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Elastic scattering of electrons by helium at intermediate energies*
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A modified Glauber amplitude proposed earlier by this author for electron-atom scatterings is applied to the
analysis of elastic scattering of electrons by helium at various intermediate energies. The results are found to
be in good agreement with experimental data acquired by various research groups with absolute
measurements. Thus, the present work confirms reasonably clearly that the failure of the Glauber
approximation for elastic scattering of electrons by helium stems mainly from the inadequacy of its second-
order eikonal term. A comparison with results of other methods of approximation will also be made.

I. INTRODUCTION

In a recent paper, ' it was shown that the straight-
line approximation used in the derivation of the
Glauber amplitude' affects mostly the second-
order term of its eikonal expansion. As a re-
sult, a significant contribution from the second-
order term of the expansion has been missing from
this scattering amplitude. Therefore, if one does
not take this approximation very seriously, the
Glauber amplitude should be modified in such a
way that this missing contribution could, to some
extent, be recovered. The simplest way is ob-
viously to replace this second-order eikonal term
by its counterpart prior to eikonization, i.e., the
second-order Born term.

In view of the fair success that the Glauber
eikonal method has enjoyed' since it was first
applied to study atomic and molecular collision
processes by Franco in his pioneering work, ' we
believe that the Glauber amplitude could be re-
tained as a good approximation for these collision
processes at intermediate energies, provided that
its defects are singled out and then adequately cor-
rected. Our approximation as proposed is, in-
deed, chosen within this spirit. With the con-
sideration of this modification, some very serious
defects of the Glauber amplitude are rectified,
while the characteristics of the eikonal method re-
maining in the rest of the amplitude still can be
preserved. Besides, with this choice of amplitude
for electron-atom scatterings, one can avoid an
unnecessary cutoff of higher-order eikonal terms
such as fo~, fo„.. . from the scattering amplitude.
These terms are often found to be of significant
magnitude and their contribution to the scattering
amplitude as a whole is also not negligible, usual-
ly. The dropping of these terms from the scat-
tering amplitude cannot, thereby, be very well
justif ied.

Calculations have been performed with the
Glauber amplitude so modified for elastic scat-

tering of electrons at intermediate energies by a
hydrogen atom in its ground state." The results
were found to be in good agreement with experi-
mental data recently made available by absolute
measurement. ' Encouraged by these results, we
wish, in this paper, to apply this so-called modi-
fied Glauber amplitude to the study of elastic scat-
tering of electrons at intermediate energies by a
helium, atom in its ground state. In Sec. II, a
brief review on the reduced forms for various
amplitudes needed for our subsequent calculations
will be made. Results of our calculations for e
-He elastic scattering at different intermediate
energies (100, 200, 300, 400, and 500 eV) will be
shown together with discussion in Sec. III. Com-
parison with existing data by different experimen-
tal groups as well as with results obtained in some
other methods of approximation previously con-
sidered for this process (all recalculated by us)
will also be made. Finally, some conclusions will
be drawn from the results of this work.

II. FOR.MALISM

As was discussed in a previous paper, ' the de-
ficiency of the Glauber amplitude in electron-atom
scattering may originate mainly from the second-
order term of its eikonal expansion. In order to
recover the loss of a significant contribution
coming from this term, we proposed that the
Glauber amplitude should simply be modified as
follows:

foM fo fa2+faz &

where fo, fo„and f» are the Glauber amplitude,
the second-order eikonal amplitude, and the
second-order Born amplitude, respectively. It
has recently been brought to our attention that
Byron and Joachain' once tentatively substituted
the direct scattering part of their eikonal-Born
series (EBS) amplitude with this modified Glauber
amplitude in an analysis of a particular electron-
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helium inelastic process with the EBS method, and
found that it yielded results agreeing better with
data than the EBS. The basis for our choice of this
modified Glauber amp1. itude for electron-atom scat-
terings is, however, completely different from
theirs. " As was well known, fe of elastic elec-
tron-helium scattering is given by'

y,H,'=(1/4H)(Ae "+Be B")

with A =2.60505, B=2.08144, n =1.41, and P =2.61.
fe, is the second-order term of an eikonal expan-
sion of the corresponding Glauber amplitude. To
calculate the second-order Born term of the elastic
electron scattering by a helium atom in its ground
state, we start with its exact form,

fc= e d'b dr, dr,
l z,i(r„r, ) l' dzk ~ (0,k„ I v In, k) (n, k I v lk„)

—IZe + 2(~„—QJ„) —Zt' (4)

Ib —b1I -'" Ib —b, I

(2)

where zz,(r„r,) is the ground state of a helium
atom. We shall represent this ground state by the
product of Hartree-Fock wave functions

in which the interaction potential is given by

1 1
V= (5)

=1 ~3 3

with z"is= lr, —r, l. The integration over the plane-
wave parts of the matrix elements of Eq. (4) can
be done easily, and one obtains

1 (0 IZ, , (e '"r ' 'i —1) In) ( nip, (e'K&' ' —1) I 0)
(6)

where K„=k„—k and K„=k„—k. As in the case of a hydrogen atom, the usual approximation to be made
here is to carry out an average closure summation over the intermediate states n as was often considered
for the second-Born theory. ' By average summation, we mean that the closure summation is performed
after the excited energy of the intermediate state has been replaced by an average 'value &o. Here l0) is
the ground state of a helium atom and P'„=0'„—2(d. The following expression for the approximate second-
Born term will be obtained after the orthonormality of spin wave functions of the single-particle ground
states of helium has been taken into consideration:

fBBZ =
HZ

[(yaele'e' eixe r e iK 'r+] i/He)g2 +2 Q2 p2 ~~ 1s 1s

(7)+ &9"'le*"'-1 l~"')
&
~"'le *"""-1 lv",.'&],

where y„' is given by Eq. (2). Equation (7) will be used to obtain the approximate value for fBz of helium
in our calculation. Another approximate form for f» will be obtained if one treats the ground state of
helium different from the rest of a cluster of other intermediate states in the average closure summation.
This approximate amplitude will be denoted by f» and is given by

4
fB2 HZ

dzk [(+He leie r eiK& r e-ik& ~ r+ 1 i~He)E2 E2 k2 p2 Z6 1s 1s

(/Hei eiKe ~ r 1 lyse) (/He le-iK„~ r 1
l
qpHe) ]

(8)

However, for a possible favorab1e theoretical in-
terpretation of the approximation, in our model,
we would prefer to choose Eq. (7) for f», although
we shall also perform the calculations with f» for
comparison with other methods. It should be
stressed that the main conclusions of our work
presented here are not affected by the choice of
either form of approximation for f». The dif-
ferential cross section is given by

GMdQ

Also, for the purpose of making a comparison with
results of other theoretical calculations, the ex-
change effect may tentatively be included through
the consideration of an Ochkur amplitude. ' In this
case, the differential cross sections will be given
by
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gg GM g Och

where go', h is

z 8 nA2 (n + p)AB
lf och y2 (q2+ 4~2)2 [q2+ (~+p)2]2

PB2
(s'+ 48*)*)'

Atomic units have been used throughout in this
paper.

(10}

-I]xlQ--

(a.u.)
da.

III. RESULTS QND DISCUSSION

We have performed the calculations" of dif-
ferential cross sections of elastic scattering of
electrons by helium in its ground state at energies
equal to 100, $00, 300, 400, and 500 eV, using the
modified Glauber amplitude as proposed in the
previous section [Eq. (1}]and with f» approxi-
mated to be f», [Eq. (7)]. These results are
shown in Figs. 1-7. Also shown are data obtained
recently by various experimental research
groups, "as well as theoretical values of the first
Born and conventional Glauber approximations.
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FIG. 2. Same as in Fig. 1 at 200 eV. .
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We found that values calculated with our modified
Glauber amplitude are in good agreement with
data at all angles. Among the new sets of experi-
mental data, our results tend to Qe in better agree-
ment with those by Jansen et al."at smaIler
angles of scattering and with those by Sethurzman
et al."at larger angles of scattering. Our theo-
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FIG. 1. Differential cross sections of elastic scatter-
ing of electrons by helium atoms in their ground states
at 100 eV. .——,present calculation without exchange;
—,present calculation with Ochkur exchange; ——,
EBS; ~ —"-, conventional Glauber; . .——,first
Born approximation. a, experimental data by Jensen
et al. ; ~, experimental data by Sethuraman et al. ; ,
experimental data by Crooks et al. Atomic units are
used here.
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FIG. 3. Same as in Fig. 1 at 300 eV. X, e~rimental
data by Bromberg.
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FIG. 4. Same as in Fig. 1 at 400 eV (small scattering
angles). X, experimental data by Bromberg.

FIG. 6. Same as in Fig. 1 at 500 eV (small scattering
angles). X, experimental data by Bromberg; 0, ex-
perimental data by Oda et al.

retical values can also be regarded as in fair
agreement with the set of data by Bromberg. "
The first Born approximation of course yields
values too small at small scattering angles, while
theoretical points calculated with the conventional
Glauber amplitude stay much lower than experi-
mental data as well as those obtained in our meth-
od at all angles. The inclusion of an exchange ef-
fect, tentatively through an Ochkur term, would
make our theoretical points deviate somewhat
from data by Jansen et al."at small angles. Rela-
tively speaking, the new set of values obtained
with the inclusion of the Oehkur term still can be
regarded as in fair agreement with experimental
data.

For the purpose of making a comparison with
our modified Glauber method, we have also re-
calculated the differential cross sections within
the eikonal-Born series (EBS) method" with the
use of the same approximation for the second-

Born term, first as f~» and subsequently as f».
Also, to make the comparison more meaningful,
the same wave functions of the helium atom are
used, and the same value of the average excita-
tion energy is chosen, i.e., ~=1.3 a.u. , in both
calculations (modified Glauber and EBS). The
results of EBS with f», are also shown in these
figures. While our modified Glauber results do
not differ significantly from those obtained in the
EBS at small and intermediate angles of scat-
tering, they appear to systematically lie below
the values of the EBS at larger angles. Although
the basis for our choice of the modified Glauber
amplitude is completely different from that of the
EBS, on the computation side, our modified
Glauber amplitude differs from the EBS by the
presence of higher-order eikonal terms implicitly
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FIG. 5. Same as in Fig. 4 (large scattering angles). FIG. 7. Same as in Fig. 6 (large scattering angles).
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contained in f~. Thus, contrary to the popular
belief that higher-6rder eikonal terms are com-
pletely dominated by the EBS terms in the entire
range of momentum transfer, the results shown
here indicate that these higher-order terms do
seem to play some significant role at large scat-
tering angles. This is possible, since although
the magnitude of each of these higher-order terms
might be small, the number of these terms are,
however, infinite; hence, their effect as a whole
on the scattering amplitude might not be negligible.
As for the differential cross sections calculated
with the second-Born term approximated to be
fI, [Eq. (8)], the same conclusions can be
reached. In fact, we found that our modified
Qlauber results again systematically lie below
those of the EBS at large scattering angles. Thus,
these higher-order eikonal terms do seem to play
some significant role there. To justify the neglect
of these higher-order terms from the EBS, the
authors of the EBS model'3 had to rely on a con-
jecture of a partial cancellation, which they con-
tended probably exists between these eikonal terms
(n&3) and the remaining part ot the higher-order
Born terms, missing from the Qlauber amplitude
due to eikonization —although there is not any
proof that this kind of cancellation actually occurs
for all terms and at all angles. While calculations
with the second-Born term approximated to be f»
decrease somewhat the modified Qlauber values
at larger scattering angles, both results (cal-
culated with f», and f») can be used to confirm
that the deficiency of the Qlauber amplitude stems
mainly from the inadequacy of its second-order
eikonai term. In fact, the replacement of fo, in

the Qlauber amplitude by an approximate second-
porn term (either fs» or f») improves signifi-
cantly the values of differential cross sections at
all angles.

IV. CONCLUSION

In this paper, we have applied the so-called
modified Glauber amplitude (in which, the second-
order term of the eikonal expansion is already cor-
rected with its counterpart prior to eikonization)
to the study of elastic scattering of electrons by a
helium atom in its ground state at several inter-
mediate energies. Our theoretical values obtained
in the calculation are found to agree well with ex-
perimental data. Thus, one can draw from this
work a few conclusions. First, the results ob-
tained here confirm reasonably clearly that the
deficiency of the Qlauber amplitude in dealing with
electron-atom scattering indeed originates mainly
from its second-order eikonal term. Second, a
comparison between the results of the modified
Qlauber and EBS methods with the use of exactly
the same wave functions and the same approxima-
tions for the second-Born term indicates that
higher-order terms in the eikonal expansion do
seem to play some significant role at large scat-
tering angles. Therefore, the neglect of these
terms from the scattering amplitude appears not
to be very well justified.
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