinders with cylindrical length L and diameter D,
which is equal to??

b(Q, Q) =4uD? +27LD? +2L2D|sinb,,|, (3.3)
was approximated by Cotter, using
sinf,;; ~ 37— &P, (cosb;,). (3.4)

As a result the predicted value of the order param-
eter has been lowered by roughly 25%.°
Figure 1 gives the temperature dependence of
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FIG. 1. Order parameter S as a function of the re-
duced temperature at constant pressure; dashed curve:
calculated values for the hard-sphere model with v/
vok and Vy/vok as in Table II; solid curve: calculated
values for a nonspherical model with V/v % and Vy/v k
as in Table VI; the dots are the observed values of
Rowell et al. (Ref. 25) for PAA.

the order parameter S at constant pressure for the
hard-sphere model (dashed curve), The interaction
constants have the same value as in Table II. The
experimental NMR data?® for PAA are also shown,
In the calculations, reported above, the spatially
uniform attractive interaction (2.31) was used in
order to allow a comparison with Cotter’s model
of spherocylinders. It should be mentioned, how-
ever, that for hard spheres similar results can be
obtained with the distance-dependent interaction
(2.28), which corresponds'to the Van der Waals
dispersion forces. Equations (2.38), which locate
the nematic-isotropic transition, were therefore
solved for a few fixed values of B,(n,, T,) (and thus
fixed S;) in the range of interest, viz., B,>B,
(constant-volume transition)=4.541 with $>0.429.*
This was done for both the uniform and the dis-
tance-dependent interaction. The interaction con-
stants V,, V, and J,,J, were chosen such as to re-
produce the transition temperature of PAA at
atmospheric pressure. The results are summa-
rized in Table III. The distance-dependent inter-

TABLE III. Comparison of the nematic-isotropic transition in model systems with uniform
(A) and distance-dependent ( B) attractive interactions. S, is the order parameter, 7. the
nematic packing fraction, A7/7. the density change at the transition; I' is defined in (3.1);

r_4= 1.
<_A_J_7> Aﬂ>

By(ne, Ty) Se (nJa (N¢)B Ne Ja Ne /B T'p
4.55 0.437 0.594 % - 0.688 0.0037* 0.0021 1.77
4,56 0.445 0.539 0.640 0.0079 0.0046 1.72
4.57 0.453 0.509 0.612* 0.0120 0.0071* 1.69%
4.58 0.460 0.489 0.594 0.0159 0.0095 1.67
4.59 0.467 0.474 0.580 0.0198 0.0120 1.66
4.60 . 0.473 0.462 0.569 0.0236 0.0144 1.65




1498 J.G.J. YPMA AND G. VERTOGEN 17

Expansivity ap, (1O'L/K )

1
. ! .
0936 100 104
/7

FIG. 2. Expansivity a, as a function of the reduced
temperature. Curve 1: distance-dependent interaction
(2.28); curve 2: uniform interaction (2.31). Experi-
mental data are of Maier and Saupe (Ref. 1).

action gives slightly higher densities, and a higher
value of I', which is caused by the density depen-
dence of the radial distribution function gus. In
Fig. 2 the isobaric expansivity «, has been drawn
for both potentials. The experimental data! are
also given. From Table III we chose for each po-
. tential the set of interaction constants that gives
the best packing fraction at the transition (PAA:
1.=0.62). The properties corresponding to these
cases are marked with an asterisk. The behavior
of @, (and similarly of the isothermal compres-
sibility and isobaric specific heat), as calculated
from the hard-sphere model, agrees qualitatively
with the observed behavior. Quantitative compar-
ison with the experimental data near the transition
does not seem useful, given the large uncertainties
in the experimentally observed quantities. In the
isotropic phase, away from the transition, such a
comparison is possible and the agreement for both
the uniform and the distance-dependent interaction
is quite reasonable, given the sensitivity of the
second derivatives of the free energy to the details
of the model and the statistical-mechanical ap-
proximations. The values predicted by the model
of spherocylinders® compare less favorably with
the experimental values.

B. Case a, # 0: nonspherical molecules

In this section we investigate the effect of a slight-
ly nonspherical molecular shape (@, #0) on the ne-

0.60 40.045

0.55] 40030

Se Mg —

050

40.000

L 1 L
0.00 0.01 0.02 0.03 0.04

FIG. 3. Order parameter S, the packing fraction
N, and the relative density change An/n, at the tran-
sition as a function of «, for Vy/v k=30000°K and V,/
vk =2000°K .

matic-isotropic transition, The spatially uniform
attractive interaction (2.31) is used .and the orien-
tational coordinates are treated in the molecular-
field approximation.

Figure 3 shows the packing fraction, order pa-
rameter, and relative density change at the ne-
matic-isotropic transition as a function of the ec-
centricity parameter o, for a given set of inter-
action strengths V,/(u %) and V,/@,k). It appears
that even small values of a, have a strong influ-
ence on the thermodynamic properties at the tran-
sition, With increasing eccentricity o, of the mo-
lecular shape the steric hindering becomes more
effective, shifting the phase transition to lower
densities with increasing density change and jump
of the order parameter.

Next, a model calculation was carried out, based
on the experimental data for PAA. In Table IV a
number of properties at the nematic-isotropic
transition are compared in the model system and
in PAA. The parameters V,, V,, and a, were

* chosen such as to reproduce quantitatively the

transition temperature and the parameter I,
defined in (3.1) for PAA. The contribution of ster-
ic hindering to the nematic order can be evaluated
from (2.36) by comparing the two terms. Steric
hindering appears to contribute 41% to B,(n,, T,).
The improvement of the model of slightly non-
spherical molecules with respect to the hard-
sphere model (see Table II) appears in the rela-
tive sensitivity of the order parameter to density
and temperature changes, as measured by the pa-
rameter I'. The results for the order parameter
and the density change at the transition have wor-



TABLE IV. Comparison of the nematic-isotropic
transition in PAA and in the model system of slightly
nonspherical molecules; the meaning of the quantities
is as in Table II. V{/yyk=39000°K; V,/vk=1850°K;
0,=0.0168.

Quantity Model PAA
T, 409K 409
S, 0.473 ~0.40
e 0.596 0.62
A
=3 0.0102 0.0035
Ne
AZ
7 0.590 0.218
I(T,) 3.96 ~4.0
ar,
48.6 °K/kbar 43
( dp >P =1bar

sened somewhat, but still agree better with experi-
ment-than the results for spherocylinders (see
Table II). The improvement with respect to the
model of hard spheres is demonstrated even bet-
ter in Fig. 4 where the dependence of the order
parameter on temperature is shown at constant
density rather than at constant pressure (curves

A and B). Starting at atmospheric pressure and

a temperature of about 397 °K, the temperature

is raised while keeping the density fixed, as in

0.6

n
o
E .
IS} \ N
el —
g, 210 bar 560bar
2 osf . 80
@ \ bar
é' W/
3 640bar
0'1 " 1 1
400 420 440

T(K) —=

FIG. 4. Order parameter S as a function of tempera-
ture at constant volume. The theoretical curves A and
B refer, respectively, to model systems of hard spheres
and of slightly nonspherical molecules. They have been
obtained employing a molecular-field approximation for
orientational coordinates with Vy/v % =39 000 °K; (V,/
90R)gpher = 3130 °K; (Vo/¥ o) yonapher = 1850 °K; (@3)gpher = 03
(@2) monspher = 0.0168. The theoretical curve C refers to
a model system of slightly nonspherical molecules using
the two-site cluster approximation; V, V,, and a, are
as in Table VI. The experimental points are those of
McColl and Shih (Ref. 6) at a molar volume of 225 cm?
(n=10.63).
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FIG. 5. Relationship between the temperature T and.

the packing fraction n at four fixed values of the order
parameter S; V,, V,, and oy are as in Table IV.

the experiments of McColl and Shih.® The ne-
matic-isotropic transition is shifted to a higher
temperature, as compared to the transition at
atmospheric pressure, viz., to 413.5 °K in the
hard-sphere model (curve A) and to 438.9 °K in
the model of nonspherical molecules (curve B),
whereas the experimental value is 437.5 °K. Dur-
ing this process the pressure has been raised from
1 to 210 and 560 bar in the model systems, in the
experiment to 640 bar. The theoretical curve for
the model of nonspherical mofecules has roughly
the correct shape. Very close to the transition
temperature its downward curvature is not suf-
ficient, but this is expected to be a consequence
of the molecular-field approximation, which was
applied to the orientational coordinates.

McColl and Shih® investigated the manner in
which the density depends on temperature at con-
stant order parameter by plotting In7T vs InV for
several values of the order parameter. The plots
were linear and the slope, which is equal to I,
defined in (3.1), appeared to be nearly constant.
Figure 5 shows these plots for the model system
of nonspherical molecules with the same value for
Vs, V,, and @, as in Table IV. The plots were ob-
tained from (2.36) with u,(r)=-V,/V. Except at the
highest densities and temperatures, the slope of
the plots is approximately equal to 4.

C. Short-range orientational order

In Secs. III A and III B the molecular-fieldapprox-

_ imation, was applied in dealing with the orienta-

tional coordinates of the molecules. In using only
a one-particle orientational distribution function
f(R), short-range orientational correlations were
neglected. In this section the influence of nearest-
neighbor correlations between molecular orienta-
tions on the nematic-isotropic transition is in-
vestigated, applying a two-particle orientational
distribution, as described in Sec. IID.
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FIG. 6. Nematic-isotropic transition temperature 7,
as a function of V,/(v,k) for several numbers of nearest

neighbors y, and for the mean-field approximation (MF).
Vo/vok=30000°K; a;=0.

First, the effect of short-range orientational or-
der on the nematic-isotropic transition tempera-
ture of the model systems of Secs. II A and IIB
was investigated. Figure 6 shows the transition
temperature T, as a function of the strength of the
anisotropic attraction V,/vk. The isotropic attrac-
tion V, /v k is kept fixed, and the eccentricity param-
eter o, is takentobe zero, i.e., the molecular hard
cores are considered tobe spherical, as inSec. III A.
The curves are drawn for several numbers of near-
est neighbors y, and the mean-field results are al-
so given. In the Maier-Saupe theory the anisotropic
interaction strength V, is proportional to the square

S0

Transition Temperature T_ (K)
w S
o o
2 = 2
w

N
o
(=]

001 002 003
u2 N
FIG. 7. Nematic-isotropic transition temperature as
a function of «, for y=3,4,6,8,12 and for the mean-
field approximation (MF). Vy/v k=30000°K; V,/v,k
=2000°K.

TABLE V. Temperature T, order parameter S,
nematic packing fraction 7., relative density change
An/n,, and entropy change AZ/NE at the nematic-
isotropic transition in a model system of slightly non-
spherical molecules, as predicted by the two-site )
cluster approximation for various numbers of nearest
neighbors vy, and by the mean-field approximation
(MF). Vo/vnk= 30000 °K; Vz/”ok= 2500°K; 05=0.0150.

Ap oax
Y Te Se Ne Ne NE
3 309°K 0.341 0.609 0.0021 0.173
4 351 0.391 0.586 0.0048 0.310
6 379 0.426 0.572 0.0077 0.437
8 390 0.440 0.566 0.0092 0.494

12 400 0.452 0.561 0.0106 0.546

MF 416 0.473 0.553 0.0133 0.637

of the anisotropy of the molecular polarizability. Ex-
perimentally De Jeu and Van der Veen®® found
some qualitative trends, similar to those in Fig.

6, in the transition temperatures of nematics as

a function of their anisotropic polarizability. In
Fig. 7 the transition temperature is drawn, for
fixed V, and V,, as a function of the eccentricity
parameter ¢, for several numbers of nearest
neighbors, and for the mean-field approximation.
In both figures short-range orientational order ap-
pears to reduce the transition temperature in com-
parison with the mean-field approximation.

In Table V a number of properties at the nemat-
ic-isotropic transition are compared for several
numbers of nearest neighbors for a given set of
Vo» Vs, and a,. The mean-field results are also
given. The discontinuities in the order parameter,
the density and the entropy decrease if short-
range orientational order is included.

Next, some model calculations were carried
out, based on the experimental data for PAA.
Table VI summarizes a number of properties at
the nematic-isotropic transition for a model sys-
tem of slightly nonspherical molecules. For the
reader’s convenience the experimental data for
PAA are once more given. V,, V,, and a, were
chosen such as to reproduce quantitatively T, and
I for PAA. The number of nearest neighbors ¥
was taken to be four, because the two-site cluster
approximation strongly underestimates the effect
of short-range orientatiorlal order,i getting worse
with increasing number of‘nearest neighbors.
Therefore, a rather low effective number of near-
est neighbors was selected for our calculations.
We remark that the value of @, used in this table
corresponds, for spherocylinders, to a molecular

length-to-breadth ratio of about 1.5 [compare
(2.40)]. :
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TABLE VI. Comparison of the nematic-isotropic
transition in PAA and in the model system of nearly
spherical molecules, as predicted by the two-site
-cluster approximation for y=4. I is defined in (3.1);
the other quantities are as in Table V. V;/v k=45 000°K;
Vy/ugk=2300°K; a,=0.016 74.

Quantity Model . PAA

T, 409°K . 409
S, 0.393 ~0.40
Ne 0.621 0.62
A7 0.0039 0.0035
Nic .
AZ
5 0.295 0.218
I(T,) 3.96 ~4.0

dT°) 35.8°K /kbar 43

dP p=1bar

The relative contributions of steric and ener-
getic effects to the molecular alignment can be
evaluated from the expression (2.36) for B,(n,,

T,) and appear to be of comparable magnitude,
viz., steric effects contribute 40%, energetic ef-
fects 60%. A similar conclusion was drawn by
McColl and Shih® from their experiments on PAA.

Figure 1 (solid curve) shows the calculated tem-
perature dependence of the long-range order pa-
rameter at a constant pressure of about 1 atm

" (pvoy/k=1.69 °K). The agreement with the experi-
mental data for PAA,?® which have also been plot-
ted, is quite satisfactory.

Figure 4 (curve C) gives the relationship between
the long-range order parameter and the tempera- -
ture at constant density rather than at constant
pressure. The nematic-isotropic transition is now
shifted to 438.4 °K at a pressure of 810 bar. The
curve for S agrees excellently with the experi-
mental data. The isobaric expansivity a, (and
similarly the isothermal compressibility and iso-
baric specific heat) and the relationship between
the density and temperature at some fixed values
of the order parameters S (InT vs ln7 plots) show
a similar behavior as in the preceding parts of
this section (see Figs. 2 and 5).

IV. SUMMARY AND CONCLUSIONS

In Sec. II we derived an equation of state, based
on both anisotropic attractive forces and aniso-
tropic repulsive forces between molecules with a
slightly nonspherical hard core. Both the attrac-
tive interaction and the anisotropic repulsion due

to the eccentricity of the molecular shape are
treated as perturbations to a hard-sphere repul-
sion. A system of hard spheres acts as a refer-
ence system, which is treated in the Percus-
Yevick approximation. To the orientational mole-
cular coordinates both the molecular-field ap-
proximation and the two-site cluster approxima-
tion can be applied. In the latter case short-
range correlations between molecular orienta-
tions are taken into account.

In Sec. IIl extensive numerical results were
presented for various model systems and com-
pared with the experimental data for PAA. As a
special case, first a system of molecules with a
spherical hard core was considered, correspond-
ing to the assumptions of the Maier-Saupe theory.
Like the model of spherocylinders with fixed
length-to-breadth ratio this model contains only
two adjustable parameters. The main deficiency
of this model appears to be, that it cannot account
for the rather strong volume dependence of the
order parameter, as measured by the parameter
T', defined in (3.1). Apart from this quantity, the
hard-sphere model gives results that are in bet-
ter agreement with the experimental data than the
results of Cotter’s model of hard spherocylinders.

In Sec. III B the steric hindering of elongated
molecules was taken into account by considering
a system of slightly nonspherical molecules. The
thermodynamic properties of the model system
agreed quite reasonably with those of the real sys-
tem (PAA), e.g., the high packing fraction, the
temperature dependence of the order parameter
(both at constant pressure and at constant den-
sity), riearly linear InT vs In7 plots (at constant
order parameter), and the pressure dependence of
the transition temperature. The order parameter
and the density change at the transition, and also

~ the latent heat were still too high, which was due

to the neglect of short-range orientational corre-
lation. In Sec. IIIC the molecular-field approxi-
mation was abandoned for the treatment of the
orientational molecular coordinates. Employing

a two-particle orientational distribution function,
as provided by the two-site cluster approximation,
essentially quantitative agreement with the experi-
mental data of PAA was obtained, except for the
higher derivatives of the free energy, e.g., a,.
Although the two-site cluster approximation in-
troduces the number of nearest neighbors, this
number cannot be considered as an adjustable
parameter. Generally a molecule will, on the
average, be surrounded by five or six molecules.
Because, however, this approximation underes-
timates the effect of short-range correlations, we
selected four to be the number of nearest neigh-
bors in order to get as close ‘as possible to a
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realistic estimation of the contribution of short-
range order. - S

At first sight, the assumption of a slightly non-
spherical molecular shape as a starting point for
a molecular theory of nematics does not seem
to be very convincing. Hard rods seem more ap-
propriate. The success of our model, however,
is striking and cannot be ignored. A possible ex-
planation might be that our model allows for an
alternative interpretation of the slightly nonspheri-
cal hard core in terms of microclusters.! The
shape of these microclusters, which consist of a
molecule with a few nearest neighbors whose
orientations are highly correlated, will resemble
a sphere more closely than the shape of a single
molecule does. All thermodynamic properties are
expressed in terms of the packing fraction 7= pv,,
where p and v, can be interpreted as the density
and volume, respectively, of microclusters or
of single molecules. Keeping the pressure fixed,
we chose a value of v, in pv,/k, which was the
estimated volume of a PAA molecule. It appeared,
however, that the results are nearly insensitive
to a change of v, by a factor of 5 or so. For this
reason the results may be interpreted in terms
of microclusters.

A deficiency of our model might be the molecular
interpretation of the eccentricity parameter o,,
in contrast to the hard-rod models which contain
the molecular length-to-breadth ratio explicitly.
As has already been argued, however, the mole-
cular statistical theories, using the explicit
length-to-breadth ratio, overestimate the effect
of the excluded volume considerably. Quantitative
agreement can only be obtained if one abandons
the real length-to-breadth ratio and uses an effec-
tive one instead. In that case the equation of state
for hard spherocylinders probably also will pro-
duce reasonable quantitative results, provided the
length-to-breadth ratio is used as an adjustable
parameter.

Finally attention should be paid to the question
whether it is justified to assume that short-range
correlations between molecular orientations and
the orientations of T,;, in first instance, can be

neglected as has been done in the Eq. (2.2) and
(2.23). Quite recently, Gelbart and Gelbart®" de-
rived an effective one-body pseudopotential for a
system of hard spherocylinders interacting through
an attractive pair potential similar to (2.28).
Averaging over the excluded volume of two mole-
cules they found that the orientation dependence

of the pseudopotential is mainly due to the coupling
between the isotropic attractions and the aniso-
tropic hard-core repulsions. Apart from the prob-
lem of the strong nonadditivity of excluded vol-
umes, which presents difficulties in interpreting
the results of Gelbart and Gelbart for systems with
liquid densities, we do not think that their quite
interesting results contradict our assumption as
soon as one adopts the point of view that our model
should be interpreted in terms of microclusters.

In conclusion, it can be stated that the derived
equation of state, based upon both anisotropic at-
tractive and repulsive forces, agrees quite well
with experiment. The underlying idea is to con-
sider the nematic as an ordinary liquid, whose
anisotropic properties can be treated by means of
perturbation theory. Hard-rod theories, using a
scaled-particle treatment, probably will also give
good agreement with experiment as soon as the
actual length-to-breadth ratio is abandoned. Be-
cause of the strong nonadditivity of mutual ex-
cluded volumes a “renormalized” length-to-breadth
ratio should be taken instead. The molecular
statistical problem then is to calculate this “re-
normalized” ratio. This problem is outside the
scope of this paper. In our opinion the solution
of this problem is far beyond present statistical
mechanical methods.
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