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Generation of coherent x rays by a relativistic charged particle traveling throu@ a crystal
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The radiation due to the coherent excitation of the electric dipole moments of the atoms in a crystal has
been studied. These dipole moments are induced by the electric field of a relativistic charged particle
traveling through the crystal. In this context, coherent excitation refers to the. correlation of the phases of
the dipole moments which are induced by a single relativistic charged particle. The phases of dipole moments
which are induced by different charged particles are, of course, uncorrelated. The electric field of the
incident relativistic charged particle is analyzed into its frequency spectrum and the effect of each frequency
component on the crystal is determined. Expressions for the fields far away from the crystal and the radiated
energy are derived for transitions between bound states, for transitions from a bound state into the
continuum, and for the case where the frequency components are much larger than the ionization potentials
of the atoms divided by Planck's constant. It is shown that the generated coherent radiation is emitted in the
Bragg directions. Moreover,

'

the polar and azimuthal angular spreads, as Veil as the frequency width,
divided by the frequency of radiation, are of the order 1/y, where y = (1 —P') '", P = v/c, u being the
velocity of the incident charged particle and c being the velocity of light. A comparison is made with x-ray
diffraction and it is shown that, for a small crystal, the radiated energy per incident charged particle is less
than the radiated energy per incident photon by a factor appr'oximately equal to Q /Ac, where Q is the
charge of the particle and A' is Planck's constant divided by Zm.

I. INTRODUCTION

In contrast" to previous investigations of coherent
bremsstrahlung, "this paper is concerned with
the radiation due to the coherent excitation of the
electric dipole moments of the atoms in a crystal.
These dipole moments are induced by the electric
field of a relativistic charged particle traveling
through the crystal. In this context, coherent ex-
citation refers to the correlation of the phases of
the dipole moments which are induced by a single
relativistic charged particle. The phases of
dipole moments which are induced by diffexent
charged particles are, of course, uncorrelated.
In this paper, the characteristics of the emitted
coherent radiation will be presented.

The following approach to the problem will be
used. The electromagnetic field of the incident
relativistic charged particle will be analyzed into
its frequency spectrum and the effect. of each
Fourier component on the crystal will be deter-
mined. Certain similarities-are expected then in
this work with the diffraction of x-rays in crystals.
For example, the maximum intensity of radiation
occurs approximately at frequencies and directions
for which the Bragg condition is satisfied. The
symmetry properties of the crystal then specify
these frequencies and directions. Thus, the
radiation induced by the relativistic charged par-
ticle takes place approximately in the Bragg direc-
tions, the deviation from these directions being
smaller, the larger y is. Here, y =(1 —P') "',
where P =v/c, v is the velocity of the relativistic

charged particle, and c is the velocity of light.
Moreover, since the wavelength of the emitted
radiation satisfies approximately Bragg's law, it
should be less than 2d, where d is the distance
betwe, en adjacent parallel lattice planes. On the
other hand, the frequency width divided by the
average frequency, as well as the polar and
azimuthal angular spreads are of the order 1/y.

Transitions between bound states and from
bound states into the continuum will be considered.

' The former case applies for frequency com-
ponents smaller' than the ionization potentials,
divided by 8, of electrons in the inner shells of
the a,toms in the crystal, while the latter. case
applies for frequency components which are
larger (S =h/2v and h is Planck's constant). In
either of the above cases, it will be assumed that
the wavelength of the emitted radiation is much
larger than the dimensions of each, atom, so that
the retardation effects within the atoms will be
neglected. It will be shown that the radiated en-
ergy in the former type of transition is, in general,
less than that in the latter type, but both types
lead to the same amount of radiation if y becomes
much larger than unity. Another case that will be
considered is that in which the frequency com-
ponents are much larger than the ionization po-
tentials 6f the electrons, divided by S. Under
these conditions, the atomic polarizability is the
same as that of free electrons. Thus, it is the
actual density of the "electron cloud" surrounding
each atom in its ground state that will interact
with the electric field of the incident relativistic
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charged particle 'and no transition from the ground
state to an excited state is involved in the pro-
cess.' Moreover, since the wavelength of the
radiation is of the same order of magnitude as
the dimensions of the atoms, the retardation that
may take place within each atom will be included.
The last case can be compared directly with
x-ray diffraction. For a small crystal, the radi-
ated energy per incident charged particle is less
than the radiated energy per incident photon by a
factor approximately equal to Q'/h c, where Q is
the charge of the particle. In the presence of
high-current electron beams the generation of
coherent x-rays should be an observable effect.

II. MODEL

The crystal is in the form of a slab of width L.
The z axis is chosen normal to the two surfaces
of the slab and the origin of the coordinate sys-
tem is chosen so that these plane surfaces lie at
z =+—,L. A charged particle moves with constant
velocity v along the z axis, in the positive 'direc-
tion. The origin of time is chosen so that at time
t=0 the particle is at z =0. Its electric field, in
the frequency domain, is equal to

E(R ~)= — %+i ' z K(Xp)e' " (1)0 I
pC P 0 0

9
V =x —+ y-- —.

es ay
(2)

The symbols Q, P, y, and c have already been de-
fined. K0(x) is the modified Bessel function of
order zero, X0 = &o/yacc, and x, y, z are unit vectors
along the x, y, z axes, respectively. The position
vector Rin Eq. (1) has cylindrical coordinates
(p, P, z).

The function K0(z) has an exponentially de-
creasing asymptotic behavior. ' Thus, the dis-
tance from the trajectory of the charged particle
over which its electric field is large enough to in-
duce radiation by the atoms in the crystal is
approximately equal to l,ff ——yP i, where X = c/&o.

For example, if y=100, which corresponds to
electrons with energy 50 MeV, and if g '= 0.5 A,
approximately 10 atoms per plane normal to
the trajectory of the charged particle will con-
tribute to the radiation. In this respect, the crys-
tal does not have to extend more than two or three
units of /, ff in directions normal to the z axis.

It will be assumed in the following that the
amount of energy the charged particle loses is
negligible compared to its total energy. In a
real. situation, however, the particle does lose
energy as it travels through the crystal, mostly

where li =2m', 6e/6x is the energy lost per unit
length and m is the rest mass of the particle. As
an example, for Al, 6e/Ax=9. 57 MeV/cm when

y =100 and the particle is an electron. 6 For,~
O

= 3 A, one obtains from the above relation L~»
=2.8x10 ' cm. For heavier elements 6e/6x is
larger and, therefore, L~» becomes smaller than
the above value.

Each atom in the crystal has an induced dipole
moment equal to

P ((~) = n)(0~) E (R;, ~), (4)

where R,. is the position of the ith atom, E(R„0i)
is the electric field acting upon it and n, (u) is
the atomic polarizability. The expression for
o. , (ar) depends on the relation between the fre-
quency under consideration and the ionization
potentials, divided by l, of the electrons bound
to each. atom. Thus, if the frequency component
associated with the electric field of the incident
charged particle is less than the ionization po-
tentials, divided by k, of electrons in the inner
shells of the atoms, then only resonant transi-
tions betweeri bound states are possible and the
atomic polarizability is equal to'

1
&d(N) — Od (K„)C 2 2

27r cu„—co —a2co4 v„

where

Vd ((u„) = mX „'(A„/aa) „) .

(5)

Bere, gd (~„) is the atomic absorption cross sec-
tion at r'esonance, &„ is the resonance frequency
of the transition X„=c/u„, b, +„ is the broadening
of the resonant line, and A» is the spontaneous
rate of radiation between the bound states.'

On
the other hand, if frequency components are
considered which are larger than the ionization
potentials, divided by. k, of some electrons in the
innei. shells of the atoms, transitions will occur
from a bound state into the continuum. It is shown
in Appendix A that the atomic polarizability can
be expressed, to a good approximation, in terms
of the atomic absorption cross section as follows:

due to i!onization and excitation of the atoms in
the crystal and also due to bremsstrahlung. If
coherent emission of x rays is to take place, the
change in distance due to the change in velocity
of the charged particle (since it slows down as it
loses energy) should be less than half a wave-
length of the emitted radiation. This condition
sets an upper limit on the width of the crystal,
given by the relation

p A.
1

(I/m c') 5e/6x
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f(EK)= n(r)e ~~K'd~r.
"ry

(9)

Here e, p, are the charge and mass of the electron,
f(bK) is the atomic scattering factor, n(r) is the
electron concentration around the atom and AK
=K —K, where K, =(&o/Pc)z and K=((d/e)R are the
wave vectors associated with the electric field of
the incident charged particle and with the gener-
ated coherent radiation, rspectively. The unit
vector R is directed towards the point of observa-
tion outside the crystal. The integration in Eq.
(9) is over an infinite volume, while the exponen-
tial term in this equation provides any retardation
that may occur in the atom, and f(b K) is so
normalized that f(DE~=0) =Z, where Z is the
atomic number. For a spherically symmetric
electron concentration and for a relativistic in-
cident particle with y»1, Eq. (9) reduces ap-
proximately tos

oo

f(b, K) =4w n(r) r'dr,
0 AKr (10)

where nK = (2/X) sin8 and (8, p) are the spherical
-coordinates of the unit vector R.

HI. RADIATION FIELDS

It will be assumed in the following that the wave-
length of the x-ray radiation emitted by the atoms
is of the same order of magnitude as the inter-
atomic distances in the crystal. Moreover, it will

n ~((o)=(i/4v)(c/(u)o „,((u), ('I)
t

where»&, . Here, u, is the cutoff frequency
associated with the ionization potential I, of the
electrons in some inner shell, which make the
transition into the continuum, i.e., +, =I,/O'. For
simplicity, it has been assumed that the main
contribution to the atomic polarizability comes
from one particular shell and all the electrons in
this shell have approximately the same ionization
potential. In Eqs. (5)-(7) any retardation effects
within the atoms have been neglected. This is
justified if for each atom the inequality X»a, /Z'~'
is satisfied, where a0 is the Bohr radius and Z is
the atomic number. The right-hand side of the
above inequality provides a measure of the dimen-
sions of an atom in the Thomas-Fermi model.
Finally, if the frequency components under con-
sideration are much larger than the ionization
potentials, divided by I, of the electrons bound
to each atom, then these electrons behave like
free charges and, as shown in Appendix 8, the
atomic polarizability is equal to

o'((v) = —(e'/p, )[f(&K)/v'], (8)

where

be assumed that the inequality
~ n, (Id) ~/i(. ' « I is

satisfied for a.ll relevant frequencies. In this
case, the effective field E(R, , (d) in Eq. (4) may be
replaced by the external field Eo(R„&), since the
electric field at the ith atom, which is due to its
neighbors, is negligible in comparison to the ex-
ternal electric field.

Under this assumption, the electromagnetic
field of the scattered x-ray radiation at the point
of observation R outside the crystal is equal to

E(Ry Qp) = Q .Q Ag((o)Vg x Vp

x [G(R —R, —r, ; (o/c)E, (R, + r„~)],
(1 la)

G(R;K) =e'""/R, (12)

is the retarded Green's function and R= ~R~. Here,
N is the number of unit cells in the crystal, while
the vector R, determines the position of the jth
cell. Also, I is the number. of atoms in each cell.
The location of the jth atom in a unit cell, e.g. ,
the ith cell, is determined by the vector r&

whose origin lies at the position where the vector
B, ends. Now, use will be made of the identity

N N

Q Q o(q(~)f(R,. +rq)
f=x y=x

P P n,.(~( f y((('+ r,.(e'~'"'a'((', ((3)
F

J

I

which reflects the periodicity of the crystal. The
summation on the right-hand side of the above
identity is over all vectors 5 of the reciprocal
lattice, V.is the volume of the crystal, V', is the
volume of the unit cell, and f(0) is any function of
R. Moreover, since the radiation field far away
from the crystal is of interest, use will be made
of the far-field approximation of the retarded
Green's function, which is given by the expression

As

G(R R/, ~/e) [el((dR(c)/ft] e idR R'/c (14)

The unit vector R is in the direction of the point
of observation R. Finally, it will be assumed
that there is no overlap in the radiation pattern
from terms-with different G on the right-hand
side of Eq. (13), so that eacli term can be treated
independently. With the help of Eqs. (11), (13),

5(R, (u) = Q Q e~((d) V„
i=1 j=1

x [G(R —R, —r, ; (d/c) Eo(R,. + r&, ar) ],
(1 lb)

where
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and (14) the following expressions are obtained
for the scattered x-ray radiation fields for a
particular vector G

sR

E„g (R, (8))
- Xo((8)) — —,iR x~ Rx w

e Z
'

~ c '

nates of the vector G„. Also, (8)„=c/k„. From
Eqs. (19) and (22), Bragg's law. follows, i.e. ,
2d sin(8„/2) = n X„, where X„=27) X„and n is a
positive integer.

IV. RADIATION PATTERN AND RADIATED ENERGY

B„s(R, to) —X (to)(—} —Rxs(,ts),

where

N

x;( )=
C ~ -y

(15a)

(15b)

(16)

(17)

The amount of energy radiated per unit fre-
quency interval and per unit solid angle is equal

d(u dn-
R (2m}' c

(23)

x[Pr (K, (g). )) +(K, ~)
A

—(f(K, ~).R}(~*(K,~) R}J,

where K = ((8)/c)Rand w(K, +) is given by Eq. (16).
The vector G„as given by Eq. (20), is substituted
into Eq. (18). Then, it fqllows from the new ex-
pression for 7((K, ur) and from Eq. (23) that

. 4wg (pc/(8))(K —G )+ (1/r')z
P'c' (Kp —Cp) (Kp- G

p ) + ((ulrPc)'

sin(K, —a&/Pc —G, )R L
X

R (K, —V/PC -G, )
(18)

When Eq. (1) -is substituted into Eq. (16}, the in-
tegration can be performed analytically' and it
leads to the relation

I
x-.„( )I'c(8, y, ~)

dW 4Q

sinX(8, u)L
X(8, (o}

(24)

where (8, (t))„are the spherical coordinates of the
unit vector R in the direction of observation, arid

X(e, o)=(8(ooss —oos8) —,.
' (i —.8ooss)

~C„( =n(2~/d), (19)

where K~ K, x=+K, y and 4 = G, x+ G„y.
It is well known that every vector 0 of the re-

ciprocal lattice is normal to a lattice plane of
the crystal lattice. " Moreover, if the distance
between two adjacent lattice planes normal to G
is d, all the vectors G„of the reciprocal lattice
which are normal to G have a magnitude equal to

Also,

~n
(1+P)r' 2P c

1-(1/V')A(8, )
4p' D(e, y, ~),
P'/r'+ (1/4p')~'(8, ~)

B (8, P, (8))

(25)

(26)

where n is a positive integer. For each vector
G„, the values of &u„, 8„, (t)„may be defined by

means of the Bragg condition

K„—K „=G„, (20)

where

N(88 (8)) = p' sin'8 —p' —" sin'8„+-&a„' . , 2P cos 8- 1

y'

(2Va)
where

(21a)

(21b)

K„=((u„/c)R„,
K~ = ((o„/c)z,

and the unit vector B„has spherical coordinates
8„, P„, The solution of Eqs. (20) and (21) is as
follows:

X „=2 cose~/~G„) 8

9„=m —26)g,

4.= 4'a

(22a)

(22b)

(22c)

where (~G„~, w —e~, p~) are the spherical coordi-

cose =1/p —(u&„/u&)(1-sos 8„) .
Since -1 & cos 8 & 1, it follow s that u&j&u„must
satisfy the inequalities

(26)

D(8, 8, to) =8'(sins- " sins)

+2/ .~ sinesin8„[l —cos(p —(t)„)]+—,~
1
y'

(2Vb)

The last term within square brackets in Eq. (24)
becomes maximum when X(e, w) =0, or else when
6} is determined from the relation
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1 —cos 6I„

1+P
1 —.cos 8„-p— (29)

The function 4(8, P, &o) becomes maximum when

D(6, p, v) = -N(6, u) = 2p'/y', (3o)

and its maximum value is y'/4p'.
Equations (28) and (30) determine the values of

6=8, and P =
Q ~ for which the radi-

ated energy per unit frequency interval and per
unit solid angle is maximum. The exact expres-
sion for sr„/~, „ is equal to

p 4 1/2"-
1+ 1+.2; P'y'(1 —t:os6„)} (31)

The expressions for 8 „,P,„are too lengthy and
will not be given. An approximate solution of
Eqs. (28) and (30) is as follows, when y»1

&u„/&u = 1+ 1/y'(1 —cos8„), (32a)

6~ —6„= 1/2y' sing„, (32b}

'- Q„=+I/ysin8„. (32c)

Hence, there are two maxima of radiation which
lie very close to the Bragg direction. If & =co„,
8 = 6„, and P = P„, then X(8, &u) =-1/[2P(1
+ p)y'x„], so that the last term within brackets
in Eq. (24} does not take its maximum value. Also,
C (8, Q, +) = sin'8„, which is much less than y'/4p',
the maximum value of 4(6, P, &u). Thus, the max-
ima do not occur exactly in-the Bragg. directions.

The ratio &g/+„must lie within the boundaries
determined by Eq. (29). If

~„/~ = (1/Py') [1/(1 —cos 6„)],
6 = arc sin(1/y), (33b)

(35a}

B= P
—"sin8„cos „,p --"- sine„sin „. 35b

while P is arbitrarily chosen, then X(6, v) =0 and
4(8, P, u)= —,'y', where it has been assumed that
y»1. It follows then that frequency components
much larger than &„are emitted in the forward
direction and are independent of the azimuthal
angle. But as it can be seen from Eqs. (17), (5),
(A9), (A10) and (8), the susceptibility of the crys-
tal y G (&u) decreases with increasing frequency.

P7

Therefore, the main'contribution to "the radiation
comes from frequencies and angles determined ap-
proximately by the Bragg, condition when y»1.

An order of magnitude of the angular spreads
and the frequency width can be estimated as fol-
lows: Eq. (27b) can be written in the form

D(8, P, (u) =(A-B) ~ (A —B)+1/y', (34)

where the vectors A and B are equal to

A=(psingcosp, psin8sinp),

Thus, for any value of 8, Q, e the inequality
D(8, p, a&) & 1/y' holds. Now. , the functions U(g, oj)
and V(8, P, &u} will be defined by means of the
relations

&(8, ~) =(2p'/y )[-1+U(8,~)],
D(8, P, &u) =(2P /y )[1+V(6, Q, tu)].

(36a)

(35b)

Since D( 8, P, &u) ~ 1/y ', it follows that V(6, P, &o)
~ -1+1/(2P') for any values of 8, P, &o. Substitu-
tion of Eqs. (36) into Eq. (26) leads to the relation

@(8,0, ~) = (y '/4P') f[V( 8, P, ~)],
whe're

f(x) =(1+2x)/(1+x)',

(39),

(39)

and x~ -1+1/2P'. For such values of x, f(x) is
positive and less than or equal to one, and it has
only one maximum atx = 0, where f(0) = 1. Also,
f(2.5) = 24/49 = 0.5 and f[-1+ 1/(2p )] = 1/(2y ') .
Thus, the width hV around V=0 within which f(V)
takes appreciable values is approximately equal
to AV= 3. Moreover, it follows from Eq. (36b)
and the result just obtained-that the width AD
around D = 2P'/y ' within which the function
C (8, P, u&) takes. appreciable values is equal to
LD= 6p'/y'. Now, the functions X(8, &u) and

D(8, Q, &o) around the point (ar„, g„, Q„) are given
'approximately by their Taylor expansions,
namely,

X(g, ~) = —P sing„b, g+ (1 —P cos8„)

A(d 1 (0~X +
(&+8)~') abc ' (40)

D(6, p, &o}= p' [cosg„b,g+ sing„(b, op/+„)]'

+ p' sin 6„(b,p) + 1/y ', (41)

where', &o=z-&o„, b, g= 8- 8„, andb, Q=P-P„. The
function within square brackets in Eq. (24) and
C (8, Q, &u) take significant values when the func-
tions X(geo) and D(6, P, ~}satisfy the inequalities
IX(8 ~)l - v/»nd ID(8~ y ~) -20'/y'] «ep'/y',
respectively. If Eqs. (40) and (41) are substituted
into these inequalities, one concludes that signifi-

C (8, y, &) = —, —, 1+2V, (U+ V)2 1+V 2 2

1
(U+V)' . (37}y'

The maximum of C (8, .$, &o) occurs when U= V=O
[cf. Eqs. (30) and (36}]. For values of U, V around
the maximum, the main contribution in the above
equation comes from the first two terms within
the square brackets, if y»1, so that a good ap-
proximation
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( ap )
~ v 7 /y sin 8„

( cos g„h 8+ sin 8„(~(u/(u„) ~

~ v 7 /y,

(42a)

(42b)

cant radiation is obtained when b. 9, b, p, and A(u

satisfy the inequalities F(x)= 1+ (2 —sin'8„) $2

(1 + (2}2/2

1 $ 1 —2cosg„+1/sin28„1
4 (I+(2)1/2 . 1+)2 4

(50)

sing„b, g+ (1 —coS8„) ~ ~+ 2, (42c)
(dn

where it was assumed that y»1. As may be noted
from Eq. (32c), the difference p —p„ is of the
same order of magnitude as the right-hand side of
the inequality in Eq. (42a). Since the azimuthal
spread (b, (t)) is measured with respect to (t)m~

rather than P„, it follows that

(L@)= (v 7 + 1)/y sin 8„. (43)

Similarly, the polar spread (68) and frequency
width (b.(u/(u„) are obtained from Eqs. (42b) and

(42c), namely,

W7 sin e„ (44)

(46)

sin g„, W7 ~cos 8Jn ~ + 21 —cos On y 1- cosign L 2y

(45)

In most cases X„/L « I/y, so that the second
term on the right-hand side of the above equa-
tions can be neglected.

Integration of Eq. (24) over the angles leads to
the following relation

and

1-2 sin'g„
2 —sin2O„

~

~

y (2 —sin' 8„)2)'2F1+ 25 =
6&3 sine„ ) cose„~

'

(51)

(52)

If 8„=)i/2, it may be seen from Eq. (50) that the
width b, (u/(u„of F((u„/(u) is of the order 1/y.

In order to integrate over the frequency domain,
it will be assumed for simplicity that the crystal
consists of identical atoms and that there is only
one atom in each unit cell. Then the summation
extends only over one term in Eq. (17) and the
volume V, of the unit cell is the inverse of the
number of atoms per unit volume ¹ From Eqs. ,

(17) and (5} the following expression is obtained
for X&((u) for resonant transitions between bound
states

X- (~}= T&(~,)
c

4& (U„(d„-.Q) —SAQ)„

where

Terms of order 1/y and higher have been neglected.
If only the first term is retained in the above
equation, since it is the dominant term, it follows
that the maximum of F(ru„/(()) lies approximately
at (u = (u„, when sin g„~ 1/)) 2, and F(1)= y/4 sin 8„.
On the other hand, when sing„& I/W2, there are
two maxima lying at (u = (u„/(1 + f25), where

7, (~,) =&o, ((u„), (54)
where

1 1 —(1/2P')N, (x)F(x)= —4, +
( )

is the absorption coefficient at resonance. Since
in most cases b, (u/(u„« I/y integration over the
frequency domain in Eq. (46) gives the relation

and

p'/y'+ (I/4p')X', (x)
a'(x)

p/, (x) = -2(1 —cos 8„)px (px —1+ 1/y '),

A(x) = 2(1 —cos 8„)px(pxcos 8„+1),

B(x) =2(1 —cose„)p'x [(px-1)2+~'j'~' ~

(47)

(48a)

(48b).

For transitions from a bound state to the con-
tinuum, it follows from Eqs. (17) arid (7) that

Xo„((u) = (2/4ri)(c/(u)T„„, ((u)',

where

i. „,((u) =N ((r(), u

(55)

(56)

(57)

Also

5 = sin 8„/y(1 —c os 8„). (49)

is the absorption coefficient of the transition under
consideration. Also, (u„/(u must lie within the
limits

If y»1, one may set x=1+$5and F(x}becomes
approximately equal to

1 —p (u„. t'(u„ 1 +p
y(1 —cosc„) ts i ts, ' p(l —cosc„))'. (58}
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[cf. Eqs. (7) and (29)]. For 2. „t((d) the following
empirical expression wilj. be adopted:

The total number of radiated photons is equal to .

2 ...t (~) = 2;.„,((d.)(~,A )',
where

(59a) P(1 „,8)l
where

~,.„,((o„)= p,CX„'. (59b}

2ii'cont
t (e„);X„LH„„,I(0„'Ic con

if 1 & (1)„/(t), ~ (1 + 1/P)/(1 —c os 8„), and

(60a)

2.

Here, pp is the density of the crystai and |", o are
empirically determined parameters. " Integration
of Eq. (46) leads to the expression

««(«) = J «)«(«)d«. (()t)
Xp

The integration can be performed analytically,
but the resulting expression is too lengthy and
will not be given. If y»1, the fUnction Hz(x)
becomes equal to H „t (x) as given by Eq. (62).
Thus, Hz(x) is also of order 1 even for very large
values of y. Equation (66) ca(n be compared
directly with the corresponding expression in
x-ray scattering. The number of scattered pho-
tons per incident photon by a crystal of small
dimensions is equal to"

if u1„/(2), &(1+1/p)/(1 —cos8„). The function H„„
(x) is equal to &ph

(4 ), ,
( )

L & 1+cos'8„k&„x~ " X'„4 sing„
(68)

Hoont (x) = x" 'E(x)dx,

where

cos2g„x- 1

4(1 —cos8„) R
(62)

Xp

where xn= 1/[p(1+ p) y'(1 —cos8„)] and F(x) is
given by Eq. (47}. In general, . a iiumerieal inte-
gration of Eq. (61) should be performed for the
various values of the parameter cr. But when
y»1, the function E(x) is given approximately
by. the term proportional to y in Eq, (50). Since
this term has a sharp peak at x=1, one may setx" '= 1 in Eq. (61). Also the lower limit xn may
be set equal to zero, , in which ease H,o t (x) be-
comes approximately equal to

1+cos2B„2 x- 1+-R
4(1 "} ln +in

n

Comparison of Eqs. (66) and (68) indicates that
the ratio of the radiated energy per incident
charged particle to the scattered energy per in-
cident photon is approximately equal to Q '/5'c.

Two numerical. examples will be given here.
First, for transitions between bound states, the
following numbers are chosen: T2(u&„)-10' cm ',

, X„-10 ' cm, L-10 ' cm, b, (d„/(d„-10 '. Then
it follows from Eq. (55) that for a 50-MeV and

'

1-mA incident beam of electrons, which corre-
sponds to y-100 and 10" incident electrons/sec,
there will be radiated approximately 10"photons/
sec. On the other hand, 'if k~„ i, s much larger
than the ionization potentials, the following num-
bers are chosen: 1(rf„-10 ' cm ', g„-10 ' cm,
I.-10 ' cm. Then it follows from Eqs. (65) and
(66) that for the same incident beam of electrons
there will be radiated again approximately 10"
photons/sec.

[( 1)2 + 52]1/2 (62)

g) ((d) = Xt((t)„)((t)n/(t))',

where

(64)

yy(~. ) = -& (e'/u) (f./~„'), (6

and f„is given by Eq. (10) with n K = (2/X„) sin 8„«.

and 5 is given by Eq. (49). The main contribution
comes from the logarithmic terms in the above
expression and H „, (x) is of order one even if y.
takes very large values. Finally, for the case
in which the frequency m„ is much larger than the
ionization potentials, divided by h, of the inner
shells of the atoms, ' it follows from Eqs. (17)
and (8) that yo ((d) in Eq. (46} should be replaced
by

V. DISCUSSION

Transitioris between bound states are possible
, only if there is a, vacancy in the upper state.
The light elements with atomic number Z & 10
have a vacant L, shell, but their resonant wave-
lengths for K to I. transitions do not satisfy
Bragg's law X ~24. Hence, a transition between
the K and I. shells of these elements. will give a
very small amount of radiated energy. On the
other hand, elements with an atomic number be-
tween 1-3 and 28 have a vacant M shell and their
resonant wavelengths for transitions between the
K and M' shells do satisfy Bragg's law. For ex-
ample, "Al with Z = 13, has only three electrons
in its I shell, it forms a cubic crystal and
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=7.96A, d=4.05 A, while Ni with Z =28, has.16
electrons in its M shell, it forms also a cubic
crystal and A.«=1.5 A, d=3.52 A. Thus, for
elements with 13 &Z ~ 28, a transition between the
K and M shells should provide a rather large
amount of radiation. In Eq. (55), the ratio b, &u„/

~„ is quite a small number, but it is compensated
by the function F(v„/co„) which is very large at its
maximum [cf. Eq. (50)]. Hence, for very large
values of y, the radiated energy, either for tran-
sitions between bound, states or for transitions
between a bound state and the continuum, could
become of the same order of magnitude.

The treatment given above represents a rather
idealized situation. For example, the absorption
that takes place in the crystal, if resonant radia-
tion is emitted, was neglected. This is a good
approximation, if the dimensions of the crystal in
the direction of the emitted radiation are much
smaller than the inverse of the absorption co-
efficient at resonance. The crystal should also
be small in the direction that the incident charged
particle moves, if the. loss of energy by the
particle is to be negligible [cf. Eq. (3)]. Finally,
the multiple scattering that the incident particle
undergoes, due to its interaction with the nuclei,
was not taken into consideration. As a result of
it, there should be an additional broadening of
the angular spreads of the emitted radiation. The
root mean square of the angular deflection of the
incident charged particle is inversely proportional
to y and it becomes very small for large y.
TPus, for an aluminum crystal with thickness
I.-10 cm and electrons as incident particles
with y=100, the angular deflection is of the order
of 10 ' rad. This value is smaller. than the polar
and azimuthal spreads, as given by Eqs. (43) and
(44). Therefore, there should not be a consider-
able broadening.

As it may be seen from Eqs. (55), (60), and (66),
the total radiated energy is proportional to the
density of atoms squared which indicates that the
radiation is coherently emitted.

One may conclude then that the crystal acts as
a filter on the generated coherent radiation by
favoring the radiation at frequencies and angles

I

for which the Bragg condition is approximately
satisfied.

APPENDIX A

From first-order perturbation theory it follows
that the induced polarizability due to one of the
electrons in the nth shell of an atom in the pres-
ence of an electric field is equal to

(xe((d) =
~ @- .

k
k dk

F(k)
E,+I„—8 co —iky„

where

(Al )

F(k) =
3 2 Q ~{kl'm'~D~nlg['. (A2)
1 1

r 9'm

Here, D= ~e~r, E, =(k'/2g)k' is the kinetic en-
ergy of the ejected electron, I„ is the ionization
energy of the nth shell, and y„ is the lifetime
width of the hole that is left by the removal of an
electron in the shell. The eigenvalues of the
orbital angular momentum /, m take the values
l=0, 1, . .. , n —1, m=-l, -l+1, ... , l- l, l,
while E', m' take the values l'=,0, 1, . . ., m
= -l', -l'+1, . .. , l'-1, l'. For simplicity, the
spin of the electron was neglected. If the transi-
tion is made into the conduction band of the crys-
tal, k~ is the wave number associated with the
Fermi energy E~, i.e., k~ = (2gE„/k2)~I'. The
wave functions of the discrete spectrum are nor-
malized to unity, while for the continuous spec-
trum the normalization is chosen as follows:

{k'l'm'~k"l"m") =(1/k")5(k' —k")6, , 5

(A3)

A change of variables leads to the following ex-
pression of n, (&u), as given by Eq. (Al):
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+F
x —~u —~r„)I . '!'ax, (A4)

where xr=Er/I„, F„=&y„/I„, AQ= (k(o —I„)/I„,I,
= I '/(2pa'), a=aJZ,. and u, =I,/I. Here, a, is
the Bohr radius and Z is the atomic number. For
hydrogenic wave functions, the function F(k) can
be evaluated analytically. For example, for a

I

transition from the K shell (n = 1, 1 =0) into the
continuum, F(k) is given by the expression"

(A5)
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a, ((g) =- (i/4w)(c/~)o, ((u),

where

(A7)

xF — —"zQ (A8)

Here, b, Q must be positive, i.e., w»„. If there
are N„electrons in the nth inner shell, the atomic
polarizability for transitions from that shell into
the'continuum is N„ times the value given by Eq.
(A7), so that

n,.„,((u) = (i/4w) (c/&u)v, .„(((u), (A9)

where u &m„and o,& (&g) is N„ times the value
given by Eq. (A8). In particular, for a K-shell
transition, it follows from Eqs. (A5), (A6), and
(A8) that

(A 10)

where co &~, and consideration was taken of the
fact that there are two electrons in the K shell.

where

exp[-(4arctanvx )/vx j
1 —exp(-2v/v x )

and q =1/ka. Also, for hydrogenic wave functions,
the ionization potential I„ is equal to I„=I,/n . It
may be noted from Eqs. (A5) and (A6) that the
integral in Eq. (A4) is convergent. Al, so, if
AQ» I'„ the numerator of the integrand in Eq.
(A4) varies much slower than the denominator
within the range of integration. It will be assumed
that this is always the case for transitions from
the bound states into the continuum. The main
contribution of the denominator comes from values
of x around x=hA. Since the range of integration
is positive, AQ must also be positive so that the
polarizability may have significant values. If, in
addition, AQ»x~, the real part of the denominator
is an odd function of x around the point x.=EQ
where the most significant contribution comes
from. Hence, the real part of the integral in Eq.
(A4) is negligible in comparison to the imaginary
part, if AQ»I „and AQ»x~. On the other hand,
the imaginary part of the denominator in Eq. (A4)
is a Lorentzian-with its peak at x= AQ. Since
~Q»I'„and b,Q»x~, the value of x in the numera-
tor in Eq. (A4} can be set equal to x = b.Q and in-
tegration over the Lorentzian leads approximately
to the relation

But Eq. (A10) is equal to the atomic-absorption
cross section for that transition. " In general,
the imaginary part of the polarizability does pro-
vide the absorption, so that the particular case of
Eq. (A10) may be generalized in the sense that
o„„,(+) in Eq. (A9) is the atomic-absorption co-
efficient for any transition from a bound state
into the continuum.

APPENDIX B

In a classical theory of x-ray scattering, Eq.
(8) can be deduced from Eq. (97.6), p. 399 in
Landau and Lifshitz (Ref. 3). In the context of
quantum electrodynamics, Eq. (97.9) in Landau
and Lifshitz corresponds to Eqs. (3), (5), (7),
and (8}, pp. 190-191 in Heitler, ~~ where n = no in
these equations, i.e., the initial and final atomic
states are the same. The treatment in Heitler is
for a single atom and a single electron (but com'-
pare pp. 192-194). Equation (7) should be amended
by inserting the lifetimes of the bound states in
the denominators of the first term inside the
brackets. Moreover, the assumption that the
wavelengths of Ko and K are large compared with
the dimensions of the atom may not be true for
x rays, so that the exponential term in Eq. (7)
should be incorporated in the matrix elements as
given by Eqs. (3) and (5) with n =n, . Now, if the
energies of the incident and scattered photons
[actually, they are equal by Eq. (1) in Heitlerj
are much larger than the ionization potentials of
the electrons in the atoms, then the main con-
tribution in the first term of Eq. (7) comes from
intermediate states for which the ejected electron
has a kinetic energy approximately equal to the
photon energy. This leads to a wavelength for the
ejected electron approximately equal to p,
=(y,X/2)'~', where X, =8/gc is the electron
Compton wavelength and X is the photon wave-
length. Since for the light elements, x, «a J
Z ' ', the oscillatory intermediate states render
the m'atrix elements in Eqs. (5) negligible in coln-
parison to that in Eq. (3), so that the last term is
the dominant term in Eq. (7). Substitution of Eqs.
(3) and (7) into Eq. (8) leads to a relation identical
to Eq. (97.9) in Laridau and Lifshitz. In the con-
text of ordinary quantum mechanics, a similar
argument leads to the conclusion that the last
term in Eq. (104), p. 85 in Kramers, ' leads to a
result identical to that of the classical theory. It
should be pointed out again that in the present work
the external electric field is that of the incident
relativistic charged particle.
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