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We consider the self-generated dc magnetic fields due to resonant excitation of plasma waves by intense
laser light. From Ampere's law we show that the time scale associated with the growth of the magnetic field
is essentially the same as the time scale for the growth of the plasma wave. Further, we obtain a simple
expression for the steady-state magnetic fields arising from a steady-state current derived in terms of the
high-frequency excited fields. Computer simulations verify the theoretical conclusions on both the time
variation and the steady-state value of the magnetic field. Difficulties of earlier calculations based on the so-
called stress-tensor approach are discussed, and it is shown that the proper use of this method requires the
use of a self-consistent kinetic theory for the plasma which takes into account the convection of momentum
out of the resonance region.

I. INTRODUCTION

Recent calculations and experiments suggest
that megagauss dc magnetic fields are generated
by the absorption of intense laser light in laser-
fusion plasmas. " The original work on this sub-
ject concentrated on thermoelectric sources for
the magnetic field. Subsequently, it was suggested
by Stamper and Tidman that radiation pressure
gradients directly can provide a source of dc mag-
netic field. ' A particular example of this mechan-
ism arises when plane-polarized light is obliquely
incident on a plasma with a density gradient. As
is well known, resonance absorption or linear con-
version of the light wave into plasma waves occurs.

Recently, the dc magnetic field generated as a
concomitant of the resonance absorption process
has been studied by simulation" and theoretical-
ly." In that analysis the importance of dissipa-
tion on the plasma dynamics was stressed. The
phenomenological manner in which dissipation
was included, however, led to some perplexing
results. For example, in Ref. 5 the time rate of
change of the magnetic field B is calculated, but
there is no mechanism included in the model used
to saturate the growth of B even though the simu-
lations clearly show a finite steady-state value for
B in a system of fixed ions.

In this work we first begin by a brief review of
the methodology of the calculations of B based on
the stress tensor. The time rate of change of the
magnetic field is said to result from the solenoidal
electric field responding to a spatially varying dc
force on the electrons. This force has two con-
tributions: the time-averaged electromagnetic
stress and the time-averaged particle stress. We
show that the saturation of B can be treated with a
corrected expression for the time-averaged parti-
cle stress tensor. , This formulation achieves mo-
mentum balance by accounting for momentum con-

vected out of the resonance region by electro-
static waves. We point out from the point of view
of Ampere's law that the calculation of the B due
to resonance absorption is particularly simple
once the time scale for the growth of the high-
frequency waves in the plasma is known. Finally,
we show how the steady-state dc current can be
calculated giving B directly.

II. STRESS-TENSOR FORMULATION

1 '+~
(Q) = — dt'Q(t') = Qg and QH = Q —Qg.

t -r/2

where Q is any plasma quantity. Thus, for ex-
ample, E~ = ( E) is a slowly varying electric field
on the time scale of co, ', acting as a source for
B~. To obtain E~, one considers the force density
on electrons,

i'(r, t) = V ~ T'(r, t)+t)'E(r, t)+ j '&&B/c, (2)

where p' and j ' are the electron charge density
and current, respectively, and T' is the electron
stress tensor

T'(r, )) = -m Q v (()i (()()(r —I '(t)),"'
V= ].

where r'(t) and v'(t) are the microscopic electron
variables of position and velocity for the vth elec-
tron. In addition one invokes the identity

1 a E„xB„—j„xBP. Tem 0 0 ~ E +
Bt 4~ " c (4)

The usual procedure followed for the calculation
of Q~ starts by taking the time average of Faraday's
law over a period T = 2)i/(d, of the high-frequency
wave,

8, =-cvxE, . (l)

We use the notation
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T"=4 FHEH+BHBH -I(Ee+Be)/2l

where p = p'+ p"", j = j '+ j "", to obtain

xB
7i = V ~ ((T') + (T' )) + piEi+

(5)

for the Lorentz force density in terms of the elec-
tromagnetic stress tensor,

where the first term is just due to the quiver mo-
tion, the second term, P'= -m fd'vvvPi, is the
background or field-independent electron pressure,
and

(eT') = -ue f e ev 'e)i + (I/e)((u)„u„) ~ (u„ui„))

(12)

1 s (E„xB„)
c &t 4& (6)

f'(r, v, t) = F( r, v -u„, t),
where u„ is the electron quiver velocity, u„
= -(e/m) E„. Then

(7)

(T') = -mni(ueue& -m d'v vvFi

In (4) the identity in terms of the high-frequency
fields is valid just as in the case of the total fields
since the Maxwell equations are linear as is the
operation of time-averaging.

To calculate(T') in (6) with T'= mf d'-v vvf'(r, v, t),
where f" is the electron particle distribution, we
introduce the transformation

represents the particle stress arising from finite-
temperature wave-particle effects. Substituting
(11) into (6), we obtain

'XB7' = p' E + I~ i + V (P'+ (5T')+ (1/4e)c

x [~(EeEe) + (BeB„)

--;T(&E„'& &II„'))l)

&EexBe)
c gt 4& (13)

where ~ = 1 —(v~2/(v,', and the high-frequency ion
density and current response are neglected.

III. PREVIOUS RESULTS—LACK OF MOMENTUM BALANCE

where

—m d'v (v(u„F„)+(u„F„)v),

d vF

(6) Up to this point the discussion is completely
general. Now if we may assume that the effect
of (5T'& may be accounted for by replacing e by
e„=1 —(vi/((v20+ v'), where v is a phenomenological
effective-collision frequency, then we obtain the
starting point of Ref. 5,

the dc component of the electron density. Some
comments are in order concerning the transform-
ation in (7). It is useful since the approximation
of an oscillating Maxwellian for f ' corresponds to
Fi being a Maxwellian and F~ =0. Thus the trans-
formation allows us to isolate the distortion of the
electron distribution away from an oscillating Max-
wellian due to wave-particle interaction. For ex-
ample, in Maxwell's equations the current source
for the high-frequency fields is given by

j'XB ~ — — 1 () ~E xB~'=p'E + ' ~+V (P'+P"&- ——' "
c + c et 4m

where

(14)

P" = (I/4")t:&e&EeEe&+ &BeBe& —-'1((Ee&+ &Ite&))

This form for F' arises from the approximate form
for (T') used in Ref. 5:

~8 B~j 0 = —8fltuH + Aj~ (9) (15)

where

h~~ = -e d'v vF~ . (10)

The first term in (9) is just the isothermal fluid
or oscillating Mmcwellian contribution to the cur-
rent, whereas AjH denotes the deviation.

In (6) we use Fi = F~+ 5Fi, where Fio is indepen-
dent of the high-frequency fields. Thus OFT as
well as b, jH arise from non-Maxwellian effects.
Then

(T') = -mni (ueue& + P'+ (5T'),

as compared with (11).
In addition, the use of an effective collision fre-

quency v in the kinetic equation for f ', as in Eq.
(4) of Ref. 5, gives for the high-frequency current:

eepsiu
1 + zv/(()0

(16)

as compared with (9).
At this point it is convenient to derive an equiva-

lent expression for (14) which makes its dependence
on v more transparent and allows one to assess the
validity of (15) and (16). Evaluating V ~ P", we have
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+— &' e„E~ EH + e~ —l E~ ' &EH

(i xs„))
C

(18)

If we use (16) for I„, the last term in (18) ean be
written

4)i( j H
x B„)/c = (ez —1)(V(E„)/2 —(E„~VE„)

—v(E„xB„)/c) .
Finally if we use the continuity equation and (16),
we have

V. (a„E,)= l7,"', f" E„) .
(do+ V

Substituting these expressions into (18), we have

i' xB7'=p'E +" +V P'
L L I C

4n 4m'

V ~ P" = (1/4)i)[(V ~ (~„E„)E„)+ (e —1)(E„(VE„))
—(E„x(V x E„))—(B„x(V x B„))J .

(17)

From Maxwell's equations, the last two terms on
the right-hand side of (17) can be written (1/c)(B/Bt)
x (E„xBz). Substituting the resulting expression
for (17) into (14) we find

ge HE I IBI.
L ~L

C

With B~ = -c(BE~,/Bx) we have

c V ( )I„H~)
L en N ox2 m

2m

having dropped the second term in (20) so long as
k, sing «B/Bx. Since

we can write

7x]0 14 ( HxEH )
k,' Bx' (E',) ((),

measured in MG/psec, where I is the intensity in
W/cm' and e(- 2 is some fraction of (EH„E„,)„, the
saturated value of (E„„E„,), to account for the
fact that steady state has not been reached.

For the simulation of Ref. 5, we useI=2. 2
x10"W/cm' and the data recorded in Fig. 2(a) of
Ref. 5 to obtain B~- 7x10'Mg/psec. This result
is 100 times greater than observed. However this
estimate can be in error by a factor of 2 because of the
difficulty of obtaining the value of B'(E„„E»)„,/Bx'
from Fig. 2(a). As we see from the analysis
leading to Eq. (21), it is a straightforward result
of (14) and (16), which are a direct consequence of
the use of a phenomenological dissipation v in the
kinetic equation for f'. We chose to derive Eq.
(21) from (14) to show explicitly the dependence of
B~ on v. Alternatively, one may deal directly
with (14), as was done in Ref. 5 to obtain their
Eq. (9):

8 c 8 (E„,E„,)
)Bx eno ~x 2&

where we write

E„(r,t) = E„(x)exp[i((dt —k,y)]+ c.c. .

(19)
B' c v (E„„E~+)

()x' en, coo 2

having used

(22)

In (19) the first term in the braces is just the pon-
deromotive force and gives no contribution to the
solenoidal electric field. The second term has a
simple interpretation at least for a pure electro-
magnetic wave when we note that (E„xB„)/4)) is
just the field momentum density for the light wave,
and thus the second term corresponds to the rate
of momentum transfer due to absorption of the
light wave. En the event that the wave has an elec-
trostatic component, the third term also must be
included. Continuing to follow the procedure of
Refs. 3 and 5, we take f~,= 0 and solve for E„, in
the limit of fixed ions to find near-critical density
n

E E+
+k sin6

2n

(E„,E„,) x (E„„E„,)

« .E*.)

Thus Eq. (9) of Ref. 5 gives essentially the same
numerical result as Eq. (21). We expect that the
good agreement with the observed value obtained
in Ref. 5 by analytic evaluation of the fields was
coincidental. In fact, the analytic form for the
fields is strictly valid for sin'g» v/~„' which is
not satisfied for the present example with 6'= ll
and v/&u, = 0.08. A more fundamental problem with
(21) is that it implies that B~ does not saturate.
Alternatively, with B~ = 0 in steady state, we must
have BE~„/Bx= 0 or E~,= 0, whereas from (14),

(EH.EH, )
en 8x ~ 4m

C
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so long as the laser is on. Thus we must con-
clude that the theory used in Ref. 5 does not treat
saturation effects adequately. As will be shown
later, Eq. (19) is deficient since it does not in-
clude the time-averaged drag force on the current
JL .

IV. STEADY-STATE FIELDS AND MOMENTUM BALANCE

Equation (13), on the other hand, in steady
state implies that

1 8, s (E„,E„,)(5IfsB ) + ~ HX H il

Ly ~ 8~ xy 4m
(23)

d'v v,( u„~ VEH), (24a)

or

%e now show that in a collisionless kinetic theory,
(23) leads exactly to E~,= 0 in steady state so long as
the high-frequency fields E„satisfy Maxwell's
equations. To obtain [see (12)J a(5T„',)/sx we need
(5/5x) fd'v v„v, 5Ii~. Using the transformation (7)
it is straightforward to obtain the kinetic equation
for F~ (see the Appendix). The v, velocity mo-
ment of this kinetic equation in steady state gives

8 8d'vvv 5E = d'vv V(v u ) E—
x y L y H 8~v H

state in a collisionless plasma so long as the
fields E„satisfy the steady-state Maxwell equa-
tions (26). Thus we may conclude that no addition-
al physical effects need be invoked to achieve
steady state for B~ as was suggested in Ref. 5.
Rather, the source of BL identically vanishes when
the correct form for the particle stress is used,
and the high-frequency fields E„have reached
steady state, satisfying Maxwell's equations. The
steady state for BL is a direct consequence of
steady state having been achieved by the EH.

The following plausible physical picture can be
proposed to explain these rigorous results. First,
we note that T„', is the y momentum (density) con-
vected across a unit surface with normal in the x
direction. It is reasonable in view of our results
in Secs. I and II to identify the second term in (23)
with the momentum added to the plasma by the
incident electromagnetic field. (As we saw in Sec.
II, this term with e replaced by ~„gives a nonzero,
time-independent contribution to B~ )The.first
term in (23), which cancels the second in steady
state, we identify with the momentum convected
out of the resonant region by the electrostatic
waves. A similar momentum balance can be
achieved without convection if momentum is lost
due to collisional dissipation as we will show at
the end of the next section.

d V VxVy ~+L

8Z 8 8—(&j u )+ 6 I —u (24b)
8~ Hy Hx 8 8y H

if we use the definition for AIH in (10). Therefore,
from (12),

8 m 8 8(SI';„)=——(nj„,—s,)-. n)„—n„) . (25)

Now using the steady-state Maxwell equations for
the fields where the only time dependence is sinu-
soidal,

1 8
n j,= ——its (sin'I —s)E —c sinn —Z„,,),

(26a)

1 . 2 8
i(u -u —& ZHH P gg 0 0 8~2 Hy

V. CALCULATION OF 8~ USING AMPERE'S LAW

Considering the complexity of obtaining EL, to
find B~, it appears more straightforward to start
with Ampere's law (neglecting the displacement
current which is easily seen to be small):

4mB,(x) = —— dx' Z„(x'), (28)

B~(x)=-— dx' dx"dt" Q E
' „' „)c m Hm

giving the magnetic field directly in terms of the
generated low-frequency current. Now JL,
=81,(EH}; i.e. , J~, is a functional of the high-fre-
quency fields. Taking the time derivative of (28)
and using the functional-derivative chain rule, we
write

8—c sin8 —EHx (26b) (29)

we can evaluate (25) to obtain

8 , «H. EH, )
8x "~ 8g 4m

(27)

which exactly cancels the second term in (23).
Therefore, from (23), E~„=0 and B~ = 0 in steady

Thus EH = 0 implies BL = 0 to within a time re-
sponse 5 J~JGEH =K„(x,t; x', t'). This time re-
sponse depends on the transit time v~ of particles
through the high-frequency field. Generally v~
«vH, where rH is the time scale for the EH to at-
tain steady state. Thus we expect BL to essentially
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follow the E„fields adiabatica, lly, since the E„-
Ievelop on a slow time scale compared to v~.

From this general argument we conclude that

1 8 1 8
r E

.8 st B„&t (30)

where the B« in (30) is the field component which
grows at the slower rate. As a confirmation of
(30) consider Fig. 1, where the time history of
8~ is shown. The maximum value at a given time
is plotted. In this simulation a fixed linear pro-
file with k0J. =-12.5 was taken, the incident inten-
sity was eE,/m~, c = v, /c = 0.025, and the plasma
temperature was (2T,/mc')"' = 0.05. From the
figure we find B~/B~.=B~/2(B~)„, = v« = 3
x10"'v0. This value for v& should be compared
with v~ = 1 x 10 ~„which is of the same order2
of magnitude as v=(v, /&u, L,)"'&u„ the relevant time
scale for the growth of E„when plasma-wave con-
vection out of the critical region is responsible for
the absorption rate.

As we have shown, to use (13) or the so-called
stress-tensor approach to obtain E~, from which
8~ is obtained without properly accounting for
(6T'„,) leads to quantitative error and does not
properly account for saturation. On the other
hand, a correct evaluation of (5T„',) in a collision-
less theory would require the second velocity mo-
ment of the low-frequency distribution as shown
by Eq. (12) along with the time history of the high-
frequency fields. Ther efore this approach is diffi-
cult to use correctly and unnecessarily complex
particularly in the light of the simple result of
(30). Indeed, if I'~ is known accurately enough to
obtain the second ve.'locity moment fd'v v„v,E~,
it wouM seem more straightforward to obtain the
first moment fd'vv, E~ from which B~ may be ob-
tained directly.

We now turn to a direct calculation of B~ by ob-
taining J~, in Eq. (28). As an approximation for
J~„one might use the dc beat current -e(n„u„,)
as suggested by fluid theory, where n„ is the high-
frequency density. In general, the current is
given by

(J,) = J~y = -e d'v vg'( r, v, t) (31)

Using the transformation (7), we can write

J~,= -e(n„u„,)+ 5 J~, , (32)

where 5J~, = —efd'vv, E~(r, v, t). Thus, in addi-
tion to the fluidlike contribution to the current, we
find that there is a low-frequency current 5J~,
resulting from a low-frequency modification of
the distribution function. To calculate I"~ a con-
sistent kinetic theory is required. Such a kinetic
theory was formulated in Ref. 8, and is general-
ized to three-dimensions in the Appendix of this
paper. This theory is valid so long as Pv. u«/
v, (x)v,« ~

«1, where v, '(x) = ~, 'sinu«, /sx and

v, „„'=slnE~/sv„. That relatively low velocities do
indeed make the dominant contribution to 5J~, can
only- be seen a Poste~io~i. However, some quali-
tative argument is possible that is suggestive of
this conclusion. In terms of n~(v, , r), the density
of particles for a given v„6J~, = ef dv, n~-(v„r).
Now n~(v„r) has its main contribution from un-
heated particles so long as most of the heating oc-
curs in the tail of the distribution. In addition, we
note that relatively little y-heating is generally
observed in typical simulations. Thus we expect
that the dominant contribution to 5J~, is due to
the distortion of the low-velocity portion of the
distribituon function by the dc beats of the high-
frequency fields.

From the Appendix we have in steady state:

0,005 t—

where

VE, + a =E, = (I„(t)E„(t)),
~V

(32a)

0.00?—

0.001--

IE„(t)I

—0. 1

I«(t) =-V[v u«(t)J = -u„(t) V,

e - vxB~ - 1
a, —= ——E + —V —(u') .

m I c

I0 ——
0 50 100 150 200

FIG. 1. Maximum amplitude of E„and (8,) as a
function of time from simulation. Simulation results
»e &or&pL=-1.2.5, ee jc= 0.05, sine=0. 4, and incident in-
tensity Ep= 0 025. A?1 fieMs are expressed in units
of m&~p/e '- 1.00 MG.

Bf
E„(t)+v VE„(—t)=l„(t)E, , (32b)

where we have neglected the corresponding term

If we ignore the coupling to E„ in (32a), then the
low-frequency acceleration of a accounts for the
perturbation of F~ arising from the ponderomotive
force ——,'mV(u„'), E~, and B~. E„satisfies a simi-
lar equation as (32a):
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, exp[i((u, /v, )(x —x')] 4 I ( (33)

for

s in & v,/c «1, v, & 0,
with a similar expression for v„&0, and substi-
tute into (32a) to obtain a closed equation for F~.
[Note that when the explicit time dependence is
not shown for a high-frequency quantity, for ex-
ample I„, we mean the amplitude in the represen-
tation I„(t)=I„e o'+ c.c.].

It is convenient to integrate by parts on x' in
(33) to obtain

due to the acceleration a, since in steady state
F„(t)= E„e ' &&'+ c.c., and we are considering suf-
ficiently weak gradients that ~,F„»a ~ 8F„/sv.
We can solve (32b) for E„ in terms of E~:

-e d'v v„I"

1 8 8= —es' ——u —u —~ (u')L ~2 8t Hx 8~ Hy ~ y
0 0

(39)

m 1, 1 v 8 8—(u') +——~ —u —uL ~ 2 H ~ ~ 8] Hx 8~ Hy

I

( „„,)
For v„«v, ,(x) the source term in (37) is small
and

E~ =E„(v'-2(e/m)g), v„& v, (x) . (38)

Thus the effect of the fields can be understood as
a shift in the velocity away from an isotropic
Maxwellian in velocity. For those velocities satis-
fying v„&v, (x), the distribution E~ of (38) con-
tributes to 5J~,

F„=(I/ i&uo)I„F-~ + 5E„,
where

. ~(d I 1 8
6E„= dx' exp i ~ (x —x'), (I„E~) .

8„ I

'L
COO 8$

(34) This result for 6J~, follows by taking the first
term in (36) for E„. If we calculate n„= Jd'v F„
in the same approximation, then

This procedure can be continued to form a series
expansion in (v„/e, )s/sx, valid so long as v,
«v, , (x). As an aid to understanding the terms
appearing in (34), we calculated the high-frequency
current h]„which enters the Maxwell equations
for the high-frequency fields. It was useful to
perform a second integration by parts with the
result

1. 1. 8Ee= . I„FI —vx 2 —(I F )
0 "(» ) sx

+ dx' v, exp ' „(I„F~).L(do(x —x )'88„8x

+—x (u„', )
jh

+n

Therefore we find

8sg 8 8
Ly ~2 8~ 8t Hx Hy

gg&cy ' —2Im
8 Q Q+

L 0 C C

Finally, with (28),

COBl, 2 ~ Im +Hx +He
(do C C

(40)

(41)

(42)

(36)

v„—F~ + —8, y F~ = (I„(t)5E„(t)), (37)

where

In this calculation the current linear in the fields
was obtained with I'~ approximated by its zero-
order limit, a local Maxwellian F„(v'). Then the
first term in (36) gave no contribution to AIH, the
second term accounted for the effect of wave con-
vection, and the last term, nonloeal in the field,
included the effect of Landau damping. The Max-
mell equations for the fields mere solved, leading
to good agreement with simulations for moderately
intense laser light. '

If we apply the same limit to (I„(t)F„(t))in (32a),
we find

where &v~ is the gyrofrequency eB~/mc. It should
be stressed that this simple expression for the
steady-state magnetic field is valid only in a
region localized around the critical surface since
it requires v„«v, ,(x), or equivalently, restriction
to a region where 6E„ in (34) can be ignored.
This correction is important when the phase
velocity v, (x) has decreased to the point that wave
damping is significant. Thus (42) does not include
.all the effects of Landau damping. %ave damping
is included in the fields, however. Further, it is
limited to moderate laser power where the linear
approximation for h]~ is possible.

In Fig. 2(a) we have plotted Eq. (42) for &ua /&u,

using the steady-state fields E„and E, as obtained
from the electromagnetic PIC (particle-in-cell)
code wave" for the simulation parameters v, /c
=0.025, k,L=12.5, v, /c=0. 05, and a fixed density
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I
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x

I

l5 20

FIG. 2. (a) Magnetic fields (B,) as predicted by theory
using the simulation fields. {b) Magnetic field (B~) en-
tirely from simulation,

profile. For the sake of comparison we also show
the same quantity as obtained directly from the
simulation. As can be seen the agreement is quite
good, the spatial profiles and peak magnitudes
being quite similar, even in reproducing secondary
structure In Fig. 3(a) we show the magnetic field
as one would determine from the partial current
-e(u„u„,). The agreement comparing with Fig.
2(b) is rather poor. Thus it is essential that the
contribution to B~ from 5J~, be included to obtain
the correct expression for the total y current.
Finally, we wish to point out an interesting prop-
erty of Eq. (42) for the magnetic field. For a given
sign of k, for the incident electromagnetic wave,
E„„and E„,have a definite polarization relative to
one another at the critical surface. For the op-
posite sign of k„E„„changes sign and E„,retains
the same sign as before. Thus BL has the parity
of k,. This polarization dependence of BL has re-
cently been observed experimentally. " In the at-
tempt at an analytic explanation of this very beau-
tiful experiment, Eq. (1) of this paper identifies
the source current for the magnetic field as
-e(n„u„). As we have illustrated in Fig. 3(a),
such a current can give only a very poor represen-
tation for the magnetic field observed in both com-
puter simulation and in their experiments. The
contribution from oJ is essential to obtain Eq.
(42), and this expression agrees quantitatively
with the experiment. "

To summarize, we have considered the approach
of using the stress tensor to obtain BL. It appears
as if all attempts to use this method without in-
cluding (5T) have resulted in conclusions which
are incorrect. It has been shown that BL can be
obtained directly by using the steady-state cur-
rent J~, in Ampere's law. We show that this cur-
rent has an important contribution M~, in addi-
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FIG. 3. Magnetic field (8,) with partial current
—e(&z&zy) as source.

+ VmJL, e '. (43)

This Phenomenological drag force cannot be in-
corporated in the divergence of the stress tensor,
whereas in the collisionless theory we found an
additional stress-tensor contribution (6T) which
led to convective saturation.

We have in place of Eq. (21) for quasisteady
state, f~,=0,

0 Q

BI, = —c—EI.Bx

(EHx EH v)———Im " "' +vmJ e'
en' Bx (do 8& 2' Ly

(44)
Thus in steady state we recover Eq. (41) for the
current J~, with BL =0 and EL,=O. From this
simple derivation we may conclude that the use
of a phenomenological v in itself does not lead to
incorrect results. However, in this case the total
force is not given by Eq. (14) as assumed in Ref.
5. The time-averaged drag force must be explict-
ly added to the right-hand side of (14). The stress-

tion to the usual beat current -e(n„uz„), which
when combined with the beat current yields a result
for the magnetic field which closely reproduces the
observed spatial profile of the magnetic field. To ob-
tain RT~y for a collisionless plasma, a consistent
kinetic theory is needed for calculating the electr on
distribution function in the presence of high-frequen-
cy fields. We have constructed such a theory and in-
terpret the calculation of the correct value for 6J~,
using this theory as evidence for its validity.

Finally, we wish to point out that the expression
for the magnetic field of Eq. (42) may be derived
in a very simple fashion" by noting that the time-
averaged drag force vm(J, )e ' should appe"r on
the right-hand side of the expression for f~, in Eq
(19). Thus Eq. (19) should read

&EH EH )f = -en' E +—~ —ImLy
0 0

~ E+
+k sine

2m
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tensor arguments leading up to Eq. (14) are thus
deficient. We conclude then that a steady-state
current and therefore a steady-state B~ can arise
from balancing the momentum imparted to the
plasma by the high-frequency fields with either
the momentum convected out of the resonance
region in a collisionless theory or with momentum
dissipated by local collisional drag forces.

In the collisional theory, the steady-state cur-
rent is determined by' balancing the drag force
against the driving force and yields the localized
magnetic field calculated above which is indepen-
dent of the collision frequency v. In problems
uithout a driving source, the drag force produces
the familiar time-dependent diffusion of B,

B =c(V&&E) = cV&& (J/o) = (c'/4))o)Vx VxB,
due to the finite conductivity 4~a= &u~/v. Our cal-
culated steady-state magnetic field [Eq. (42)],
which includes the effect of the collisional drag
force, is localized in a region which is only a
small fraction of an electron Larmor radius even
for thermal electrons. This localized field does
not diffuse further into the overdense region and,
contrary to the assertions of Ref. 5, cannot have
a significant effect on the transport of electrons
into the overdense plasma.
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APPENDIX

Suppose we apply the transformation of Eq. (7)
to the Vlasov equation for f':
—f'(r, v, t)+ v Vf'(r, v, t)

& + ' =f'(r, v, t)=O.
e vxB 9

m C ~V

Then it is a simple matter to show that the function
E(r, v, t) satisfies the equation

—E( r, v, t) + v. VE( r, v, t)

e - v&B~ 1
+ ——E~+ i —V —[u (t) ~ u„(t)]

~ —F(r, v, t)
~V

= V[v u„(t)] =E( r, v, t) -u„(t) VF( r, v, t)

(A2)

or

where the operators L and I„are defined in (32a).
We write

F(t) =F, +F„(t), (A3)

where E~ =(F(t)), and F„(t)=E(t) —(E(t)). Now
since the plasma is modulated by coherent high-
frequency fields, oscillating at the frequency u„
we may expect that E„(t) may be written

F (t) =F"(t) F"'(t)+ (A4)

where, for example, E„'~(t) =F„'~e ' ()'+c.c., and
E„'(t)=E ' e "~o'+ c.c., etc. Thus the harmonic
modulation leads to a harmonic expansion for E„(t).
However, the transformation of Eq. (7) leading to
E is useful only if E„»E„'»E ' » ~ ~ ~ so that
F„(t) may be approximated by E„(')(t), say; other-
wise, Eq. (A2) would lead to a set of coupled equa-
tions for E~ and the various harmonic components
E„". Physically we expect the transformation to be
useful for relatively low velocities, i.e. , when a
particle of a given velocity i„ transits the localized,
high-frequency field structure in a long time com-
pared with the period of oscillation. In this case
the velocity of the particle has a rapidly oscillating
component which the transformation removes.
Contrariwise, if the particle is moving through
the field structure so fast that it experiences a
more or less time-independent field, then we ex-
pect the original distribution function f to be non-
oscillatory, and the transformation to the oscilla-
ting velocity frame would introduce an artificial
time dependence, making it impossible to truncate
(A3). Of course many other transformations are
possible. We have restricted ourselves to Eq. (7)
since it gives results which are more or less easy
to interpret.

To obtain the coupled set of equations for E~
and Ee, we substitute (A3) and (A2) and take the
time average of the resulting equation to find

—„+(r(~))))",=s„)'„'" c„~p' '+~~. (&5)-

Subtracting Eq. (A5) from Eq'. (A2), we find for
the first harmonic amplitude E„':

(-i&()o+ (L(t)))F~'~ = IsF~ —L„F~'~ + IH~Fe(') . (A6)

Similarly, we have for E„':
(-i(u, +(L(t)))E„'~=I„F~'~ —L„F~+I„*Eve'), (A7)

and so on for E„', E„', etc.
Our objective is to determine under what condi-

tions EH' » EH' &+ E„" ~ ~ ~ allowing for truncation.
Therefore we assume FH~'~ «E„') in Kq. (A7),
neglecting the last term on the right-hand side
compared to the first, and solve for E„' using
the formal inverse operator (-i&a, +(L(t))) '
-1/(-i(()). Substituting the resulting expression
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into E(l. (A6), we have for F»"~:

—i(v, + (L(i)) I„*—( i((—), + (L(t))) 'I„

=I»F~ I»-( i(-()0+ L(t))) 'L»F~ —L„F»(' . (A8)

long as

(do (do ~V

uH'V
4t)o

Inspecting E(l. (A8), we see that so long as

~L ~ (1/2)u»+ ' u»
GOO (do ~V

H + g(18 (1/2)u„* ~ u. s
~Ox 0 ~Vx

we have for I'„',
(-i &()o + (L(t)) -I„*(- i (()o + (L(t))) 'I» IF~') = I»F~

(A9)

(A10)

(l.(0)) + = (I ' (&)+ '
(&)) . (A11)

.These results, however, are subject to the con-
dition I"0' «I'„' . Now from the corresponding
equation fol +H etc we see that Ea" +H so

(( ]8 v ~ u» a u»„s/ax
Bg (do 8v„(do (A12)

Since u»/v, (x) «1 (luite generally for all cases of
interest and u»/v, « is of order one or less, the
only significant limitation on (A10) and (A11) is
the requirement that

v'u H ~+1
v, (x)v «

(A13)

Thus the transformation to oscillating velocity
coordinates leading to (A10) and (All) is limited
to sufficiently low velocities as is consistent with
the qualitative arguments presented earlier.
Finally, it is important to note that although (A10)
and (All) are approximately valid, it is a simple
matter to show that they satisfy particle and mo-
mentum conservation.
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