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Kinetic theory. of single-particle motion in a fluid
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A repeated-ring kinetic theory is derived to describe the thermal motion of a tagged particle of arbitrary
size and mass immersed in a fluid. In the spirit of the fully renormalized kinetic theory developed by
Mazenko, systematic approximations are made in the exact equations of motion for the tagged-particle phase-
space correlation function to cast the dynamics of the system in terms of the two-body Enskog collision
operator. In addition to Enskog {uncorrelated collisions} and ring (two correlated collisions) events, we
include repeated-ring (3,4,...correlated collisions) events. The theory is applied to the calculation of the
velocity autocorrelation function and diffusion coefficient of a large hard sphere immersed in a dense fluid of
smaller hard spheres. The accepted long-time behavior of the velocity auto-correlation function t " is
obtained and the diffusion coefficient is found to have the same functional form as in the Stokes-Einstein law
of hydrodynamics. It is suggested that the theory be applied to study self-diff'usion in a dense hard-sphere
fluid.

I. INTRODUCTION

In this article, we present a new kinetic theory
to describe the thermal motion of a tagged particle
of arbitrary size and mass immersed in a fluid. '
We follow the spirit of fully renormalized kinetic
theory (FHKT), developed by Mazenko' ' for simple
fluids, to approximate the dynamics of the system
in terms of effective two-body interactions. . Our
th'eory differs from FRET in that it includes, in
addition to the contributions from Enskog and cor-
related collisions (ring events) found in FRET,
contributions from multiple-correlated collisions
(repeated ring events). When the effective dia-
meter o~ of the tagged particle is much larger
than the mean free path /t, of the bath particles,
one must include contributions fro.m events in .

which a typical bath particle experiences a large
number of correlated collisions with the tagged
particle. We stress that the condition o~» l,
alone determines that multiple-correlated colli-
sions are important. Even when the tagged par-
ticle is mechanically equivalent to the bath par-
ticles, if the density is high enough such that 0~» l„the repeated ring events must be included
to obtain a successful theory of self-diffusion.

It is well established' that the Enskog kinetic
theory' provides a good description of self-dif-
fusion in simple fluids at low and moderate den-

. sities. Although equilibrium correlations are in-
corporated in the collision frequency, all dynami-
cal correlations are neglected in the Enskog
theory; that is, a tagged particle only collides
with particles chosen from an equilibrium spatial
and momentum distribution. At higher densities,
other dynamical events referred to as ring events
become probable. In a ring event first the tagged
particle and another particle i undergo a collision.

Enskog
Propagation

Enskog
Propagation

Enskog
Propagation

Enskog
Propagation

Note that the Bj collision has not terminated the

They then travel independently of one another in-
teracting. with the rest of the particles via Enskog
collisions. After some time the tagged particle
(labeled particle B) again collides with particle i,
or with some particle j dynamically correlated
with i subsequent to the Bi collision. In this fash-
ion a noninstantaneous (non-Markovian) response
to a disturbance is introduced into the kinetic
theory. Theories which include, in addition to the
Enskog term, these ring events are known as ring
kinetic theories. ' ' ' They have been used to ob-
tain the long-time tail' ' ' of the velocity autocor-
relation function discovered by the computer mole-
cular-dynamics experiments of Alder et al. ' Sub-
sequently, they were used to calculate the foll-
time course of the linear velocity" " and. angular
velocity" autocorrelatioq. functions and the self-
diffusion coefficient. "' " The ring theory shows
reasonable agreement with the computer mole-
cular-dynamics simulations' and represents a
first step in the inclusion of collective effects of
tagged-particle motion in liquids.

At sufficiently high fluid density, the mean free
path is considerably smaller than a particle's ef-
fective diameter. . This suggests that a much lar-
ger class of dynamical events than just the ring
events contribute to the collective effects on tag-
ged-particle motion. The additional events that
we include in our kinetic theory are easiest to
understand with the aid of the foQowing diagram:
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initial correlation between B and i (as it would
have in the ring theory} but, rather, initiates a
new Enskog propagation of tagged and fluid par-
ticles. The initial correlation in the diagram is
finally terminated by the Bk collision. (In the
above diagram particle j is either particle i or
another particle dynamically correlated with i
since the Bi collision. Similarly, particle A' is
either particle j or another particle dynamically
correlated with j since the Bj collision. ) All al-
ternating sequences of "correlating collisions"
followed by "intermediate propagations" are to be
included in the theory. We refer to the collection
of these dynamical events as multiple rings and
the.kinetic theory-including Enskog, ring, and
multiple-ring events as repeated-ring kinetic
theory. .

Repeated-ring kinetic theories, but with the
neglect of equilibrium correlations, were first
presented by Ernst and Dorfman" to study the dis-
persion relation in gases and by Dorfman, van
Beijeren, and McClure'~ to study Stokes law for
an infinitely massive large particle. In our theory,
though, all collisions are expressed in terms of
the Enskog binary-collision operator in which the
static structure of the fluid is incorporated through
the radial distribution function. This is the first
repeated-ring kinetic theory in which the equili-
brium structure of the fluid renormalizes the bare
two-body interaCtions. While the Mazenko form-
alism is rather complicated, its great utility is
demonstrated b'y its ability to be cast in a form
where systematic approximations lead to this re-
sult. Since, even at the Enskog level, incorpora-
ting the equilibrium structure of the fluid is vital,
we expect that it is also crucial to include it in
the repeated-ring kinetic theory.

The many-body problem in fluids is so compli-
cated that, to 'our knowledge, there exists no
truly systematic procedure for obtaining a kinetic
equation with a proper estimate of the effect of
what has been left out. Thus, while we provide
here a careful derivation of the repeated-ring kin-
etic theory, its validity can only be established
by its predictive ability.

Of course, the solution of a kinetic equation can
be difficult to obtain: often more difficult than
the derivation of the kinetic equation itself. How-
ever, when a large tagged particle is immersed
in a dense fluid of bath particles (with effective
diameter v~), the solutions of the ring and re-
peated-ring kinetic theories for the velocity auto-
correlation function ps(t) and the diffusion co-
efficient D are greatly simplified. Also, in such
a system, the' necessity of utilizing repeated-ring
kinetic theory over previous ring kinetic theories
is most pronounced. In this limit, where o~

f

»0, ~lb, the essential simplifying feature in both
the ring and repeated-ring theories is that, during
the intermediate propagations between successive
correlated collisions, the coupling of the tagged-
particle motion to the collective. motion of the bath
is domin ted by the hydrodynamic (long-time)
form of the transverse bath current (shear-vis-
cosity mode). One might expect that the complex-
ity of the various contributions to the repeated-
ring theory would increase as the number of cor-
related collisions increases. We demonstrate
though, that (independently of the coridition vs
» o, a l, }we can express, without approximation,
the terms appearing in the repeated-ring theory
corresponding to increasing numbers-of corre-
lated collisions in terms of the ring and Enskog
contributions. Hence, in practi. ce, the repeated-
ring theory is no more difficult to analyze than the
ring theoryf

In this paper we solve boththe ring and repeated-
ring kinetic theories for D and g„(t)under the sim-
plifying conditions o ~ » o, ~ l, and compar e their
predictions. In this large-particle limit, we find
that the repeated-ring kinetic theory gives far
superior predictions for D and g„(t)than does the
ring kinetic theory. In particular, in the ring the-
ory we find that the diffusion coefficient has the
form

D~ =D~~(1 —a) ',
where D~ is the Enskog diffusion coefficient and
a~n~ (a~/os)@with n, the bath number density.
This result is clearly catastrophic, for as os/c~
incred. ses D increases without limit until, at
some value of vs/a, , it turns negative. In con-
trast, the repeated-ring kinetic theory predicts a
finite positive diffusion coefficient which is sim-
ilar to the Stokes-Einstein form. " That is,

D = ksT/SvrI~R~,

where k~ is the Boltzmann constant, T and g~ are,
respectively, the fluid temperature and Enskog
shear viscosity and R~ is the tagged-particle rad-
ius. As for the long-time behavior of rg(t), where-
as both the ring and repeated-ring kinetic theories
are found to predict- the t ' ' tail, only the repeat-
ed-ring coefficient of t. ' ' is found to agree with the
prediction of fluctuating hydrodynamics. "

In Sec. IIA, we introduce the basic definitions re-
quired in our kinetic theory. Here the general case
is treated in which the tagged particle is assumed
to be a member of any of the species present in a
multi. component fluid. The formally exact kinetic
equation, for the tagged-particle phase-space den-
sity is presented in terms of its memory function
in Sec. IIB. The memory function, which des-
cribes the effects of the bath partic, les on the tag-
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ged particle, is expressed in terms of higher-or-
der correlation functions. Approximations are
made at this stage to express the dynamics of the
system in terms of effective two-body interactions.
The equilibrium structure of the fluid influences
two-particle collisions via the excluded-volume
effect and shielding. Hence the collision frequency
in the fluid is given by its Rnskog form rather than
the dilute-gas Boltzmann form. In Sec. IIC, we
present the Enskog approximation to the memory
function in which only contributions from uncor-
related effective collisions are retained. Follow-
ing FRET, in Sec. IID, we show how the ring ap-
proximation can be extracted from the exact mem-
ory-function expression. Finally in Sec. II F., we
present our derivation Of the repeated-ring mem-
ory function.

In Sec. III, we solve the kinetic equation for the
tagged-particle velocity autocorrelation function
and diffusion coefficient in the limit where the
tagged particle is a large sphere immersed in a
dense fluid of smaller spheres. The Enskog ap-
proximation is shown, in Sec. IIIB, to lead to an
exponentially decaying velocity autocorrelation
function and a diffusion coefficient varying inverse-
ly as the cross section of the tagged particle.
These results are not in agreement with hydrody-
namic theories or experiments. We continue in
Sec. IIIC to evaluate p„(t)and D in the ring ap-
proximation. Here it is found that during the in-
termediate propagation between cor&elated colli-
sions, when a~ » o, ~ l, , the coupling of the tagged-
particle motion to the bath is dominated by the
transverse current. The ring-theory results for
g„(t)and D are then shown to be unsatisfactory.
In Sec. IIID, we evaluate gs(t) and D in the re-
peated-ring approximation. We demonstrate how
one handles the contributions from 3, 4, . . . corre-
lated collisions. Analytic expressions for D and
the long-time behavior of g„(t)are derived.

A summary of our results and comparison with
those of other investigators is given in Sec. IV.
We also discuss the range of utility of our theory
with regard to fluid density and tagged-particle
mass and size.

mine whether the ith particle is of species n or
not.

1 if i~a
0

o ifign . (2.1)

The species-dependent. inter molecular potential
V ~(~ r; —r& ~) is assumed to be pairwise additive.
As a consequence, the Hamiltonian of our system
has the form

f."(I, t, ) =&N 0". 5 I I —q. (t,)l, (2.3)

where q, (t, ) =(r, (t, ), p, (t, )] represents the phase-
space coordinates of the tagged particle, at time
t„whereas 1 = (r„p,) represents field points. The
field points serve to label fixed points in phase
space; they are not dynamical variables. Un-
barred and unprimed field points (integers) will
only be used when referring to tagged-particle
quantities. The motion of the tagged particle is,
of course, coupled to the thermal fluctuations of
the entire fluid. Such fluctuations can be expres-
sed in terms of the species-dependent phase-
space density

f«(T, t, ) =g 02'6[T-q;(t, )]. (2 4)

We shall use only barred and barred-primed inte-
gers to denote field points of the fluid.

In the thermodynamic limit (N -~, for all u,
and 0 -~, such that n„=N /0, , for all o. , and
n =N/0 are constant) the thermal averages, denoted
by ( ~ ~ )„ofthe phase-space densities defined
above are

H=Q Q ' —+—Q Q 0 0 V~8(r )2m~ 2

(2.2)

where m~ is the mass of a particle of species a
and +;~—:Ir, —r& ~.

Our goal is to describe the thermal fluctuations
of a tagged-particle's motion in a fluid mixture.
Our description is expressed in terms of the
species-dependent tagged-particle phase-space
density, f, , defined a,s

II. KINETIC EQUATION

A. Definitions and (2.5)

We consider a classical fluid which is in equili-
brium at temperature T =I/k~P, enclosed in a vol-
ume.'2, and comprised of N, particles of species
a, Nb particles of species b, etc. The total num-
ber of particles is N=+„N„.The center-of-mass
position and momentum of the i th particle are de-
noted by r, and p&, respectively. To simplify our
notation, the operator 0; is introduced to deter-

(f"(I, t, )), =n«f «(p;),

f«(P , ) = (P/2««m«)~t' exp(--Pp , /2m«) . —(2.6)

As the density increases, the equilibrium struc-
ture becomes important in the kinetic theory of

where f«(p —, ) is the Maxwellian momentum distri-
bution function
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the fluid. For this reason we introduce the equilibrium correlation functions

o tt(I-2; )ot,*t(2—dt, )'''ot, '2(2 —2;, ))&»' '&y=l1 2
0

=&a &~ ".&a io'(0-)fo'(0-)".fo'V a)g ' ''''"'(r-„r;" ra) I (2.'7)

where g~~ 2
'

& is the species-dependent k-par-
ticle static distribution function. We also will use
the cumulants (connected parts) g,",2"2' '

(r —,, r-, , ~ ~ -, r~) of these distribution functions de-
fined such that g„,=0 when any set of coordinates
become independent of the others. " /or example,
g2'(rl r2)=~"(rl r.-)-1~

[z —L,"(1)]C," (12) — d3$," (13)C," (32) =C," (12).

(2.9)

In Eq. (2.9) the initial value of the tagged-particle
correlation function (denoted by a tilde) is

C~" (12) =C," (12; t, -t2=0)
B. Formal kinetic theory =n f, (P, )6(12)=(2),"(1)5(12), (2.10)

We use the method developed by Mazenko' ' in
FRET for simple fluids to derive a hierarchy of
correlation functions. The equations presented
in this section are exact and serve to write the
hierarchy in a form suitable to approximate. In
subsequent sections, we approximate the dynami-
cal events in terms of effective two-body colli-

I

sions.
We derive a kinetic equation for the Laplace

transform of the time-dependent tagged-particle
phase-spac e density correlation 'function C,
which is defined as

C; ((2) tf"t"=-'-' C, '{12;t,—t, )d(t, —t
0

8"'" "'(f, (I, t,)f."(2, t.)&.

and the tagged-particle free-streaming Liouville
operator (in field-point coordinates) is

L (1)= —t p,/m„V„,. (2.11)

The quantity P," in Eq. (2.9) is referred to as
the memory function of the kinetic equation. It
describes the interaction of the tagged particle
with the remaining (N- I) particles in the fluid.
As was the case for a simple fluid, ' the static
(i.e., mean-field) contribution to the memory
function can be related to the average force on the
particle which clearly vanishes for a system in
equilibrium. Hence, there is only a dynamic
(i.e. , collisional) contribution to the memory
function. It can be written

x d(t, —t,), (2.8a) 4." (») ~.f:(P.)
with t, & t, and Im(z) & 0. The van Hove self-corre-
lation function and the tagged-particle velocity
autocorrelation function (and, hence, the diffusion
coefficient) are simple momentum moments of C,
Since the tagged-particle motion is coupled to the
fluid fluctuations we shall also require the Laplace
transform of the time-dependent phase-space den-
sity correlation function, C'", defined as

C'"(3&; t. —t )=&I.f'(~, t, ) —&f'(&, t.)&.]

x [f"(4, t,) —
&f "(4, t, )),]), .

(2.12)

In Eq. (2.12) the two-particle interaction Liouville
operator is

LP(IT)=tv„V ~(r;, )-(v, -v, ), (2.13)

and the four-point correlation function Q, is given
by

=-P fdl Jd2I;t(IY)f; {2%)ot (lI;22)', '

(2.8b)

The generalization of the hierarchy to mixtures
is straightforward, "so that we will not present
the details of the calculations; but instead, pre-
sent the results of some involved manipulations.

The first member of the hierarchy is the kinetic
equation for C, . It has the form where

d3 d4C~&~ 1T; 3

x C,"o '(34)C,""'(4,'22),
(2.14)
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C ""'(lT 2%}

e"&'3 '2}(f~(1, t )f}'(I t )t (2, t, )

x f'(2, t )) d(t, t,—),

xd(t, —t,), (2.16)

C, " (IT; 3) = -i e" 3 2 (f, (1, t, )f"(I, t, )f,"(3, t ))

etc. , and C,"" '(34) is the inverse of C,""(34). Eq-
uation (2.9) with Eq. (2.12) connects a two-point
correlation function to a four-point correlation
function. The next member of the hierarchy con-
nects a four-point to a six-point, etc. For our
purposes this second member of the hierarchy will
be sufficient. Rather thari dealing with G, it
proves convenient to work with G, defined via

G, ""(11;22}=Q 43d3$ J d4d4G;"'"(ll;33) G, " '(33;44)G""'(44;22),
V

(2.16)

where G, is the initial value of G, .
Substituting Eq. (2.16) into Eq. (2.12), one finds

that the memory function can be written in the
symmetric form

e."(»)~.f:(P.)

I

point correlation function. The formal solution
can be wri;tten in the form

G'"""(33 44)

=(~»31[KG.—&.—1.(e)] 'ln4t 4), (2.20)

where
d3d3 ~~ d4d4'0 "(1 33)G " "(33.44) (n»3 lG, le.4t(,4) = G, " "(33;44), (2.21)

x'0 ""(2 44}

where the end-point vertex is defined as

(2.17)

'0 (1;33) —=Q d I I.;"(Ii)G,""(II 33)

= -&u,'"(33)l.,"(33)6(13). (2.18)

In the second step of Eq. (2.18), use of the ex-
plicit form of G,. [Eqs. (2.22a) and (2.22b)] is
made. The operator I I represents the effective
interaction of two particles in a dense system;
that is, they interact by the potential of mean
force [-P ' Ing, "(r»)] rather than the bare inter-
mo1.ecular potential. Hence

Xg"(33)= iP ' V„-lng, "(r„-)~ (V~ —V+) . (2.19}

Following FRKT, we have derived a kinetic
equation for the quantity G, connecting it to a six-

etc. The quantities G„W„andI",(z) have been
calculated and, for use in future approximations,
are presented below.

Since we want to describe processes where part-
icles can propagate independently of each other,
it is vital that we write the various functions in
terms of their "connected" and "disconnected"
parts. " By a connected function we mean that if
its field points are decomposed into arbitrary sets
which are spatially independent then the function
vanishes. Thus the "connected part" is the same
as the cumulant of a given function. The discon-
nected part is that contribution which does not
vanish under the above operation.

The initial value G, of the four-point col;relation
function is G, = Cn+ G, with

G ""(33 44) = 0, (34)C""(34) (2.22a)

and

G, " ~(33;44) = C, (34}(6„„6(34)&uG(3)g2,"(r„r~)+ ~G(3)(dG (4)[gs,"G(r3, r3, rz) -g2,"(r„rs)g2,'(r„rz)])

-=6(34)E "'(334), (2.22b)

where the initial value of the density correlation
function, Eq. (2.8b), is

C""(34)= 6..6(34)~0(3) + ~0(3)~0(4)g2.'(r~) . (2 23)

To lowest order in explicit density dependence one
obtains the "diagonal" approximation for 8„
namely,

G, " "(33;44) = 6„G6(34)6(34)(oG"(33)'. (2.24)

We have presented this approximation here to
facilitate comparison with the exact 6,. It cor-

, responds to the inclusion of two-body effective
interactions and the neglect of explicit three-body
correlations in G, .

The function W, . plays the role of a static (mean-
field) memory function in Eq. (2.20). It too can be
expressed in terms of the equilibrium structure
of the fluid. . Its disconnected part is
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WD" ~(33;44) = [Lo(3)+Lo(3)]Gn" ~(33;44) y"„',(35) = -~„f;(p;)L',(3)C"„'(r;;). (2.25a)

where

elf d5 4"„t(36)tP'"(35 44}
C~~(r-—5) is the species-dependent direct correla-
tion function, and (II)"„~z is precisely the mean-field
memory function of the kinetic equation for the
density-fluctuation correlation function C"'(34)."
The connected part of W, is

W "I"(33;44) = [E™uu(334)Lm(3) —iP ~ V„F~'" (334) '
Vp ]6(34)

+ (do(3)&ot(3) [g„"(x„-)Lo(3)—ip ' V„,-g2,"(w») V~]6(34)6„~6(34). (2.25b)

In subsequent sections we use the diagonal ap-
proximation to W,'. It is

W " '(33 44) = (4), "(33)L""(33)6(34)6„„6(34$
= L~"(33)G,(33;44), (2.26)

L™v(33)= I-, (3)+L,"(3$+Lg" (33) . (2.27)

where the effective two-particle Liouville operator
ls

I

[When comparing G, and W, to FRET results, as
well as I', (z) to come shortly, it should be noted
that for tagged-particle motion one no longer has
the invariance under the interchange (3-3 and
4-4) that one has for density fluctuations. ]

The function I', (z) plays the role of a dynamic
(collisional) memory function in Eq. (2.20). Un-
like G, and W„ it is a very complex quantity de-
pending on dynamical correlations in the fluid.
Its disconnected part (with respect to the field
points 3, 3, 4, and 4) has the form"

3'e"' (33;44)=-d","" (33;44geg f d5d5 Q 46464t;""(33;5356."" (55;66)(t) )' ""(66;44+
8

d6d6Q,"," '(33;55)G, ' ' (55;66)(Q') ' "(66;44). (2.28)

In Eq.. (2.28) the quantity E is given as

F"" (33 44)= -i d(t, —t4) e'"'~ '4)((A, (3, t, )A, (4, t4)),C"'(34, t, —t,)+ (4, (3, t, )f,. (4, t4)),

where

x (f"(3,t,)A" (4, t, )), + (f,"(3, t,)A;(4, t )),(A"(3, t, )f "(4, t,)),

+ C; (34, t, —t,)(A"(3, t, )A'(4, t )),j, (2.29)

A,"(3, t)-=E f d3 L(33')f;(3, t)f''(3', t), (2.30a)

d (3, t)-=p f43 ,t.,"e(33 )I (3, t,)fe(3', t,), (2.301)

and where (~ ~ ~ ), represents a cumulant (connected) thermal average. Also in Eq. (2.28) the quantity Q, is
C

given by

Q ""(33 55)=(A (3)f"(3);f (5)f'(5)&'+(f (3)A"(3) f'(5)f'(5)):

dVd8, "3;,V '+, ";, ', g 'V8

where we use the notation

( . ):-=-t.f . dte '(: ). . "
0

(2.31)

is the connected part of the quantity
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Q
" '(33 55) = Q" '(33 55)+ Q

" '(33 55)

with

(2.32)

Qnvn()(33; 55)= -i t d(t —t5)e' (3& 35 f(A (3, ts)f (5, t6)& C" (35, t~ —t5) +C (35, t~ —t6)(A"(3, t~)f (5, t5)) j.
0

(2.33)
Finally in Eq. (2.28), G,' is the inverse of the connected part of G„i.e,

Q J d6d6G;"' (55; 65)G:"'(66;77/=5„(57)5(573,

where G, is given as

G, n'«(66;77)= G, o «(66; V7) —G«)n «(66; V7),

with

Gnnn«(66 77)=-i Jl d(t, —t,)e""6 '7'C;n(67, t, —t, )C~ («67, t, —t,).
0

(2.34)

(2.35a)

(2.35b)

In terms of the above quantities, the connected part of the collisional memory function I', (z) is given by

I', " "(33;44) = -((A;(3)f"(3);A, (4)f "(4)&;+&A, (3)f"(33;f;(4)A"(43&:

+ & f (3)A "(33'A'(4)f '(4) & + (f"(3)A"(3);f (4)A'(4) &:

d5 d6[((A, (3)f"(3);f, (5));+ (fn(3)A"(3);f, . (5));)C (56)

x ((fn(6);An(4) f"(4)&;~ (f;(6);f,(4)A"(4));)]
'

Pf d565+fd6d6G;""(33 55)G ' (55;66)(G )""'(6II'44) (2.3 6)

(t), = —.'U, G, '0,
with

(2.37)

The expressions presented here for the memory
function P, are all formally exact, but they are
difficult to interpret and work with. We invoke
one more set of operator identities to cast our
expression for (t), " into a form more amenable to
approximation. Schematically, we can write Eq.
(2.17)

C. Enskog approximation

The derivation from FRKT of the Enskog approx-
imation to the memory function is well estab-
lished. ' Qne neglects the second term of Eq.
(2.40) and makes two approximations to the first
term. The first approximation is to keep only the
diagonal contributions to G, and W,; that is, one
uses Eq. (2.24) for G, and Eq. (2.26) for W, . The
resultant approximate memory function is

G, = [zG, W, r,g)]-~. (2.36) y,-(12)n.f;(p, )

It is well known2" that if one approximates G,
by its mean-field value

G~ = [zG —W,] (2.39)

and makes simple approximations for G, and W„
the Enskog theory is retrieved. This motivates
rewriting Eq. (2.37) in the formally exact form

(t), =-'U, G««'U, —'U,G~f G~'[G, -G„]G„]G„'0,, (2.40)

where the first term contains the Enskog approxi-
mation to (t), and the second term contains higher-
order contributions. As we will see in Secs. II C-
II E, in the form of Eq. (2.40), (t), is readily amen-
able to physical approximation.

d3 d3 6(13)L«nv(33)[g —L '(33)] '

x ~nv(33)L«n'(33)6(23) . (2.41)

Now note that LI" is sharply peaked near the point
where the collision occurs; that is, at an inter-
particle separation equal to an effective hard-core
separation of o' „.Hence the integrand is restric-
ted to the separation where

~
r, - r;~ =o „.In view

of this one makes the additional approximation in
Eq. (2.41) that

Lnv(3g Lnv( (2.42a)

and

:"(»~L;"(33)=:(3) ."(3)g'"( ) -" "'""L;"(»),
(2.42b)
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where we have written g "in terms of its low-
density limit e.~~ as

(T ) " (44 2) =-T "(44'z)6(24)

and (2.48)
gav(V ) gav(V )e-8V (r&$) (2.43)

One then substitutes Eq. (2.42) into Eq. (2.41) and
after some straightforward manipulations finds
that the Enskog memory function (t) is

sE

(12)f o (p, ) = g n„d3d3f0 (p, )fo (p;) 5(13)
V

x Tzav(33; z) 5(23), (2.44)

where the Enskog binary collision operator' is
Tav(33. z) gav(& )[z I av(33)]e-i)v "(r33)

x ([z —I.a"(33)] ' —[z —L "(33)] ']

x [z -Lo "(33)]. (2.45)

4

D. Ring approximation

The Enskog approximation, in which the tagged
particle undergoes only uncorrelated collisions
with the bath particles, is good only for moderate-
ly dense systems. As the density increases, one
must include other dynamical events. We use
Eq. (2.44) as our approximation to the first term
in Eq. (2.40) for all densities.

"(1;333 = d5(T )""(15; )6(13)6(53),

where T~~ is the transpose of TE. Under these
simple approximations 7 and T represent Enskog
binary encounters between the tagged particle and
bath particles. In fact, Eq. (2.46) is now simply
interpreted as a collision between the tagged par-
ticle and a bath particle (the operator rr), then
some complicated intermediate propagation, and
a terminating collision (~) between the tagged par-
ticle and the same bath particle or another. one
which has interacted dynamically with it since the
collision (r ). The collisions r and T are hence
referred to as correlated collisions.

The simplest approximation one can make for the
complicated intermediate propagation is to assume
the tagged and bath particles propagate indepen-
dently of one another between the collisions &~ and

This is the essence of the ring approximation.
In mathematical terms it means approximate
the intermediate propagation by its "fully" discon-
nected form. ~' Hence Eq. (2.46) reduces to the
form

The derivation from FRET of the ring approxi-
mation in simple fluids is also well established. ' '
For the mixture one proceeds in an analogous
fashion.

First we rewrite the second term of Eq. (2.40)
in the formally exact form

6(pz =-vGDGt( G~G, 't(G~'[G ,G„]G~')-

5(p, = v[GD —-G„]mr,

where

G, =c,[z'G, W, r, jz)]-~c,

and

Gz =GD[zc~ —W~] 'Gn.

(2.49)

(2.50)

X Gs GD G& GD7

where the operators v' and v~ are given by

(2.46)
Solving Eq. (2.50) with use of Eqs. (2.22a) and

(2.25a) yields

7. = Q,G„G,(G~) '(G„)'(G~) ',
and

~r = (G~) '(G„)'(G~) 'G,G„1),.
(2.4V)

Gz" "(33;44) =-i
D

d(t t ) +iz(t3 34)

)( C, (34, t, —t,)C"" (3', t, —t ),
(2.51)

The advantage of introducing the operator & and
its transpose &~ is that if we replace the various
quantities appearing in their definitions by their
diagonal approximations and then again assume
LI"(33) is sharply peaked at ~r, -r&~=&r „,(i.e.,
make the same two approximations as were made
in the Enskog term) one finds that

where C, is the free-particle form of the tagged-
particle correlation function C, , and C"~f is the
density fluctuation correlation function C"" cal-
culated in the mean-field approximation.

To calculate GD we must know what I'D(z) is.
To obtain the ring kinetic theory we only include
the fully disconnected part of I"D(z). That is, we
approximate Eq. (2.28) as

1' """(3344)= r;"""(33;44) Q f d5d5 I — d6d6Q;""(33; 55)G,'"' (66 65) ((r)""(66;434
a

(2.52)
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We now can follow FRET III using operator iden-
tities to express I'~ in terms of the collisional
memory functions Q, and P"'"" for the kinetic
equations for C, and C"~, respectively. Replac-
ing g, and P"'"~ by their Enskog values Q, and
g"""'~", we obtained the following simple ap-
proximation" for r,
1""'"($3 44) =fd55,"'($5)G""""(5$;44)

d5$"' (35)G (35'44)

(2.53)

Substituting Eqs. (2.25) and (2.53) into Eq. (2.52)
for QD and following the same procedure as used
for evaluating G„,we find that

GD"""(33 44) =-i d(t, —t4)e 3 4'C,""(34,t -f )
0

x C~& (3 4; t, —t,), (2.54)

where C, and C~~ are the correlation functions
C, " and C"" calculated in the Enskog approxima-
tion.

Substituting Eqs. (2.51) and (2.54) into Eq. (2.49),
the ring memory function takes the form

5y„(12)n„f",(p, )

fd3d$ Q fd4d4e"""(1; 33)

x(-t) f d(t, -t,)e""-"'[C;(4$,"tt,,)C" ( 4e$, - t),-tC„"(4, t,$t,)-
0

cx"& (3 4, t, - f,)] (~") ""(44;2) . (2.55)

It represents the process in which the tagged
particle and a bath particle first collide (r ) and
then propagate independently of one another but
interacting with the rest of the bath. Then the
tagged particle and the same bath particle, or
another one which has dynamically interacted with
it since the 7 collision, undergo another col-
lision (v) which terminates the disturbance.

The ring kinetic theory extends the description
of the dynamical properties of fluids to higher
densities than the Enskog theory. It predicts the
long-time tail of the velocity. (t 't") (Refs. 3, 5, 8)
and angular velocity (t '~') (Ref. 12) autocorrela-
tion functions. It also provides a qualitative de-
scription of tQe "cage" effect, "important at high
densities. '

As we have indicated ig the introduction, though,
when the tagged-particle effective diameter is
less than the bath-particle mean-free path, one
must consider contributions to the memory func-
tion in which the tagged particle undergoes many
correlated collisions with a single bath particle,
as the larger particle moves from the field-point
2 to the field-point 1. In the next section we in-
corporate such contributions into the kinetic the-
ory.

E. Repeated-ring approximation

Let us return to Eqs. (2.46)-(2.48). We have
interpreted this term as describing processes in
which the tagged particle and a bath particle col-
lide (v ) and then undergo some complicated in-

termediate propagation before the terminating
collision (7). In the ring approximation, this
intermediate propagation is assumed to be such
that the tagged particle and its initial-collision
partner interact with the remaining bath particles,
but independently of one another. In the repeated-
ring approximation we also allow, during this
intermediate propagation, the tagged particle to
interact with its initial-collision partrier or an-

' other particle dynamically correlated with its
initial-collision partner. Such contributions are
to be found in the connected parts of g~ and
i. (~)."

To obtain these contributions we return to Eq.
(2.26), which expresses W, in the dia, gonal ap-
proximation. Clearly, the contribution to W in
which the particles at 4 and 4 (after the collision
rr) are able to interact during the propagation to
3 and 3 (where they undergo the collision v) is

g, "")'(33 44) =~","(33)L","(33)5(34)6„„5(84).

(2.56a)

In the diagonal approximation for Q™~,and as-
suming Lz is sharply peaked at ) r, —r—,) -v„„
[see Eq. (2.42)],

W,""""(33;44) = Q d5d5G """(33;55)
X

xg""(o )~e
8" & "5$'L~ "(55)

x 5(54)5,&5(54) . (2.56b)

We use W as our approximation to W, . The quan-
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tity WD is still given exactly by Eq. (2.25).
In Appendix A we demonstrate that the appropri-

ate approximation to the connected part of I', (z)
1s

r,""""()s;44)=r, f dsdEa", '"'(s); BE)L,, '(((E)

'I

that the operators v, v, and T all represent col-.
lisions between the tagged particle and its origin-
al-collision partner or another bath particle dy-
namically correlated with it. Between these op-
erators we make the "fully" disconnected approxi-
mation" and find that

nX
)& g (x x (o )e

—8F ( )'55 )

x [ z —L" '(55)j -'L,""(55)

x 5(54)6~„5(54) (2.5'r)
T =t"D TGD (2.62)

6p= r[-[ GD+GDTGn+Gn TGg) TGg)+ ' ' j
(2 61)

where

d5d5G~'""(33; 55)2 "," (55; z)
X

x 6(54)5),„6(54)
—= T""""(3344) (2.58)

The operator T represents a collision between the
tagged particle and its initial-collision partner
or another particle dynamically correlated with
its initial-collision partner. Incorporating this
connected term in the memory function, Eq. (2.38)
becomes

G, = [ zG, —W —r, (z) —T] -'

~s +~s 'T ~s +~s T Gs T~s +

where

/

(2.59)

in the diagonal approximation for GD. We still
use the approximation for I'D(z) given by Eq. (2.53).

Summing Eqs. (2.56b) and (2.57) one has, with
Eq. (2.45),

Iy """&(33.44)+r", '""(33;44)

and G„andG~ are given by Eqs. (2.51) and (2.54),
respectively.

The interpretation of Eq. (2.61) is straightfor-
ward Th. e term -7[Gn -G„jr is the ring ap-

AID

proximation. Remember that v, w, and T are
all expressed in terms of the Enskog collision
operator Tz. Consider the term in Eq. (2.61) with
n T& operators. It describes processes in which
first the tagged particle and another particle i.
undergo a collision. They then travel indepen-
dently of one another interacting with the rest of
the bath via Enskog collisions. After some time,
the tagged particle again collides with i or with
some other particle j which has collided with
particle i since the tagged particle and the par-
ticle i first collided. This process continues until
there have been n such correlated binary colli-
sions.

It' is also fruitful to note that since Eq. (2.61)
represents a geometric series that we can resum
it to write

G,' = [zG, —W~ —I'D(z)] (2.60) &0 =-&(GD -Gz, )f7'~ (2.63)

We substitute Eq. (2.59) into Eq. (2.46) and note

G,'"" "(33 44) =g d5 d5( [ z - Lo" (33) —r z'(33)] 6(35)5„6(35)
X.

—g (35)6,„5(35)—y",'(35)6(35)] -'c." (54)c'~(54). (2.64)

CD describes the propagation between the initial
collision, where the tagged particle and its col-
lision partner are at 4 and 4, respectively, and the
final collision at 3 and 3. This propagation is
comprised of contributions in which the two par-
ticles free stream (L,) and interact (T~z~) with
one another, and of contributions in which the
tagged particle interacts with the rest of the medi-
um (&g"), but independently of its initial-collision
partner's interaction with the rest of the medium
(y)) k)

The memory function given in Eqs. (2.44), (2.63),
and (2.64) with Eq. (2.9) for the two-point self-
correlation function C,""(12)specifies the re-

I

peated-ring kinetic equation. It has a rather com-
plicated structure, but, as we shall see, its solu-
tion can be expressed in terms of the solution of
the ring kinetic equation. In Sec. III we solve both
the ring and', using these results, the repeated-
ring kinetic theory for velocity autocorrelation
in a dilute solution of large tagged particles in a
dense solvent of small particles.

III. SOLUTION OF THE KINETIC EQUATION

, A. Assumptions

We consider here a dilute solution of hard-
sphere tagged particles with diameter cr& and mass
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mB in a solvent of hard-sphere bath particles with
diameter cr, and mass m„. By dilute we mean that
the numoer densities of tagged and bath particles,
nB and n&, respectively, are such that SBoB
«n, a&, hence, we can neglect the interactions
among the tagged particles.

We also restrict this analysis to bath-particle
diameters cr~ and mean-free paths I, = [4&ms), o)',g'
x (o,)] ' much smaller than the tagged-particle dia-
meter o B. g B» 0, ~ l~. As pointed out in the In-
troduction, when /, «vB, it is evident that the
bath particles may undergo many. correlated col-
lisions with the tagged particle; so that in this
regime the effect of repeated-ring events will be
significant. For a rather dense solvent, —,', v 2
& n, o,' &M2, the bath mean-free path satisfies
the inequality 0.825 o~~ l~& 0.026a&. Thus, the
tagged particle does not have to be too much larger
than the bath particle to have the condition /&«crB
satisfied. However, when crB = o,»l„the cou-
pling of the tagged-particle motion to the longitu-
dinal and transverse collective modes in the bath
must be incorporated into the intermediate propa-
gation between correlated collisions. - Here we
treat only the limit oB»o&~l, where, as we dem-
onstrate below, further simplification arises since
the coupling of the tagged-particle motion to the
longitudinal collective modes in the bath is negli-
gible.

Henceforth we shall refer to the tagged particle
as the B particle. By B we mean a big particle,
but not necessarily a Brownian particle, since
this usage is reserved for particles whose mass
is such that m, /mz-0.

Since the tagged and fluid particles are assumed
to be hard spheres, the Enskog binary-collision
operator T~

' describing a collision between a
tagged and a bath particle in the Quid is frequency
independent. It is"

In Eq. (3.1) the separation of the two spheres at
collision is o»=2(o))+ o,), the reduced mass is
mz, = mzm~/(md'+ m, ), the unit vector joining the
centers of the spheres at contact is r»= r —,Jo»,
the relative momentum before the collision is p33
= (mzp-, —m,p, )/(mz+ mb) and the Heaviside step
function is e(x) = 1 for x ~ 0 and e(x ) = 0 for x &0.
The operator b33 changes the precollision momen-
ta of the two particles to their postcollision val-
ues; i.e., b,—,f(p„p—,) =f(p*, , p*—,), where

A A

p*, =p, +2r —„(r—„~p —„)

We concentrate on the tagged-particle velocity
autocorrelation function, g„.(z), which can be writ-
ten as the following momentum moment of the
tagged-particle phase-space coi relation function

BB.

D = lim if (z).
z~ jO

(3.4)

The velocity autocorrelation function is to be ob-
tairied from the formal solution

C, (12) = d3[z6(13) —Q, (13)

—6)j), (13)] 'C, (32) (3.5)

of our repeated-ring kinetic theory; where )P, is
given in Eq. (2.44) and 6Q, is given in Eq. (2.63).
We assume that )j), and 5Q, are "diagonal"" on
P„sothat the velocity autocorrelation function is
given by

(„(z)= (kzT/ms) [z -A(z) -R(z)] ',
with

(3.6a)

A(z)=(ma/kzT)Q ' dld3p„p, (13)f,(p,)p„
(3.6b)

R(z) = (mz/kzT)Q ' dld3P„6$, (13)fo(P,)P„.
(3.6c)

B. Enskog solution

The simple form of the hard-sphere collision op-
erator Tz of Eq. (3.1) allows one to calculate
readily the matrix element &(z) of the Enskog
memory function. It is found to be frequency inde-
pendent and of the form

A(z) = -i'�.
The Enskog velocity relaxation frequency is

Xz = (4m, / [3(mz+ m, )Diaz'

(3.7)

(3.8)

and the 8 -particle-bath-particle co1lision frequen-
cy is'-

7z' = 2~sos~ g "(o»)[2~(ms+ m.)/Pmzma 1"
(3.9)

1), (z)=, —Jdl f d2d, C~ (1R)P,

(3.3)

The tagged-. particle diffusion coefficient D, which
is also of interest here, is given in terms of )j)„as

A

pg=ps 2rs, (r „~p —,3). — (3.2) In the Enskog approximation R(z) = 0 the velocity-
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De = (keT/~e)&e' . (3.11)

Its weak dependence on the mass ratio me/m, is
best exhibited by noting that

autocorrelation function decays exponentially in
time;

y„(t)= (keT/me) e ~e' . (3.10)

From Eq. (3.8) it is clear that as the ma, ss of the
B particle increases A~ «7~ . Hence it takesBb

many collisions for the lighter bath particles to
slowdown a heavy B particle. It should also be
noted, though, that the initial value of g„,the
mean-squared B-particle velocity, decreases as
mB increases. The net effect is that the area under
the curve of f„e(t)vs t (i.e., the diffusion coeffi-
cient) is rather insensitive to the mass ratio me/
mb. The Enskog diffusion coefficient has the form

tive function of the B-particle qsize. In particular
I

B &blim De =, 1im Dz . (3.12b)
o /o »1 2&B a /V ~1B b B b

Thus, almost independently of its mass, as the
cross section of the B particle increases its
Enskog diffusion coefficient decreases rapidly.

The Enskog theory is appropriate for a tagged
particle's motion when OB «lb. However, for dense
fluids, where lb«o B, the Enskog theory does not
predict the inverse diameter dependence for the
B-particle diffusion coefficient.

C. Ring solution

The velocity autocorrelation function of the B
particle is obtained, in the ring approximation, by
substituting Eq. (2.55) for 5(I),- into Eqs. (3.6). One

finds
lim Dz= —,'v2 lim De.

mB/mb » 1 mB/mb 1
(3.12a)

By contrast, the diffusion coefficient is a sensi-

)|)„(z)= keT/me[a +ice -A, (g)]

where the ring memory function is

(3.13)

B,(z)=-nd)'0 ' d1d2 d3d3 d4d4( )nkeTs) 't'P„T e'(1;33)

x(-i) d(&, -&,) e"&'s 'q&[C,"(34,f, -f,) C" (34, f, f,) -C-,"(34,f, -f,) C~(34, f, t,)]
0

(&')"'(443 2) (~ekeT) '"P~d ~

We introduce the spatial Fourier representation of the correlation function C, as

(34, 4-fq)=& 'Z e ' '"C. (q Pstpq)4-iq) 3

q

where

(3.14)

C, (q, p„p„t,—t )=it fdr dr, 'e't'"C(34t, —t,). , (3.15b)

Substituting Eq. (3.15a) and the analogous Fourier representation for C (34, t, —f,) into Eq. (3.14) we find

(in the limit 0-~)
3

it, (e) = — — d q f4 3,d p. d 3 dp , d p, d p ,.(te, -p, p) "*p,.r'"(q;-p„p„p-.)(-i)
RB 27T

d(t, —t,) e"i" "[C, (q; p„p„f, —t,)C"(-q;p-, , p-„i,—t,)'
—C., (q; p., p.; f, —f,)C~(-q; p-. , p-. ; t. —f.)]

&& (~')'"(q; p, p-; p.)(~ekeT) "P..5 5

The Fourier-transformed collision operator 7 has the form

(3.16a)

(~')"'(q; P., P-. , P.) = — d r--e*"«Ts'(44)5(P. —P.), (3.16b)

and, similarly

(3.16c)"-(q;p p p ) fd fdp (.p.
'-). =(34)( —., '--3-.(p, -p) (-. - 3)p(p

The full momentum dependence in the correlation functions C, and C", as well as in the collision
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terms v and T, leads to considerable difficulty in the evaluation of (3.16a). We. follow Furtado et al." to
evaluate these correlation functions. First, we expand C, in the formaLly-exact form

OO I

c,"rq; p„p„.t, -t,)= g f', (P,)H,'(p, )&,c,",, (q, t, -t,)f,'(P,)H,'(P,).
I,J =z

The momentum-contracted correlation functions are

(3.17)

C, (q, t, —t,) =n ' dp, dp, H,'(p, ) C,"(q;p„p„t,t,) H-;(p,); (3.18)f
and the momentum functions Hz (p,) form a complete orthonormal set. C is expanded in the same basis
set. The first five momentum functions are listed below in terms of the dimensionless momentum $
= (mskzT) "2ps:-

H, (P)=1, H.'rp)=4', , H.'rp)=~... H.'rp)=~.'. , H. rp)=-:(~ -3). (3.19)

We have defined the z direction in. the q reference frame to lie along q;z, =q/iqi. In this basis the (mo-
mentum-contracted) correlation function C, rq, t, —t,) is the self-part of the van Hove correlation function
while C, (q=p, t, —t,) is the velocity autocorrelation function.

We now employ the quasihydr'odynamic approximation" for the correlation functions appearing in Eq.
(3.16a). The product C, Cz is written

c.",(q; p.,p„t. —t,) c"(-q; p-. , p-„t. —.t.)
= ~, ~,f.'(p.)f.'(p.)f.'(p —.)f.'(p-)

g H~(p , )[C, (—q,t)C," (-q, t)-e "~'""'C,"(q, t) C." (-q, t)]Harp-, )
E,J=a IJ

in Eq. (3.20) the quantities As and A~ are nonhydrodynamic relaxation frequencies and will be discussed
shortly. The subscript 0 again implies free-particle quantities. The nature of the quasihydrodynamic ap-
proximation is evident in Eq. (3.20). The first term C,z (q, t) Cz' (-q, t) represents the contributions
from the correlation functions of the conserved variables (those which persist for times much longer than
the B-particle mean free time for Cz and much longer than the bath-particle mean free time for C ). In
the tagged-particle motion there is only one such correlation function, C, (q, t). However for the bath
fluctuations the correlation functions of the conserved variables are Cz (-q, t) with I ( 5, J ( 5. [Note that
Cz (-q, t) is the van Hove correlation function, Cz (-q, t) = Cz (-q, t) are the transverse-current corre-bb

lation functions, Cz (-q, t) is the longitudinal-current correlation function and Cz' (-q, t) is the energy
correlation function. The second term, 8 i "3' ~)'C„C,'", represents the approximate contribu-
tions from the correlation functions of the nonconserved variables. We set the nonhydrodynamic. relaxation
frequencies A,~ and ~, equal to the smallest nonhydrodynamic matrix element of the collisional memory
functions Q, and Qiz') ', respectively. Hence As=As defined in Eq. (3.8) and X, =-,'Tz ',"where the bath-
particle collision frequency is 7z~ '—- [4n, v~g "(v~)(w/Pm, )'~']. One makes the same type of approximation
to the product of mean-field correlation functions C, C'z of Eq. (3.16a). Thus we approximate the term
in square brackets [ ~ ~ ] in Eq, (3.16a) as

[Cg rqJP3$P41t3 t4)c@( q~p3pp4~ 3 4) go (qipg&P4~ 3 4) mf( —qip3ip4i 3 4)]
5- nsn, f, (p,)f, (p,)f', (p-, )f', (p-, ) g H (p , )b»-~(q, t-)Hy'(p —,), (3.2la)

where

(3.21b)

(3.22)

In Eq. (3.16a) the z component of p, (and p,) is in the laboratory reference frame, not the q reference
frame. We designate the Euler angles ' of the reference frame q relative to the laboratory reference
frame as 8„g„andg, . 'Ihus, we can write p„in the q reference frame as

4

(mzkzT) 'i'P„=Q H„(P,)e, ,
A-2



J. R. MXHAFFEY A59 ROBERT I. CUKIER

where q, = sin8, cos{t)„q,= sin{t), sing„and q, = cos8,.
Substituting Eq. (3.21) for the correlation functions and Eq. (3.22) into Eq. (3.16a), we find that the ring

memory function takes the form
4 OO

B,(z) =-n, Q — d qerg~B~';(q)(B )„~(q)(-i) dt e'"t).„;~(q,t) .
I, J=l K, M=2 0

\

In Eq. (3.23) (B )~~~~(q), which is a momentum matrix element of the Enskog collision operator, is

(B')gg(q)= J( dP2{fPqdPqfo(Pq)fo(Pq)If'(Pq)(&')" (q' Pq Pq'P2)If~(P2)

(3.23}

&Pq d Pg e ""qf;(Pq) fo(P;)If'g(Pq) T~'(44)II~(Pq) . (3.24)

B~r&(q) is related to (Br)~r~(q) as

B"-(q)= -(B')"-(q) (3.25)

Because of the simple structure of the hard-sphere
Enskog collision operator T~', these matrix ele-
ments can be evaluated. The techniques one em-
ploys to evaluate these terms have been presented
elsewhere. " The nonzero matrix elements re-
quired in this work are listed in Table I. One
should note that, unlike the matrix element A~ of
the Eriskog tagged-particle memory function, the
Barb~ factors are nonlocal (q dependent}. This
arises because they couple the tagged-particle
momentum change in a collison to the bath-particle
momentum [see Eq. (3.24) ] which is a nonlocal
process. Due to spatial isotropy, though, the BKI
factors depend only on the magnitude q =-

~
q

~

of the
wave vector q. This wave-vector magnitude de-
pendence is of the form qo» since, at collision,
the particles are separated by the distance 0».

We utilize formulas for the bath correlation func-
tions C~ - which were proposed by Resibois" and
by Furtado et al." These formulas incorporate
the short-time (t «r~) and long-time (t » r~) be-
haviors of these correlation functions and inter-
polate between them for intermediate times. The

interpolation formulas include .collisional transfer
effects. For short times and large wave vectors,
q» l,', free-particle behavior is obtained. In the
long-time (generalized hydrodynamic) form, the
transport coefficients and sound speed are wave-
vector dependent. For the tagged-particle corre-
lation function C~~ (q, t) we again utilize theses@ll
interpolation formulas suitably modified for an
arbitrary tagged particle, which for short times
(t «v.g') reduces to e xp(- q't' /2m~ P) and for long
times (t » 7'~~~) to exp(-q'D~ t). At present, these
interpolation formulas are the best analytic ap-
proximation, for all q and t, for these Enskog
correlation functions. These expressions for the
Enskog correlation functions were substituted into
Eq. (3.23} and the q integration was performed nu-
merically. We find that, when the tagged particle
is about the same size as the bath particles o~ = o„
the contributions from all the correlation func-
tions C~'~ must be retained. However, in the
limit where 0.»» cr, ~l„the dominant contribu-
tions come from the transverse-current correla-
tions functions, Cz~~ (-q, t) and Cz' (-q, t), inde-
pendently of the mass ratio m~/m, ." In this limit
then the approximation to the ring memory func-
tion reduces to

R,{z)=-m(~ ) Jdq{t,) q„'{q){q)„'{q){-i) dte'«(2C» (q t) C» ( q t)). (3.26)

The contributions from the two transverse corre-
lation functions are identical, and hence the factor
of 2 in the curly brackets above. In Eq. (3.26), the
angular q integration is readily performed leading
to a factor of 4 ~. We are then left with the radial
integration of the form

(3.27a)

the limit o»» l„to the range 0 ~ ql, «1. For
such small values of q, our generalized inter-
polation formulas are well approximated by their
hydrodynamic forms

CBB(q t) e-Dgq2q
sg

dq f,'(q~»)C." (q, t)C'," (-q, t),

where the explicit form of expression for B,'2 has
been used. The "cut-off" factor j', (q{)») restricts
the q integration to the range 0 qa~, - 4, or in

C~ (q, t)=e "s~'. (3.27b)

Here D~~ is the Enskog tagged-particle diffusion
coefficient and v~ is the Enskog kinematic shear
viscosity, "
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TABL E I. Factors 2Pic~r(q

+Bb (q)a
KI

Inserting this result in Eq. (3.13) gives

y'„(z)= ' [z+i(~ r-, )+i( iz-)"26r, P.
m B

(3.32)

22=33

44

41

45

4,.A (q&Bb)

qaBb

4~ ) (qg ) ~1 q Bb
2' (qcr )

0 Bb

i/2

ji (qaBb)
D', /D', =(1 r, /X )-'. (3.34)

From Eq. (3.32), one obtains the long-time be-
havior of gz(t), '0

tg(t)-(I — r/Az)' b (kzT/mbnb) (4zvzt) '~', (3.33)

and the diffusion coefficient (relative to its En-
skog value)

The factors B —(q) are listed here in units of
t(mBmb) /{mB+mb)j {n&Tz ) . The function j„is the nthi/2 Bb -i
spherical Bessel function.

vz= (P/r,'') {—, [1+—„vv(o, /l, )] + „(o,—/I, ) ].
(3.28)

Once again our numerical integration of (3.26) in-
dicates that the approximations (3.27} are very
good. Substituting Eq. (3.27) into Eq. (3.26) and
performing the angular integration and the Laplace
transformation yields

m mR()=- ' 4( ~ "')'( ' "
3n' 'B'~ m +mB b

Note that our derivation, from Eq. (3.32), of the
long-time tail differs from that presented in recent
ring theories. " There it is implicitly assumed
that, for a tagged particle mechanicaIly equivalent
to the bath particles, r, /X zis small so that Eq.
(3.32) can be expanded about (z+iAz) ' and r, ig-
nored to solve for the long-time behavior of ttz(t).
One obtains a result like Eq. (3.33), but with r, /Xz
=0. When oz» o, ~ t„r,/Xz is not a small quantity
and the above procedure must not be employed.

Evidently in the ring kinetic theory the ratio r, /
A.~ plays an important role in the asymptotic form
of the velocity autocorrelation function and in the
diffusion coefficient. From Eq. (3.31) for R,(z), .

Eq. (3.28) for vz and Eqs. (3.8) for Xz, we find
that

x dq j,'(qozb) [z+ iq'vz] '.
0

(3.29) X/2
1 3 oBb mB—~n o'

o'b mB+ mb

In writing Eq. (3.29) we have noted that in the
limit oB» o„v~»D~independently of the mass
ratio mz/mb. The q integration in Eq. (3.29) is
done in Appendix B. The result is

mm t
R,( )=z— -' 4(n, ozbrzz')-'

where

f(x) = (1/x') [z""(1—ix)' —(1+x') ] . (3.30)

%e obtain the long-time behavior of the B-parti-
cle velocity autocorrelation function and the B
particle diffusion coefficient by first developing
R,(z) in the series about z = 0 and then inserting
the result in Eq. (3.13) for pz(z}. To order z't',
we have

(m m s~/'
(z) b Bb 4(n o rzb)-1 ( B bI

6mv "'B' ~ m +mB b

For a fixed density nb, as we increase the size
of the B particle r, /Xz increases, but almost in-
dependently of the mass ratio mz/mb. As r, /Xz
increases the ratio Dz /Dzz increases until we

Rg
reach a critical value of oz/ob for which r, /h~&1
and the diffusion coefficient becomes negative. "
This is clearly unphysical. The coefficient of the
t ' ' decay also exhibits unusual behavior when the
B particle is large. The ring theory predicts that
this coefficient varies as (oz/o, )' in contradiction
with the results of fluctuating hydrodynamics
where, for oz/o, » 1 (and thus v'z»Dzz) it is in-
dependent of oB. In summary, the ring kinetic
theory. breaks down-as the B particle increases
in size to the point where oB«lb.

1

D. Repeated-ring solution

In our repeated-ring kinetic theory, the B-parti-
cle velocity autocorrelation function is obtained
from

-=i[r, —(-iz)'t'6r, ].

(3.31a)

(3.31b)

q'„(z)=k, r/m, [z+i~, —R(z)] '. (3.3-6)

When the repeated-ring memory function of Eq.
(2.61) is substituted in Eq. (3.6c), it yields
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3{)e=R, ( )e- eIIe' dldl J dldl dtd4(met T) 'e t, e.'(1', ll)

X {GBbBb(33' 55 )efeBbBb(55 6'6 )GBbBb(66 4'4 )

+ G BbB b(3 3 5 r~ )7BbeB b(5 5, 66 )GB bB b(66. 77 )

x 7'BbBb(77. 88)GBbBb(88. 44) + ~ ~ e] (7 r)BbB(44 2)(ppb p efe) 1/Rp

(3.36}

In Eq. (3.36) GBBbBb is given by Eq. (2.35) with both CBB and Cbb evaluated in the Enskog approximation, and
TBbBb is defined by Eq. (2.62). Within the curly brackets of Eq. (3.36), integration over repeated field-
yoint variables' is implied.

As in the evaluation of the ring memory function, R,(K), we introduce the Fourier representations of the
correlation func'tions GBBbBb(33; 55) [see Eq. (3.15a) ] and approximate the momentum-dependent correla-
tion- function product

CR ( qt P35 Pb tt3 tb}CB ( qt P3 P5 t t3 t5)

via the quasihydrodynamic approximation [see Eq. (3.20)]. After much algebra we find that

3 3

R(e)=R, (e) —e, g g — dele, — df{ eB '/4)4', ', (e, e).
E'=2 I, J=l ~. K'=2 I', J =1

3

tE~T Jl. q+q +kg — dq R~T JI- q+q 411I.J- g, 2 'Pl~T J.I- q —q + ' ' '
2 7}

11/' J'(qt }( )K' J'(q)~ K' '

In Eq. (3.37), the quantity n,',/~(q, B) is
OO

tb,'»~(qtz)=(-t) I' dte"'[C, .(q, t)CB (-qt t)-e '"B* b"IC (q t}C" (-q t)]
0

+lJ 011

and the matrix elements of T are

(3.37)

(3.38a)

T '(+ 4)=T(D-' J d4d4, jdtd5fe(P )f'(P )f (I,)f'(P,-)e ""'3'(5 )T ' '(44; 55')

~ ~

X e "'"bbab, .(p;). (3.38b)

The T-matrix elements correlate the change in
bath-particle momentum with its precollisional
value as a consequence of the collision with the B
particle [cf. also Eq. (C1)]. That is, the T-'matrix
elements carry the information about how the bath
collides with the Bparticle.

The wave-vector integrations J'd q fdq' ~ ~ that
appear in Eq. (3.37) are, at first sight, difficult to
handle because of the coupling introduced by the
matrix elements T/~ (q+q'}. As just discussed,
it is precisely these T factors that carry the in-
formation on the bath-particle trajectories to and .

from the B particle. Thus, it is crucial that we
properly handle the wave-vector integrals. By fol-
lowing the procedures used to obtain the explicit
form of the BBK'z(q)'s for hard spheres, we find
that the T(q yq') factors ean also be expressed in
terms of spherical Qessel functions but with argu-
ment ~q+q'~oBb. One then utilizes "addition theo-
rems" for spherical Bessel functions" to uncouple
the wave-vector integrations. For example,

x g I', R(e„(,)Y,"R(8.. .g, .),
ffts= S

(3.39)

where pm~ is a spherical harmonic and y=q&».
Note that the summation over s decouples the
wave-vector-magnitude integrations and the sum-
mation over m, decouples the angular wave-vector
integrations. Qf course, this procedure will only
be useful if a small number of terms contribute to
the sum in Eq. (3.39). The above procedure must
be performed for all T factors that appear in the
repeated-ring expression, Eq. (3.37), and for all
the momentum matrix elements of T.

However, as was the ease for the ring memory
function, when o~ » o'~~ l~, the dominant contribu-
tions to the tagged-particle motion arise from the
coupling, during the intermediate propagation, to
the bath transverse-current modes, CBb„(-q,t) and
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Cz' (-q, t). Thus, these are the only modes needed
for our evaluation of Eq. (3.3V). In Appendix C, we
present the form of the transverse matrix element
T2z,'(q+ q'). lt is also shown in Appendix C how the
wave-vector decoupling scheme [Eq. (3.39)] is im-
plemented in the general term in Eq. (3.3V) (i.e.,

a term' containing an arbitrary number of corre-
lated collisions). Due to the orthonormality of the
spherical harmonics, the wave-vector integrations
pick out only one term in an expansion such as Eq.
(3.39). Substituting Eqs. (C11) and (C12) into Eq.
(3.3V) in this large B-particle regime yields

/

I
R(z) = R, (z)+ n,

1

dq q 'B»"(q)2&,'». (q z)(B').".(q)

x (( (x ) '
( Ax) ' ', dq" q"'B,'(q").2s,'„,(q", x)(B ),'(g")(—nx) '+ ~ ~ )7T

Q

ÃQX dq'q "B2z,'(q')2b, ,'„,(q', z)(B P,'(q') . (3.40)

%e emphasize that the wave-vector decoupling
scheme is exact; it does not depend on the rela-
tive sizes or masses of the bath and B particles.
The above simple result does depend on the con-
dition o~»a, I, since it is only here that one
may neglect all but the transverse-current coup-
lings. Equation (3.40) simplifies further when we note
that ~,',»(q, z) = A„„(q,z) [cf.Eqs. (3.38a) and (3.21b)]
since, for the transverse modes, C"z (-q, t)my, ~
=C,"(-q, t). (Note that b, '„,~gb.„,~ if I and J
represent longitudinal basis functions, i.e. , I,J
= 1,4, 5.) Consequently, inthe limit oz» o, & L„R(z)
can be simply expressed in terms of R,(z) [Eq.
(3.26)] and the Enskog memory function [Eq'. (2.44)]
as

R(z) =R,(z)+ R, (z) l(-i~, ) '+ (-i~,) 'R, (z)

x( iX,)-'+" ]R,(z). (3.41)

The B-particle velocity autocorrelation function
is then given by substituting Eq. (3.41) into (3.35):

q'„(z)=(k,T/m, ) [z+i~ -R, (z) -R, (z) (-i~,)-'R, (z)

—R,(z}(-i~,)-'R, (z}

x ( i~,)-'R,(z). . .]-'
= (kzT/mz)[z+ i'(1+R,(z)/iXz) '] '. (3.42)

Note that in the second step of Eq. (3.42) we have
resummed the geometric series appearing in the
square brackets. Equation (3,42} represents our
repeated-ring approximation to the B-particle
velocity autocorrelation function. We could nu-
merically invert the Laplace transform Eq. (3.42)
to find the complete time dependence of g„(t).How-
ever, in this paper, our principal interests are to
extract the long-time behavior of the B-particle
velocity autocorrelation function, and the B-parti-
cle diffusion coefficient. We expand P„(z)as given
in Eq. (3.42) to order z'~' with the use of Eq.
(3.31) for R, (z) to obtain

q'„(z)=(k,T/m, )(iX,)-'(1+ [~, (iz)'~25r, ]/~ J .
(3.43)

From Eq (3.4.3), one finds" that the long-time
behavior of (t)z(t) is

)I)z(t}- -', ( kzT/m, n, [}4 ))vz i]-'~', (3.44)

and that the diffusion coefficient is

D~=Dz+ kz T/5mqzRz . (3.45)

IV. DISCUSSION

We have presented a method for approximating
the exact equations of motion for the tagged-par-

In Eq. (3.45), Rz = o»=-,' oz is the radius of the B
particle, and g~= ~~no, n, is the Enskog value of
the fluid's shear viscosity.

In the limit 0.,» 0, o l„ourrepeated-ring ki-
netic theory provides a very good description of
B-particle motion in the fluid. In contrast to the
predictions of the ring kinetic theory the coefficient
of the t ' ' long-time tail of the velocity autocorre-
lation function is found to be independent of o~, and
to have the same form as that derived using fluc-
tuating hydrodynamics. " The B-particle diffusion
coefficient is given in Eq. (3.45) as the sum of two
terms. The first term is just the Enskog diffu-
sion coefficient, while the second term represents
the contributions from successive correlated col-
lisions. " When o~ » a~, the diffusion coefficient
is found not to turn negative as it did in the ring
theory; instead, the second term dominates over
the first and the diffusion coefficient takes on the
functional form of the Stokes-Einstein law, D~~

eke T/ti+z. It should be noted that in the long-
time tail of )I)z(t), Eq. (3.43), and in the diffusion
coefficient, Eq. (3.44), it is the Enskog value of
the shear viscosity which appears in our theory,
rather than the phenomenological shear viscosity
which is predicted by-hydrodynamic theories.
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ticle phase-space density correlation function
C, "(12). Our techniques are in the spirit of the
FRKT presented by Mazenko'. ' in that we use a
hierarchy expressed directly in terms of corre-
lation functions, and approximations are made to
cast the dynamics of the system in terms of ef-
fective binary collisions. Explicit three-body and
higher equilibrium and dynamical correlations
are ignored. Because the particles are not as-
sumed to be points, the collision frequency is
given by its Enskog value, in which the excluded
volume and shielding effects are fully incorporated
via the radial distribution function. Our theory
differs. from FRET in that we have included a
much la.rger set of dynamical events (repeated
rings) in addition to those of FRKT (rings). The
calculations presented in this work indicate that
the 'inclusion gf repeated rings is most important
in describing the motion of a large tagged particle
in a fluid. Further, since in a dense fluid o~& l,
even for mechanically -equivalent particles, we
suggest that self-motion will be better described
by the repeated-ring kinetic theory presented here
than by the ring theory.

In this work, we have explored the validity of the
repeated-ring kinetic equation. by obtaining approx-
imate solutions to it for a large tagged particle;
o~ » o& ~ /, . In this limit, we have demonstrated
-that the difficult problem of the fluid propagation
between the correlated collisions is vastly simpli-
fied. The fluid propagation reduces to the hydro-
dynamic form for the transverse bath cur'rent.
This enables us to obtain an explicit solution in
z space. From this solution we obtain the long-
time behavior of the B-particle velocity autocor-
relation function, Eq. (3.44) and its diffusion co-
efficient, Eq. (3.45). The long-time behavior
agrees with the predictions of fluctuating hydro-
dynamics, although our expression is .given in
terms of the Enskog kinematic shear viscosity
ratheq than its phenomenological value. For the
diffusion coefficient we obtain a Stokes-Einstein-
like proportionality, but with a factor of 5. Once
again, our expression involves the Enskog shear
viscosity g~ rather than its phenomenological val-
ue. In contrast to these predictions of repeated-
ring theory, we have shown that if one stops at

.just the ring order -and calculates the long-time
behavior of f„(t),Eq. (3.33) and the diffusion co-
efficient, Eq. (3.34) then, as the tagged particle
increases in size, nonsensical results are ob-
tained. We can interpret this failure of the ring
kinetic theory as an indication that the fluid mo-
mentum flow about a large tagged particle is not
being correctly described. It is reasonable that,
for a large particle, the bath particles will re-
peatedly return to the tagged particle and that each

intermediate excursion into the fluid and subse-
quent return to the tagged particle will be dynami-
cally correlated with the previous one. The re-
peated ring kinetic theory incorporates sequences
of 2, 3, 4, . . . correlated collisions between the
fluid and the tagged particle and, as a conse-
quence, should more correctly describe the dy-
namics of the tagged particle than the ring theory
(only two correlated collisions).

The intermediate propagation of the tagged par-
ticle and bath particles between correlated colli-
sions is, in our derivation, given by Enskog pro-
pagation. This leads to the appearance of the En-
skog value of the shear viscosity in our results.
One is tempted to further "renormalize" the re-
peated-ring theory by replacing the Enskog pro-
pagators by the full many-body intermediate pro-
pagators. This would lead to the appearance of the
phenomenological shear viscosity in our results.
However, modifying the kinetic equation in this
fashion would not be a consistent procedure since
the correlated-collision operator should also
change. Thus, such a procedure would be appro-
priate to a mode-coupling phenomenological
theory, but not to a kinetic-theory derivation. Gf
course, the repeated-ring concept is perfectly ac-
ceptable as a mode-coupling description of tagged-
particle motion and it should be investigated fur-
ther.

In addition to obtaining the Enskog shear viscos-
ity, not the phenomenological viscosity, the dif-
fusion coefficient involves a factor of 5 in the re-
peated-ring calculation. A hydrodynamic calcu-
lation'4 using the Navier-Stokes equation with
"stick" boundary conditions for the fluid velocity
at the surface of the large fixed particle predicts
D =ksT/6v~s, while for' "slip" boundary condi-
tions D =ksT/4mqRe In this .regard, the repeated-
ring. derivation presented here differs significantly
from the work presented by Dorfman, van Beijer-
en, and McClure. ' They calculated the viscous
drag on a fixed large particle immersed in a gas
moving with mean velocity V. The gas particles
undergo repeated correlated collisions with the
large particle. The intermediate propagation of
the gas particles between correlated collisions is
given in terms of the steady-state form of the
fluid flow in the presence of a mac ros copic object
as in conventional hydrodynamics. When the gas
and large particles are assumed to be hard
spheres, their kinetic theory predicts-that the
viscous force is given by the Stokes form F
= -4&gR&V. As they demonstrate, hard-sphere
gas dynamics with a stationary sphere combine
to be equivalent to a macroscopic "slip" boundary
condition. Thus, the Stokes friction formula
should be recovered. In our calculations the tag-
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ged particle is described by dynamical variables
and is thus allowed to move about the fluid ac-
cording to the dynamics of the kinetic equation.
Examination of the "fully" disconnected approxi-
mation made in Eqs. (2.51) and (2.54) shows that
it splits the intermediate propagation into a pro-
duct of propagators for the tagged particle and
bath motion. The bath and tagged-particle motion
are of course coupled via the 7 and T Enskog col-
lision operators [cf. Eq. (2.61)j, but, between
these correlated collisions, the propagation of the
bath is independent of the presence of the tagged
particle. Thus, our intermediate propagators are
not the same as those of hydrodynamics in the
presence of a macroscopic fixed object. To ob-
tain the proper Stokes-Einstein coefficient (-,' in-
stead of 5) in a purely kinetic-tlieory derivation
one would have to incorporate more information
about the massive particle's effect on the bath
propagation than is done here. We speculate that
the derivation of a kinetic theory which incorpor-
ates this effect will be a formidable task.

We have stressed that the repeated-ring theory
must be used when the tagged particle is large
with respect to th'e fluid mean free path. It is
important to determine when the repeated-ring
events become important, Since, if the tagged
particle were required to be of macroscopic size,
there would be little relevance here to molecular
processes. For sufficiently high bath densities
we have remarked previously (cf. Sec. IIIA) that
o& & l &. Hence, even if the tagged particle is only
slightly larger than a bath particle, o& ~ at, & l&.

Thus, the repeated-ring kinetic theory will, in
dense fluids, be important in the description of
the dynamics of a tagged particle of molecular
size (and mass).

To exploze the repeated-ring kinetic theory for
a tagged particle of sige comparable with the bath
particles and the transition to the regime studied
here, we have to perform the wave-vector inte-
grations for all the modes for all multiples of T
matrix elements. Fortunately, the wave-vector
decoupling technique used in Appendix C for the
transverse modes also works for all the other
modes. Thus, in principal, we can sum the con-
tributions from all repeated-ring terms for all

the mode couplings. Once this is done we can use
'the quasihydrodynamic approximation to evaluate
the intermediate propagation. Note, however, that
interpolation formulas must now be used. There
are difficult problems involved in the quantitative
description of the bath propagation for all times
and wave vectors. Thus, the solution of the one-
eomponent fluid kinetic theory is much more com-
plicated than is the large tagged-particle li~it
treated here. In this context, it is interesting to
recall that for self-diffusion the molecular dy-
namics simulations of Alder et al.6' as well as
experiments" show that D =k~T/cd~ (c a con-
stant); there is no Enskog contribution. We spec-
ulate that for dense fluids

D =D s+ k~T/c @Re +Dr,

where D~ incorporates the effects of the longitu-
dinal mode contributions on the diffusion coeffi-
cient. These longitudinal modes, which are re-
sponsible for the 'cage effect at high densities,
give a negative contribution and may well cancel
the (positive) Enskog term Ds, leaving the ex-
perimentally observed self-diffusion result.

Having placed the kinetic equation that we previous-
ly assumed~ on a firm footing here, and having sol-
ved the kinetic equation in the simplest circum-
stance, we defer the solution of our repeated-ring
kinetic theory for an arbitrary tagged particle to
a future publication.
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APPENDIX A

In this appendix we justify the approximation of
Eq. (2.57} for r. (~).

Consider the first term in Eq. (2.36) for I', (z).
In time, this eumulant average can be written in
terms of the (nonvanishing} equilibrium averages
as"

&A'(3ts}f"(»'». (4t4)f" (4tc)&.=(A."(3t,)f"(».)&."(4t.)f"(4t, )&.—&f'(3')&.(A. (3t.)A."(4t.)f"(4t,)&.

'-
&f "(&)&.&A. (3t,}f"(»,)A."(4t,)).—&A. (3t, )A."(4t.)&.&f'(».)f"(4t.)&,

+ 2&&."(3t,)A. (4t.)&.&f
' (&)).&f"(4)&. (Al)

ln view of the definition [Eq. (2.30)] of A, , it is readily verified that to lowest order in density, the first
term in Eq. (Al) dominates. Hence, as a first approximation we write
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&A,"(3t,)f"(3t,)A,"(4t,)f"(«,)&, = &A", (3t,)f"(3't, )A, (4t, )f"(4t, )&,
I

g fdS g f 44 L"(33 )L, t(44) (f, (St,)f"(3't,)f"(St,)

xf. (4t.)f '(4't. )f"(«.)&.

rPVQ fd4 L,'(33') ",L(4«4')L: ""t«(SS'3;44'S,t—t, ), , (AS)
K

where we have used Eq. (2.30) for A, . The initial (i.e., t, =t,) value of this correlation function can be
written, neglecting three-particle and higher-order equilibrium correlations, as

&A". (3)f"(&)A".(4)f "(4)&.

4t&'Q J/d4'I. , (33')I, ,'(44') (5(34)5„„5(3&)5„5{34)5)„5(S'4')~,(33')

+ 5 (34)5„„5($'3)5„5(S 4')5„„5(34)i&a,
"' (33)

+5(34)5 „5(3S)5~&5($'4')5„„5(3'4)(t),""(33')

+5(34)5„„5(34')5~,5($'4')5),„5(S'$)co","(3'3') + 0(n')]

=g fds L d43 I (4) {3gt}I(SK(44t )C (st)t(SK)t(33«g. 44t4) (A3)

In the disconnected part of I', (z), we have the con-
tributions in which, during the intermediate pro-
ps.gation, (i) the tagged particle at 3 (t, & td) inter-
acts with the rest of the bath 3' independently of
the particles at 3 and (ii) the particles at 8 inter-
act with the rest of the bath 8' independently of
the tagged particle at 3. In I', (z) let us look for
the analogous contribution in which (iii} the par-
ticle at 3 interacts with the particles at 3 inde-
pendently of the dynamics of the rest of the bath

Hence we approximate the kinetic equation for
the six-point C, in Eq. (A2) as

etic equation must be governed by only the two-
particle Liouville operator I, ' (33). Also. note
that the propagator G, =[zG, -W, —I; (z)] ' is
"sandwiched" between r and r [cf. Eq. {2.46)], so
that not all of Eq. (A3) contributes to I; (z) in this
expression. Thus, for example, (7 ) " (44;2)

' precludes 4=4 and v" '(1;33)pr'ecludes 3=3.
Furthermore, in the intermediate propagation,
initially 3 = 4, so that we must solve the kinetic
equation with the initial conditions 3 = 4.and 4 = 3
forbidden. Therefore, the initial condition sim-
plifies to

[z —I,""(3F)]C,"'""'~(33'3 44'4)

=C,"~'"'"(33''S;44'4) . (A4)
C, " '"(3S'8 44'4) =5(34)5 „5P'K)5~5(E4')

x 5,q5(34)(s)o""(3E) . (A5)
There i:s no memory function in this simple ap-
proximation. ". In Eq. (A4}, to be consistent with
the condition (iii) above, the dynamics of the kin-

Substituting Eq. (A5} into Eq. (A4), and the result
into the Laplace transform of Eq. (A2), we have

I

(A, (3)L"(3) A, (4)f«(4));=+ f dS Lf 'd. 4, L( «WS) ', L( t4)4[ -«L( )S]-S'

x (5(34)5),„5('3'3)5,t5($4') 5,q5($$)(3)~0'(3$)]. (A6)

Upon integrating and summing we obtain,

&A. (3)f"(3');A".(4)f" (4}&:

= —[—i V„V"'(r„-).V,,] [z —I,""(33')]-'&v,""(3$)

x [-i'„V"(r;,)-v, ] 5(34)5,„5&F4). (AV)

In an analogous fashion, we approximate the other
similar terms in Eq. (2.36) as

\

&A .(3)f'(&);f."(4)A"(4)&:

= [-i v„V"'(r„-)v, ] [z- I.""(33)]-'&o".'(3S)

x[—i V„V""(r —) ~ V~] 5(34)5,q5(3 4),

&f (3)A"(3) A" (4}f"(4)&'

=[-iV„IL~'(~,—,) V~ ] [z —L '(33)] 'ur, '(33')

x[ ip„y '(~,—,) V, ]5(34)5,„5(34),
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aIld

(f,"(3)&"(3') f,"(4)&"(4'));=-[-ii„,V "(r;,).V-, ][z—I '(38)] '(d","(3'S)[-iV„,I'""(r;,) ~ 7 ]5(34)5 5(3'0) .
(A8)

Since all the other terms in Eq. (2.36) are of higher order in the density, we neglect them and sub-
stitute Eqs. (AV) and (A8) into (2.36) to obtain the simple approximation

I,""""(33;44) =6",'(33)[z —I.""(33)] '(do' (33) I~~ "(33)Q(34) 6 5(34)

f 45d5Gs' (55 55)Ls (55)d („s")xss" '" ' 4 —L (55)] 'Ls (55)5(54)5445 (543,

(A9)

in the diagonal approximation for G~. In writing
the second step of Eq. (A9) we have once again
used the property that I I" is steeply peaked at
~r, —r—, ~=a' ~ to put 8 (r„—) =g (a q)e
and the property that

dxE(x). (86)

I(is)=- . dxf(x)x '[x —isa] '[ x+i )a(] '
4i~

[z I ax(55)]-)e-Bv~ (r6&),&a(5)+)I (5)

= e '"5'co (5)(d(5)[z —I. "(55)] '

APPENDIX B

Here we evaluate the integral

(A10)

We evaluate I(is) by calculating the integral of
E(Z) around the contour in Fig 1. T. his contour is
to be used in the limits as R-~ and p-0. The
only pole enclosed within the contour is the one at
Z =i5I a; hence we have

~p R

dxE(x)+ dZE(Z)+ dx F(x)
~0 Cp P

I(z) = dq j', (qo)[z+iq'v] ', (81)

)(Is)= 5,
' f dx)*,(x) fx'+4]", (82)

where x =qo and a =so'/v. We write j', (x) in its
exponential form,

by contour integration. Let z = is so that Res & 0.
Noting that the integrand is an even function of q
we can write

+ dZEZ =2miBes i a
Cg

where Res(i)(ta ) is the residue of the function F(Z)
evaluated at Z =i/ a. The integral on Cs vanishes
and the one on C~ gives the contribution zi Re-s(0)
Hence the principal value of our integral can be
written

OO ~ p

dx E(x) = »m dx E(x)+
~00 p

=2mi Res (iV a ) + wi Res (0) ~ (88)
j', (x ) = (- I/4x')(e"" [1—ix]' —2[1+x']

+ e ""[1+ix]'}. (83)
Evaluating the residues and substituting the

results into Eq. (88), we find

Substituting Eq. (83) into Eq. (82) and replacing
x by -x in the last term we find

I(is) =- 0'

4gv
dx [x'+ a] -'/x'

x fe""[1—ix]'- [I + x']}. (84)

Written in this form, the integrand is well be-
haved in the upper half of the complex Z =x +iy
plane. The function f (Z)

f(Z) =(I /Z')(e ' [1—iZ] —[1+Z']},
which appears in the integrand of (84), 'has no
poles. The integrand only has simple poles at Z
= 0 and Z = +i v a . We manifest this behavior by
writing

I (is) = nv/4av[f

(isa�)

—f (0)], (89)

I(is) = in'/2v[ -2, --,'cr(s/v)'~']+O(s) . (810)

FIG. 1. Contour used in evaluating I (i s).

with f defined in Eq. (85). It is straightforward to
demonstrate that for small s
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APPENDIX C

In this appendix we investigate the angular in-
tegrations over the matrix elements T ~,

" (q+q')
which appear in Eq. (3.37).

Substituting Eq. (2.62) for T into Eq. (3.38b) and
using the diagonal approximation for GD,

Ga'a'(55; 66) = 5(56)5(56)(d, (5)M,'(5),
where

xK, (q+ q'), (C2)

in the q and q' reference frames, respectively.
Following techniques analogous to those employed

to calculate the matrix element (B )a~~ (Ref 2.7)
one finds that, for example,

Bb (q+qt) g
. (s 7Bb) l B1 m

+B+b ~ B b

one finds

T~", (q+q') &-(q+ q') = (C3)

=(n, s, Q)-' d4d4f, (p, )f,'(p;)8-' &q'&' 44

xII, (p )T&'(44)II', ,Q;). (Cl)

The matrix elements T ~~lb couple the change in the
bath-particle momentum to its precollision value.
Note that the basis functions II~ and Hz are defined

where p is the unit vector from the center of the
Bparticle to the center of the b particle at collision
and p„ is its x component in the q reference
frame. From Eq. (3.37), it is clear that in the
first repeated-ring contribution we must evaluate
angular integrals of the form

3'»(q+q') = dn,

where

0,.c,e, dp p„,p„,e ' Bb q" (C4)

0, = — d, d, d9, sin8, (C5)
0

is an integration over the Euler angles. Now p„and p„,, as weil as (q+q') p = qp„+q'p, , can be ex-
pressed in terms of the laboratory frame components p„,p„p,via transformation matrices involving the
appropriate Euler angles. Invoking such transformations and performing the xiii, and P, integrations one
finds

X»(q+q') =—, diIi,
,
4n' 0

7r 2 7r

d8 Sln 8+
0

A

x dpe-~(y'y')' p,

jo( i+yj) p (2„1)j.(y) j.(y') p(, p )

where P, is the sth Legendre polynomial and P„,is the angle between the vectors y and y'. Further, we
uncouple the angular (0, and 0,.) integrations by using the addition theorem" for spherical harmonies

s (8 f/))

(cs)

where y=qo». Peforming the p integration to obtain the spherical Bessel function j,(~y+y'~), integrating
by parts over 8, and 8, i and noting that the g, and p, i integrations vanish in the second term one o tains

2w w nm w
& ($+y&»(q+q') = —4m dg, d8, sin8, cos8, dg, . d8, sin8, cos8, (C7)

Remember that the term 3'»(q+q') is also integrated over the q and q' wave-vector magnitudes in Eq. (3.37).
These wave-vector magnitude integrations can be uncoupled by utilizing the addition theorem" for spher-
ical Bessel functions' which states that

S

P(- scoJ3) =(-1)' g' Y', (i6„., 0) =(-1)'
2 &

g Y, (8„g,)p'," (8...g, .).2++&
8

Substituting Eqs. (C8) and (C9) into (C7) and performing the angular integrals we have

(C9)
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X»(q+ q') = -4n ~ (-1)'(2s+ 1) ~j.(y) j.(y')
s=0

d8, sin8, I",(8,, $,)Y, (g„g,)
2 7r

x dg t dg i sing, tF &(8 s g s)Y~ (g.s P &)

0 0

y'() '(') 4g 4m

I 2 y 3 sc

12„4,j.(y) 4& i.(y')
3

(C10)

dn dn ~ e e T s(q+q)=-i (n ~s') ' — s 12m —'m j' y1 - 1 m '() 4& '(y')
2 2 22 ~ ~Q g ~ +~ 3 y 3 yf.

(B')"(q)(i& ) 'B"(q')
1 4m'

Pl p

using the definition of B»(q) given in Table I and the definition of As given in Eq. (3.8).
Following the procedures outlined above, one can show that performing the angular integrations in a

term containing (n —1) T-matrix elements leads to the result

(C11)

In the second step of Eq. (C10) we have used the orthonormality relationship for spherical harmonics.
Note that the sum over spherical Bessel functions of increasing order has, when integrated over the wave
vectors, collapsed to one term (s=1). This result is exact and is, in part, responsible for the relatively
simple results of the repeated-ring calculations. From Eqs. (C2), . (C4) and (C10), it is clear that

dQ, dQ,
A

0 e, e, T32 (q, +q2)T~~ (q2+q, ) T,3'(q„,—q„)

=(I/ns)" '(-'w)" (B ) '(q, )(its) 'B '(q, )(B ) '(q, )(its) 'B '(q ) ~ ~ ~ (B )22'(q„,)(its) 'B„'(q„).(C12)

Equations (C11) and (C12) are substituted into Eq. (3.37) in the large-particle limit to yield Eq. (3.40).
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