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We present a vibrational-rotational close-coupling formulation of electron—diatomic-molecule scattering in
a body-fixed frame, with the target molecular axis chosen to be the z axis. The resulting coupled
differential equation is solved in the moving body-fixed frame throughout the entire region of space. The
coupled diferential equation and asymptotic boundary conditions are given in terms of definite parity, which
are necessary for reducing the number of coupled channels. Procedures for evaluating cross sections
employing this body-fixed formulation are outlined, thus rendering the present formulation directly applicable
to numerical calculations. We discuss the advantages of the body-fixed formulation over a space-fixed
formulation for introducing approximation schemes, for studying resonance scattering of vibrational
transition, and for electron-heavy-molecule collisions. Aside from the formal equivalence between the two
formulatior.s, conditions are also discussed for obtaining identical results from them when a (finite) truncated

basic set is used.

I. INTRODUCTION

The electron impact vibrational and rotational
excitations of diatomic molecules are basic pro-
cesses occurring in many gas discharge lasers
providing the pumping mechanism directly and in-
directly.’ The vibrational and rotational transi-
tions (excitation and deexcitation) in electron—
diatomic-molecule collisions have also received
much more attention in both atmospheric® physics
and astrophysics.® Laboratory experimental data
on electron-molecule collision cross sections are
rather extensive*:® and much more developed than
its theoretical counterpart.

Among the various theoretical approaches® that
have been applied in the past are the classical
binary encounter theory of Gryzinski,® plane-wave
Born approximation (PWBA),” Glauber theory,®
distorted-wave Born approximation (DWBA),°
close-coupling theory,'*"!? fixed-!® and adiabatic-
nuclei theory,' and hybrid theory.’ For resonance
scattering, a Boomerang model® derived from the
R matrix approach and the Feshbach approach®’
were suggested. At low energies, however, the
classical theory and the Glauber theory are not
appropriate. Only at very low energies close to
threshold, PWBA is accurate because the scatter-
ing depends on the quadrupﬁle moment interaction
potential.” It is also extremely difficult to obtain
rigorous solutions of R matrix and Feshbach ap-
proaches. Therefore, they must be considered
more or less phenomenological approaches for the
interpretation of experimental measurements.

The most general approach, from ab initio point
of view, for studying the vibrational-rotational
transitions of low-energy electron-diatomic-

molecule collisions is the close-coupling theory
which couples dynamically both the vibrational and
the rotational state of the target molecule. Con-
ventionally, this vibrational-rotational close-cou-
pling theory is formulated in the space-fixed frame
and is a natural extension of the well-known formu-
lation of Arthurs and Dalgarno®® for rotational
close-coupling only.

In the space-fixed frame approach, one must
include a large number of target state channels
in the coupled differential equation when several
vibrational states are considered. This situation
becomes even worse for heavy target molecules
due to the large number of rotational states in each
vibrational manifold. Thus, most calculations
performed on the electron-molecule collision cross
sections with close-coupling approach, in the
space-fixed frame, were limited to pure rotational
transitions of light molecules.® Developments of
reasonable approximation schemes within close-
coupling theory which reduces the number of target
state channels to a manageable level are both nec-
essary and desirable.

The vibrational-rotational close-coupling theory
canalsobe formulated in the moving body-fixed co-
ordinate system, where the internuclear axis of the
target molecule is chosen tobe the z axis, and there
appears several distinct advantages in such a for-
mulation. First, while it is formally equivalent to
that in the space-fixed coordinate system, the
body-fixed formulation is more tractable than
space-fixed formulation for introducing approxi-
mation schemes within the close-coupling the-
ory.'®1® Second, in the body-fixed formulation,
the projections of incident electronic angular mo-
mentum onto the internuclear axis of target mole-
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cule are used instead of the rotational quantum
numbers, ‘,‘and they are useful for describing the
resonance electron-molecule scattering of vibra-
tional trai8ftiéns. Moreover, the body-fixed for-
mulation has an advantage over that of space-fixed
frame for electron—heavy-diatomic-molecule
scattering as will be discussed later.

In this paper, we present a detailed vibrational-
rotational (V-R) close-coupling formulation of
electron-diatomic-molecule scattering in which
the resulting coupled differential equation is solved
in the body-fixed frame throughout the whole re~
gion. The coupled differential equation and asymp-
totic boundary conditions in the body-fixed frame
are given for each parity. Considerations of parity
are necessary for reducing the number of close-~
coupling channels. Procedures for the evaluation
of V-R transition cross sections from the body-
fixed transition and reactance matrix elements are
also outlined, making this formulation directly
amenable to numerical calculations. Since space-
fixed and body-fixed formulation of close-coupling
theory have their own merits depending on various
circumstangces, the conditions of obtaining identical
results from both formulations when a finite trun-
cated basis set is used are also discussed.

In the subsequent paper, the relation between
the vibrational-rotational close-coupling theory
and the hybrid theory of Chandra and Temkin will
be studied., Within the framework of the body-fixed
formulation developed in this paper, an improved
approximation scheme is derived.

The arrangement of this paper is as follows.

For clarity of explanation, we briefly review the
V-R close-coupling theory of electron-molecule
scattering in the space-fixed frame in Sec. ITA.
The V-R close-coupling formulation in the body-
fixed frame is presented in Sec. IIB. The dis-
cussions are given in Sec. III. Finally, a sum-
mary is made in Sec. IV.

1. FORMULATION
A. Review of V-R close-coupling theory in space-fixed frame
The total wave function and the Hamiltonian of

the scattering system, i.e., the incident electron
plus the target molecular system, are given by

‘I’ijmj =<I>(Y‘£’R)\I/<;j)mj(?’ ﬁ) H (1)
2
Hp =Ho(T},R) - T %
72 n 72 2
—_— e . - 2
Oty 2V~ oy Vet Vs @)

after the center-of-mass coordinates of the whole
system have been separated out. Here, vjm; are

C.M. of A,B

B

FIG. 1. Geometry of the scattering between an elec-
tron and a diatomic molecule.

the initial vibrational-rotational quantum numbers
and the projection of rotational quantum number,
respectively, T,T; are the position vectors of the
incident and the target electrons measured from
the center of mass of the target nuclei. R is the
internuclear vector and the prime denotes the
coordinates with respect to a coordinate system
in whichthe internuclear axis is chosentobe the z
axis. pu, and y, are the appropriate reduced
masses:

mM, +My)

M Mg
He ™ M, +My +m

SR TET A

ﬁm,

M,, My, and m are the masses of nuclei A and B

and the electron, respectively. V, is given by
_z: e? Z 4e?

Vr= [F-%,|  [F-[M,/(M,+M,)]R]

Zge®
[T +[M, /M, +M)IR] ~
n is the number of electrons in the target molecule,
and Z,e, Z e are the nuclear charges of nuclei A
and B (cf. Fig. 1). H,(¥},R) is the Hamiltonian of
the target molecule with the nuclei fixed at a dis-

tance R apart, and & (¥},R) is the MO-LCAO solu-
tion, that is,

(4)

H(T},R)&(T!,R)~e,(R)®(T},R), (5)
with
72
H(¥,R) =~ \%
ol 5 o Z i
7 -
—WZ:;VT‘“V”'FVO(I‘“R)’

(5)

of the ground electronic state of the target molecule.?



[In the present paper, we confine ourselves to '
state of the target molecule. The cross v terms
in Eqgs. (2) and (5’) are usually neglected.] roim
satisfies the Schrddinger equation,

HT‘I’Tv} m; =E‘I’Tw‘ m; H (6)

E is the total energy of the system. Multiplying
the above equation by & *(¥!,R) on the left and in-
tegrating over target electronic coordinates ¥/,
we have '

HY}, (F,B) =E9), (F,R) (M
using the Born-Oppenheimer approximation,

2

[vi&(¥,R)]%), (F,R)~0,

ZIJ-N vim;
h’z - - =
—Evkcb(rg,R)ovk\I;f,‘})mj(r, R)~o0.
Here,
., B,
H=- oM vZ- . Vi +Vlr,R,y) +eo(R) (8)
e
and
V(?',R,')/) =(‘I’|VTI<I’)" . 9)

The subscript_zf, indicates the integration over ?,! s
and cosy =¥+ R/7R.

We would like to mention about our notation of
electronic wave function &(¥/,R) of target mole-
cule. If one defines the wave function &(%;, R) in

J
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the space-fixed coordinate system from & (¥!,R)
=§(¥,,R), then the meaning of ve®(F,,R) is clear.
But in a specific primed coordinate system defined
by Euler angles (¢z, 05, 0),

o i1
R % R?
for ¥ state (L€ =0). This is not trivial. Here L®

is the total electronic angular momentum of target
molecule and thus, for example,

E}i ( ,L_z,_?__>
i Vi az! "t oayl)?
ﬁt 9 2]

) [ ANRY Q- B
T <x‘ oy} Vi 8x,’>

i=1

-> 1 el - — -
Vﬂcb(r{,R)=<R¢R Rfoe)) & (¥!,R)

LE

L

LY

(6g, Pp)= (R) arethe polar angles of R in the space-
fixed coordinate system.. The reason why we use
the present notation of wave functions is that MO-
LCAO wave functions are essentially given in the
primed coordinate system.

So far.we have neglected the antisymmetry of
the incident and the target electrons, i.e., the
coordinates T and ¥; in ¥, m;+ In practice, one
takes into account of this exchange effect by in-
cluding an appropriate local exchange potential in
V{r,R,y). One also includes an additional polari-
zation potential due to induced polarizabilities in
Ve,R, ).

The close-coupling formulation is concerned with

solving Eq. (7), where \Ilff,)mj('f, R) is given by!!

> = 47 it A . ~
¥ (F,R) = > &t w510 ) Pyryr (R) Yiid (V,R)(lM-mj]ijJM)Y;"M_mj(kw)

> = ~ 1 iy “ R
~ &' T 9, (R)Y, , (R) +”Z;nj’ 7€ b1y (Rt (R) Fyr g g g, ) - (10)
Here, Ew. is the incident electron momentum and
2
k:l-l = 7;126 (E —Eu'j’) . (11)

¢yr5:(R) and €,,;, are the radial part of V-R wave function [¢,, ,(R)Ig,m;(f%)] and V-R energy|level of the target
molecule, respectively. 1’ is the incident electronic angular momentum relative to the center of mass of
the target molecule and J is that of the (total) electron plus target molecule, and

vl @R = Y Vm ' m o | IM) Yoy @) Y0 (R).

mymy

(I'myj'm,|JM) is the Clebsch-Gordan coefficient.??

(12)

Substituting the first part of Eq. (10) into Eq. (7) projected onto appropriate target molecular basis and

from the last part of Eq. (10), we have

2 res) 2
(EV—E———;E_HC’?"' By @)= h; L Viirinomimn @) gnjmym,oir () (13)
and
J .77 kvj /2 J ‘ .
gv'j',,,v”(’r‘) ~ 1 % ; [6,"'” 6jlj61l,Fvle’I(r) +Tvljr,l’vj, (Gv!jllr(r) +1Fu.j.,,(r))] . (14)
r—>o0 i’
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Here,

14 ,,,,,'v",,,,,,(r) fR dR ¢yrjr(R)yn;n(R) dedr YhI*G RV LR,V F,R)

= (=1)I I 4 1)@ + 1)@ + 1)@ + 1]V

1 stnal 7 ”,
x; 27\+1<] 0j"o| xo) {I’ol"0|x 0) {

1’ ]-/ J
jll l” A.,
is the 6-j symbol* and

va'j',v"j"(}r) = fdeR¢v'i'(R)VX(’V’R)¢‘U"]”(R) .

(16)

V,(,R) is the xth harmonic component of V(r,R,v),
i.e.,

V(r,R,y)=ZV)\(1’,R)P)\(cosY) 1)
A

and
F,,;j,,,(r) =kv,j,1’j,,(k,,:]-,7'), (18)

lejlll (’V) = —kv'jﬂ’n,; (kvrjl'y) s

with j,, and r,;, being the spherical Bessel and
Neumann functions, respectively.

T3]0y, 551 1S the transition matrix element in
the total angular momentum representation. One
would employ (real) reactance matrix boundary
condition and obtain transition matrix from reac-
tance matrix [see Sec. IIB]. f,/;: mt yosm; (7) is the
scattering amplitude when k; is chosen to be the z
axis and one substitutes the scattering angles 6, ¢

for #. Then,

fo'j'm]!,vjmj (9’ (p)

(—i—> @ +1)Y2(rm, ~
k k r;? Jl'l

vrvtg

mjj'mj| Im;)

xSlojm;| Jm ;) T gssopr, vt
X Y,,,,,j_,,,;(e,¢). (19)

The differential, integral, and momentum trans-
fer cross sections for the transition vj—=v’j’ are
given by

do'uj-»v'j’
e ©)

- kv’f’ 1 2

U d
) z]" x} Vi pmyn (7). (15)
]I
Tojoruts? fdn ioir’_vi’_(g)
- 4‘” 2
TG +1 ﬂz;(z,]u)m sanenl®s (1)
o0, i f d(1 - coso) ——"lﬁ’i”—(e) (22)

It is known that the parity (-1)7***/ is conserved,
i.e., (__1)J+l+j=(_1)J+I'+J'=(_1)J‘+l"+i" in Egs.
(14) and (15) and that, from the symmetry of reac-
tance matrix, we obtain' T7J,.,,, ., =(-1)!"*!

X T;f,-,',,,,.,,,. Therefore, the principle of detailed
balance
(2 + 1) k;0y50pr50= (27 +1) RErj00 1500y (23)

is satisfied in the above formulation.

This is an extension of the Arthurs-Dalgarno formu-
lation,*® who first proposed a similar formulation
as above for pure rotational transitions of atom-
diatom scattering with the assumption that the tar-
get molecule is a rigid rotator. The above formu-
lation, in principle, gives convergent cross sec-
tions for V-R transitions when one includes a suf-
ficiently large number of V-R basis states. The
number of channels in the coupled differential
equations [Eq. (13)] for a given J is large in that
case.

B. V-R close-coupling theory in body-fixed frame

In this section, we present the formulation of the
V-R close-coupling theory in the body-fixed co-
ordinate system directly amenable to numerical
calculations.

We define the body fixed (x’y’z’) coordinate sys-
tem moving with electron~diatomic-molecular
plane as follows?3:

2/ =R/R, 3 =(RxD)/IRxF, 2 =§'xz". (24)

We note that this coordinate system is different
from the “body-fixed” coordinate system custom-
arily used in the study of atom-diatom scattering
where 2’ =%/r. Thus the coupled differential equa-
tion and the asymptotic boundary conditions of the
present formulation are different, again, from
those of atom-molecule scattering.?*:?
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The formulation of V-R close-coupling theory in
the body -fixed frame is obtained from that of the
space-fixed frame by changing the angular basis
functions Y}}(?,R) of Sec. IIA to

27 +1\/2
D}A";(GR’d)R:Y’X):( . >

XD‘;{;(QDR’ 912, X)Yxm('}’, 0) . (25)

D (drs 0gsx) is the rotation matrix element® and
¢r»> Or, x are the Euler angles of rotation from
space-fixed frame to body-fixed frame (cosy = R. T/
Rv). From the following property of the rotation ma-
trix,

Y/, R) = ZDJ::«PR:GR: Y@ R, (26)
we have

Y7 R) = 2 U DifiOr, Drs75X) (27
with

Ut = (:i:i)l/z(lijI Jm) . (28)

Here, primes indicate the polar angles with re-
spect to the body-fixed frame. It is seen that

Z U7t UL =60

Z U;m'U'JrL =6m’m .
i

The angular basis functions of space-fixed and
body—flxed frame are the eigenfunctions of 1 and -
R i/R=R.J /R respectively, in addition to 12

J2 and J,. j’ and m’ are incompatible quantum
numbers, since [33 &’- 1/R]¢0 Notice that j = (z/
z)vaR, i= (#/i)Tx v, and J=1+j. Using Egs.

(27 - (29) & in Eq. (10) can now be rewritten as

vimj

(29)

5,{,,,m,,m”(R)=ZU“,,,,¢,,,.(R)U, ., (32)
i’

i e

Y,?{,,"'(k) U”(lM—mjjmjiJl\/I)Y,*M_mj\(ﬁvj). (33)

Substituting Eq. (30) into the Schrédinger equation
[Eq. (7)] and projecting onto appropriate basis
functions, we have

d? I +1)
(de 72 gy 'l’m',ulm(r)

2
ﬁ AL

[V;,’lllml’vnlnmn ('V) - 6,,11)115,:,::

sz{'x'm', m"]gg”l"m",ulm(y) ’ (34)
with
-V_g’l’m’,v"l"m" )= Z, UjJ’lr:t’ Vz{'j'l' vy o) U]"m” ’
i
(35)
—hé‘z——zv - Z Ut kryo Uit s (36)

(Im| <ty lm"| <17, |m| <t,|m’], [m"], il <.

In deriving Eq. (34), we have used the following
relations:

ZHN R® 3R \' oR

quu'jl(R):évljrgbvr}rr(R), (37)

37 2
(2u +112)2ﬁ *eolR )]
N

fdeRq)v,j.(R)%,,j,(R) =8yrpm 5 (38)

fsiné)R siny dfpdy dpgdy

XDW*((’R, brsY> X) i ZD.’rﬂl(GR’ OrsY>s X)

®) = _ /s
‘I/,,.;,,, kpj'r 'lzl:'rugv’l'm',vlm(r)q(’v'l’m m'(R) —]Z](] +1)UI~J,:, U;’,fl: . (39)
m m " m
fmr The right-hand side of Eq. (39) is known to vanish
x D m" (g yIum (g
Din" (0zs §x:75X) Him; &,y - unless m —m’ =0, =1 and it should be noted that
(30) Vi1t me, omyn e @) i ot diagonal with respect to m
Here indices due to the j dependences in ¢,;(R).*""*®
’ Equation (34) is the coupled differential equation
. . —7
=7, ) =S U, o9 ) U 31) in the body-fixed frame and g3+, ,;»@) has the
Erm,vinl) Jz:,: e & 031,031 0) Ui ( following asymptotic behavior:
—J
gu'l’m',vlm(r) ~ " ZA "1'm?, 1{6” vGI'ZF t'm 1'm2(7)
T mymay
I3 LA SR P 01| R e S (40)
m3 7

or
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1 - —=J -
gv'l’m',vlm(r) _Z’;gu'l’m’,vlm” (r)Aulm",m
m

m3

~ il' ZA 1t '"1{5”"’ ‘51'1F;r'1'm1,m(7’)+ E[Gh,,ml'ms(’r) +ZF v'1tmy, ms(y)] o’ l’m3,ulm} (41)
r—>c0 my J

Here,
lxlml m = Z: u% ’m’ i1542 i m" N (42)
r , m" TUIAA
letlml’m"(r) J lejrl:('i’) irm® 3
(43)
Thrsrmtsoim = D Ut Tirsoss, i Ul - (49)

i'i

&)1 mr,im@) 18 Seen to be a solution of the coupled
differential equation [Eq. (34)] again.

T 7 1rm,01m 1S considered as the transition matrix
element in the body-fixed frame and T7,,.
=(=1)"*' T . . Since the parity (-
conserved in the space-fixed close-coupling theory,
we have

-vlyt .,
1)J+l +i’ ig

Vt{'l’m',vlm(r) = Vg'l' -m',vt-m(r) )

g:’l’m’.ulm(r) zg;{'!’-m’,vl—m(”); (45)

J —7d
Tv'l’m',v lm_Tv’l’-m’,vl-m ’

from Eqs. (35), (31), and (44).
Even without parity considerations, we obtain

=J =J
€otttm!, m" = €ptit=m!=m" 3

xJ —A £
Aulllml' m" —Avl,’_ml’_mll Py

—

gv'l’m' utm(’r) = Z{gv'l'm’.ulm(y)ig v’l'-m’.vlm(y)} )
TJ(*) {T ‘'m’, vlmi T v’ -m', vtm}’

v mvim
V Illm unlnmn(r) =—2—{Vu’l’m’,v”l"m”(7)

ﬂ:VJ,,I_mI vn,umn('r)}, ’ (47)

J(+ ) =1l[=7
v'e! m"_z{ev't’m’,m"

€ £
-J(+
AT,

= AT AT}
FLS 8t wr ) =3 1 s 0V £ 00,
Gt 0) =G 110, V2 L1 )}

Then, they have the following properties:

J(+) 1d (2)
gv'l’m'.vlm(lr) :tgxlz’l’-m'.vlm(’r) :tg ’l'm',vt-m(r)’
A FI(E F(x
T v'1'm, ulm_iT '1’-m’ ulm"iT ’I'm' vl=m>
VJII ml I’l”m”(’r) ﬂ:V"'Ill_"ll ’Illlmll(r) (48)

_iV Il'ml vnln_mu(/r) 5

70 e T()

= =4 £ I() .
€urltm!, m” €ortfamt, m" ieultlml'..mll,

and
gx:"rl'm’,vlm(r) =§x:{1(72n’.vlm(r) +§1:"Il('-n)'x’,vlm(7‘) ’
7‘-Z'l'm'.vlm T‘l mf, +T’t'
vg'l’m',v"l"m" (1’) = Vv’l’m'.v"l"m" (’}’) (49)
+VI5 e,

vim m',vim >

"I Mt ('V) )
E;r:l: fomt S =€, l(ll)ml m”+€ ’1')m’ mr .

The same relations hold for A;7(%), ., FJ%., .6,
and G I8 un @) as €554, .0 in Egs. (48) and (49).
From Egs. (31), (35), (36), (42), (43), and (44),

46
Floprms @) =F7,, () (46) one infers that @), here, corresponds to the parity
v Vi mm, = (=1)7#¥"+7"= () of space-fixed close-coupling
Eg'iim' o) =G—gr1r-mr o @) formulations of Sec. IIA. The parity wave func-
’ ’ tion, g7(), ,,..0), is again a solution of the coupled
We now define the parity wave function, differential equation [Eq. (34)] as seen from Egs.
23, .im0), and other related quantities as (45) and (46), but it is convenient to rewrite that
follows equation as
- |
@ _re+1\_ \ —s _
<F— -_—,},2—_— é{f’i'zl',ulm = ﬁz e "(V'rl(::l)ml oI ! ('V) - 5vlull 5,,,1/6 ‘{l(,*;)m:' mn)g,:{l(ﬁ)mn,u,m(r)
v m
2 () _ _
= ﬁze et (V lll Myt mn (7") "’6011):/ 5,:,,/€g:(f,)m:'mu)g;{»(ﬁl)mu.u,m(’}’) . (50)
v

Here,
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@ AP BY +2 ,Z A%, BY, for (+) parity . .
A,:n B(,:l)l= m">0 (51)

2 > AGBG), for (=) parity .

m”>0

The asymptotic boundary condition is proved to be

Frd(x) -J(+) (
gv'l'm vim V) ~ i ZA "1t mt, mq v’y l l

my

t’ =~J(+)
Z Av’l’m’ m v'1'my

{5” 8,0, F I

From Egs. (48)—-(52), it is sufficient to consider
the non-negative and positive m’ indices of rows
and columns in the quantities defined above for (+)
and (=) parity, respectively. Therefore, if one
employs the parity wave function, g//{:), ,,.(r),
the number of channels of the coupled differential
equation is considerably reduced.

In the present body-fixed formulation, we solve
the coupled differential equation of the body-fixed
frame [Eq. (50)] up to the asymptotic region where
the interaction potentialbetween the incident electron
and the target molecule is negligible and match the
solution with the asymptotic boundary condition of
Eq. (52) in that region, evaluating 775, ., for
m’,m >0 or m’,m>0 depending on (&) parity, by
appropriate numerical procedures. We then find
the body-fixed transition matrix elements,
T3t e, o1ms from the second of Eq. (49). Since we
have already obtained the expressions of all cross
sections in terms of space-fixed transition matrix
elements, T3¢y, ,;y, it is simpler to evaluate the
cross sections through these matrix elements with~
out further analysis. They are obtained from the
body-fixed transition matrix elements as follows:

Tyigrnr,vin = ZUW T (53)

m'm
which is the inversion of Eq. (44). Since Tv it
=0 when (=1)7*+7"*1" £(=1)7+7*1  defining T,7{)r s,

=T 700,05 With (-1)J,+f'+"=(_1)J+f+x=(t), we ob-
tain

Jl'(t) J(x) Ji(x)
Tv(J'l' vil = ZU T’(l'm'.vlmUjm

2 T U T U
m’ m
(54)

Here, U/ =Ult, with (=1)7+""+3"= (). The use

of Eq. (54) is more convenient than that of Eq. (53).
The scattering amplitude and all cross sections of

V-R transitions by electron impact, then, are

'l’ml m(r)+z

(%) -
)+ Y (G5 nm ) HFLD

(V) +1F{(ﬁ)ml, m3(V)] T:{'(li’)ms.vlm}

ONT, m.%- (52)

computed from Egs. (19)—(22) of Sec. IIA.

One can equivalently describe the present formu-
lation in terms of the real wave functions. The
real solution, fJ ;. ,,,#), of the space-fixed
coupled differential equation [Eq. (13)] satisfies
the following asymptotic boundary condition:

; A 1/2 9!
fv,,,,,,vj,(y),%(#> (8404 B30 F g oy 1)
v 13
+ K7 o0 51 Gor 1 )] . (55)
KU YT is the reactance matrix element of space-

fixed frame and it is real, symmetric (KJ, 0,

J 11
=Ky, o jere). 1t is known that
3
7 J
gorire, o }:l £y ege, ooy (7 )Du"z"z".vfl , (56)
(50'1;"6;"}”61'1"_sz'j’l' v"j"l")
v”jﬁlll !
Qv aind —wd
X1 [vuju;u'v” —Kvly,lql;' vil > (57)
with '
k 1/2
J e vj s
Diejere, o=t (k ,,> ©Oyen® e Buer +1T e jupe o) -
o

(58)

From Egs. (27)-(29), one can show that the real
functions, f3jeme ym®) and fil. . .. 0), defined
as

f v'1'm’, vlm ’l’) Z UjJ"r:l' v i, DJI(T)UJM7 (59)

f—z,);,l'm',ulm(r): Z f;zl'l'm',vlm" (T)A;;’m".m ’ (60)
m

are the real solutions of body-fixed coupled differ -
ential equation [Eq. (34)] and

FJ
fv’t'm’,vlm('r) ,\1.
- =
7"°° Z A v'1'm’,m < v'v 1A lFu'l'ml,mz(r)
myma

+Z Gz{'l'ml,ms(r)ﬁz{’l’ms,wmz)A:.lrmz,m, <61)
™3
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f—f,a;rl'm',vlm(y) 7':; Z A;'Jt‘m' <60 vﬁl'lFu A my m(y)

m

+ Z GvJ'I'ml,ma(r)"_{-t{'l'm3.vlm>’ (62)

™3

with
72 _ Jr J1
Kv'l'm'.vlm_ ;_:Uj'm'Kv ', v!lUim' (63)
J
K 1ot o1m 1S the reactance matrix element in the

body-fixed frame and it is real, symmetric again
& ome,oim=Eim pr12me). From Eqgs. (56)-(60), we
obtain

) — s nd
&yeromt,oim) = T3 iome omgommn @D u i yim s
T

(64)

5 J _ FrJ N
&L lyime,om@) = Foliome poryrmn @D s m s

vl m"

(65)

[ 0 - iK?,

2o o gomn)

()

v 1 M

v 11" Y mem»

l”-l wd
Tv"t"m" vim ™~ Kv‘l‘m',ulm . (66)

The expressions for D}, ,;,, and 5 W
easily understood. If one defines f,. ¢ (r) and
RLE e vim from Fidiee () and Kupo e oy 0 the
same way as Eq. (47), then they have the proper-
ties expressed in Eqs. (48) and (49). Furthermore,
Frle o) is a solution of both Egs. (34) and (50)
and satisfies an asymptotic boundary condition
which contains K, S8 vim+ - The detailed discussions
of the calculational procedures will be deferred
until the numerical results are reported. It is

sufficient to note here that the following relation,

m?,vim are

m' vim

®

R S 1 G A
o Gt

v’ o”

TS, e im

- Z(*) (6

o e

v ¥ llué , m” —'LK lz ml v"l”m")

U™
X4t lTvJ"l"m” vim

Kv l'm‘,vlm
with 8% .. =2 (5,

(87)

mw£0_ 0 ), is important.

III. DISCUSSIONS

In this section, we make some general comments
and discuss the merits of the present body-fixed
formulation.

The vibrational transition cross section is de-
fined as

Uvj-*v'zz'o'pj—w’j' . (68)
i

From Egs. (21), (29), and (53), we obtain

ovj_,v:=20‘1(,’?'_zul (69)
m
with
m? Am
GE,;—ZU k2 2 +1 £ m’, vlmU
(70)

The internuclear axis component of scattered
electronic angular momentum m’ is also that com-
ponent of the total electronic angular momentum
of electron plus molecular compound system when
the target molecule is in ¥ state, and thus the par-
tial cross sections ¢'™),, may be used to study the
resonance scattering. For comparison with ex-
perimental data on vibrational transitions, the fol-

lowing averaged cross section is frequently used.

Gveu’zzpvjovj—»v'/zpuj‘ (71)
i ]

Here, p,; is the equilibrium distribution of V-R
states of target molecule.

In the present body-fixed close-coupling theory
approach, the coupled differential equation are
solved entirely in the body-fixed frame throughout
the whole region, obtaining transition matrix in
that frame; and one evaluates the cross sections
as described above. Thus, it differs from the
“frame transformation theory” of Chang and Fano
in which they considered the body-fixed and space-
fixed frame in internal and external region, re-
spectively. We want to emphasize that present
close-coupling formulation of body-fixed frame is
entirely equivalent to that of space-fixed frame in
Sec. ILA (more specifically for each J). The chan-
nel index (v’l’j’) of space-fixed frame corresponds
to (v'I'm’) of body-fixed frame for given J.

However, one should consider the above equiva-
lence with caution in practical situations where
truncated basis are used. Let us assume that the
number of vibrational states are the same for both
space-fixed and body-fixed coupled differential
equation. In space-fixed close-coupling theory, it
is customary to truncate the rotational states up to
jhax@') in each vibrational manifold.®+'°"'2 In this
case, one cannot guarantee that both space-fixed
and body-fixed close-coupling theory would give
identical results on the cross sections. In order
that the results from both theory to be the same
in actual computation, one should not put any defi-
nite upper limits in j’ and m’ values, except they
are restricted as follows:

18
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[T =v]<j'<sd +1 with (=1)7+1"+" = +1(+) or (=1)7+!"*+1'=-1(-),

J=m',I'=2m’ withm’>0(+) or m’>0(=)

for given J,!’, but put the same upper limit [’
I’ value.

max

The number of channels of correspondmg

parity of both space~fixed and body-fixed coupled diff-
erential equation is equal to each other in that case.

However, there are many circumstances in which
the truncations of j’ values in space-fixed formu-
lation or m’ values in body-fixed formulation of
close-coupling theory are inevitable in order to
keep the number of channels in a manageable size.
Then the results from both formulations may not
be identical.

In the electron-diatomic-molecule scattering
with heavy target (in particular, heteronuclear)
molecule, many terms of harmonic components of
potential are usually needed. The rotational levels
are closely spaced in such target molecules and
the contributions of rotational states up to j/,,
~14-16 to the cross sections are more or less
equally significant. In body-fixed formulation, all
rotational states are taken into account to a cer-
tain extent, however one may truncate the m’
values. Rather than considering all those rotation-
al states in the space-fixed close-coupling formu-
lation which is practically difficult, it will be ef-
ficient to use body-fixed formulation with m’ val-
ues truncated appropriately; and m’ is a better
quantum number in a heavier target molecule than in
lighter one. Therefore, one is encouraged to use
the present body-fixed formulation in this situation.

The internuclear axis (ﬁ) component of incident
electronic angular momentum, m’, is not con-
served in the present (moving) body-fixed formu-
lation, while it is so in those of fixed-nuclei ap-
proximation or hybrid theory as will be discussed
in the following paper. {Formulations of Secs.

IIA and B can be generalized to non-T electronic
states of target molecule replacing ®Yjm, by

[(2j +1/167%)]*2 (@, D3¥\ + &, DY, ._A), where |A|
corresponds to =,7,A, states j?in v% should
also be modified accordingly.}

IV. SUMMARY REMARKS

We have presented in this paper a V-R close-
coupling formulation in a moving body-fixed frame.

(for space-fixed theory)
(72)
(for body -fixed theory)

r

The resulting coupled differential equation is solved
throughout the entire region of interaction between
incident electron and target molecule up to the
asymptotic region. The coupled differential equa-
tion and asymptotic boundary conditions in the
body-fixed frame were given in terms of definite
parity which are needed for reducing the number
of channels [the method of enumerating channels
of body-fixed coupled differential equation for
given J and parity is clear from Eq. (72)]. Pro-
cedures of evaluating cross sections from body-
fixed transition and reactance matrix elements
were outlined. Thus the present formulation is
directly amenable to numerical calculation.

While there is formal equivalence between space-
fixed and body-fixed close-coupling approach, con-
ditions for obtaining identical results from them
when (finite) truncated basis set is used are not
easily satisfied. Thus when one uses body-fixed
and space-fixed formulation of close-coupling
theory in internal and external region, respective-
ly, and truncates either j’ or m’ values, or both,
in their respective region, the two solutions can-
not be matched accurately on the boundary unless
one introduces further approximations.

It should be emphasized that both body-fixed and
space-fixed formulation have their own merits.
For studying resonance scattering of vibrational
transitions and electron-heavy-target-molecule
scattering, the body-fixed formulation will be
more efficient, and the study of such an applica-
tion is presently being carried out. For electron—
light-target-molecule scattering where rotational
levels are widely separated, the space-fixed for-
mulation seems to be more convenient. However,
all present results indicate that body-fixed treat-
ment will be advantageous even for the lightest
molecule (H,), except for very low energies close
to threshold where PWBA is accurate (for rotation-
al transition).” The body-fixed formulation is also
a convenient framework to develop further approxi-
mation schemes. In the next paper, an /,, -conserv-
ing close-coupling approximation is derived within
the body-fixed formulation.
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