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Elastic electron-hydrogen scattering at inter'mediate energies is analyzed with a modified Glauber amplitude
proposed earlier by this author and the Glauber exchange effect included through a recent eikonal formula by
Foster and Williamson. The results of the calculation are found to be in very good agreement with
experimental data. This work, therefore, confirms rather clearly that the deficiency of the Glauber amplitude,
when applied to these atomic processes, stems mainly from the inadequacy of the second-order term of its
eikonal expansion in representing the second-Born term and that the Glauber exchange effect is of a
considerable magnitude and, hence, cannot be neglected in these processes, especially at very large scattering
angles.

I. INTRODUCTION

In a recent paper' a new and rather simple am-
plitude (called the modified Glauber amplitude)
was proposed for the study of electron-atom scat-
tering at intermediate energies and was applied
with some degree of success to the calculations of
elastic scatterings of electrons by hydrogen and
helium atoms. In this amplitude, the second™or-
der term of the Qlauber eikonal expansion has
been singled out and treated in a substantially
different fashion than the remaining terms of the
expansion. The choice of this amplitude for atomic
scatterings was based on the following reasoning.
In view of the fair success that the Qlauber' am-
plitude has enjoyed earlier' since it was first ap-
plied to the domain of atomic and molecular col-
lision by Franco in his pioneering work, we be-
lieve that its failure to reproduce differential
cross sections agreeing well with experimental
data may have originated from the defects of some
term of the amplitude. These defects are caused
by the approximations considered in the deriva-
tion of this amplitude. Thus, the Qlauber ampli-
tude could be retained as a good approximation
for atomic and molecular scatterings at inter-
mediate energies if these defects were to be
identified and adequately corrected.

We have, therefore, made a careful review on
the derivation of the Qlauber amplitude in order
to find out which term of the amp1. itude needs to
be rectified the most. ' We have found that the so-
called straight-line approximation considered
along with the setting to zero of all the excited
ener'gies of the target intermediate states affects
seriously the second-order term of the Qlauber
eikonal expansion. It is this approximation which
makes the real part of the second-order Born
term (which is of considerable magnitude) disap-

year from the Glauber amplitude on the one hand
and, its imaginary part becomes singular in the
forward direction on the other hand. Thus, the
second-order term of the Qlauber eikonal expan-
sion obviously fails to represent adequately the
second-order Born term which is its counterpart
prior to eikonization. The simplest way to improve
the Qlauber method is, therefore, to replace the
second-order eikonal term by the second-order
Born term. With the Qlauber amplitude so modi-
fied, a.serious defect of this amplitude is re-
moved, while the characteristics of the eikonal
method contained in the rest of the amplitude
still can be preserved. The reasonable success
of our previous calculations with this modified
Qlauber amplitude for electron-hydrogen and
electron-helium scattering confirms clearly that
the failure of the conventional Qlauber amplitude
in atomic scatterings stems mainly from this sec-
ond-order eikohal term.

Our calculations were done with the neglect of
exchange effect, since at that time no simple ex-
pressions for the Qlauber exchange amplitude were
available, while the so-called Qlauber-Ochkur
exchange amplitude was shown unacceptable to
represent correctly the exchange effect in an,
eikonal theory. ' Recently, through an ingenious
application of a similar method used by Qau and
Macek' for the direct amplitude, Foster and Wil-
liamson' have been successful in transforming the
eikonal exchange amplitude into a two-dimensional
integral which can easily be evaluated by numeri-

.cal computation. With this simplified expression
for the eikonal exchange amplitude at hand, a
much improved analysis within the modified
Qlauber method is carried out for elastic scatter-
ing of electrons by a hydrogen atom in its ground
state. The results of the analysis wol be reported
in this paper. In Sec. II, a brief review on the
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expressions of the amplitudes needed for our sub-
sequent computations will be made. Results of
our calculations will be shown in Sec. III together
with discussion and comparison to those obtained
in other theoretical models, as well as to experi-
mental data.

II. FORMALISM

As was discussed above for atomic scatterings
at intermediate energies, the Glauber amplitude

should be modified as follows:

fc~=fc+fa2-fc2 ~

where fc is the conventional Qlauber amplitude,

fc, the second-order eikonal term, and f» the
second-order Born term. For elastic electron-
hydrogen scattering in the 1s state, fc can be cal-
culated in closed form' or by using the well-

, known formula obtained by Franco, '

fc = 2ik„
m/2

do. sin'n coso. [sin'o. ——,'q'cos'o. ] [sin' o +'q' cos'n]

x[1- (I cos 2o'( /cos o)"i «
i cos 2o. (E (1/2(+i/2k»1+i/2k„; 1; sin'2o )] . (2)

Here, q is the momentum transfer and I' is a
hypergeometric function. Other notations are as
usual. f~ for 1s elastic e-H scattering is given
by'

f„=2",
'

db, b, &.(4'b, )(~ IXc IV&,

where both
~

p. & and ] v& are given by

(4)

culate the second-Born term, one starts with the
exact fo rmula'

f, =8m' d'kg (Q„l Vln, k&(n, kl VIP „) (6)k —k& —2((0„—(d«) —if

where

P„= (2m) 'i'e'""~i~&

pc= (1/k„)in[1- (2b, /b, ) cosy+b', /b,']. (6)

6, is the impact parameter corresponding to the
coordinate of the bound electron. In order to cal-

(8)

The integration over the plane-wave parts of the
matrix elements in Eq. (6) can be done easily and
one obtains

1 (v(e '"«'' —1(n)(n[e'+' —1]ip&~K K km —k 2 —2((g —(d„)—iE

Finally, the average closure summation method as usually used in the second-Born scattering theory"
yields

{9)

1 (v~[e '"«''- 1][e'"u ' 1] ~
p&'-

fB2 g2 It«+2 ka -p2 —KE
p, p

For elastic scattering of electrons by a hydrogen atom in its ground state, one obtains

1
fa2 =

~a ~a ~2 k«p« ~
(4'| I

e —e " s " +114'i«& ~

P

The integration over% can be reduced to a single-order integral over a parameter i by the well-known
Feynman technique. " This integral can then be evaluated numerically with ease. Other notations used
in these formulas have the usual meanings. '

As for the eikonal exchange amplitude the reduced formula obtained by Foster and williamson' is used,

where

I'(-z qp
( a

-'„, dx — m, P1, 0, 0, 0, 0 -x-'
2 S 1, 0, 0, 1, 0x dm2 dm' - y-I-0 (12)

P(n, p, r, s, i) =1'(1-x)'A ~(p'+Q')'"« " (p-i Q, ) '"« "p'.
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I5=A+M,

Q =%„—xk„—ik(1-x)s+xy —r .

(14b)

(14c)

For elastic scattering of electrons by a hydrogen
atom in its ground state, and with the choice of
the z direction similar to the one used in the
Qlauber amplitude, one has,

A = [A.'(1-x)'+m'x+ k '„x(1-x)

—2i P x(1-x)k„cos(-26)] '~',

P =A+1,

Q =k„—xR„—i X(1-x)2,

(15a)

(15b)

(15c)

where e is the scattering angle. The differential
cross sections for e-H scattering is calculated
with

Ifcu f, I'+4 Ifcs+f (16)

III. RESULTS AND DISCUSSION

We have numerically integrated the differential
cross sections for 1s elastic scattering e-H with

Here,

A=[X'(1-x)'+m'x+ (k„-y)'x(1- x)
.'t~ 4 ~ A g. ~%h4

—2Wx(1- x)(u,.—y, )] ' ', (14a)

the Glauber exchange effect included via Eq. (16)
above. These. . calculations" were done for inci-
dent electfon energies of 50, 100, and 200 eV and
scattering angles from 0.5'to 180 . We also find
that to facilitate the numerical convergence of f„,
it is preferable to perform an integration by parts
for this amplitude first.

In Table I, the differential cross sections com-
puted within the modified Qlauber method at inci-
dent energy equal to 50 eV are presented. In Figs.
1-3, results of the modified Qlauber method with
and without Qlauber exchange are plotted versus
scattering angles, along with experimental data
and results of theoretical calculations in the first
Born approximation, the conventional Qlauber ap-
proximation and the conventional Qlauber approxi-
mation remedied with Glauber exchange (all re-
calculated by us) for incident electron energies of
50, 100, and 200 eV. The results of the modified
Qlauber method with exchange are found in excel-
lent agreement with experimental data acquired
by absolute measurements. " For incident elec-
tron of 50 eV, the agreement is almost perfect at
intermediate scattering angles. At larger angles,
our theoretical values seem to lie somewhat lower
than the experimental points, but due to a con-
siderable uncertainty of experimental data, the
agreement still can be regarded as very good. For

TABLE I. Differential cross sections of ls elastic e-H scattering in a modified Glauber
theory in a02 sr units.

Angles
(deg)

Modified
Glauber

without exchange

Modified
Glauber with

exchange
Experimental data

Williams Teubner et al.

0.5
1
3
5

10
15
20
25
30
4p
50
60
70
80
90

100
110
120
130
140.
150
160
170
180

10.07
9.76
8.49
7.27
4.67
2.91
1.83
1.19
8.10 xlo ~

4.26 xlp i

2.54 x 10
1.65 x 10 ~

1.13 x 1O-'

8.04 x 10
5.97 x lo '
4.60 xlp 2

3.66 x 10 2

3.02 x 10-2

2.57 x 10 2

2.25 x 10"2

2.03 xlp '
1.89 x 1Q 2

1.81 x 10 2

1.79 x lo 2

11.53
11.19
9.81
8.47
5.60
3.63
2.38
1.60
1.11
5.74 xlo ~

3.22 x lO '
1.95 xlp i

1.26 xlp i

8.77 x lQ 2

6.44x lp 2

4.92 xlp 2

3.84 x lo-'
3.04 xlp '
2.44 x 10 '
2,07 xlp 2

2.01 xlo 2

2.42 x 1P-2

3.45 xlp 2

5.17 x 10 2

~ ~ ~

5.04
3.18
2.17

1.12
5.51x 10 '
3.08 x 10 i

2.05xlo ~

1.46 x 10 '
9.93 xlp '
7.16 x ].0"2

5.58 x 10 '
4.21 x lp-2

3.49 xlo 2

2.88 x 10 2

2.73 xlp ~

3.7
2.9
2.1

1.1
5.9 x 10-'
3.5x 10 i

2.2 x 10 ~

1.6x 1O '
1.1 xlp '
8.0 x 1Q"2

5.8 x 10 2

5.2 x lp-2

4.1 xlp 2
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FIG. 2. Same as in Fig. 1, but at 100 eV.

FIG. i. Differential cross sections of e-H is elastic
scattering at 8 = 50 eV. Solid line: modified Glauber
with Glauber exchange; —.—.—.: modified Glauber with-
out exchange; —..—..—..: conventional Glauber without
exchange; ------: conventional Glauber with Glauber
exchange; --.--.--.: first-Born without exchange; ~:
data by Williams; i: data by Teubner et al.
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FIG. 3. Same as in Fig. 1, but at 200 eV.

higher energies of 100 and 200 eV, again the
agreement still can be considered as quite good,
in view of the error in the experimental data. The
Born approximation gives a very poor result.
at small scattering angles, while the conventional
Glauber method without exchange yields results ly-
ing much lower than experimental points at all
angles (except, of course, at very small angles
where the conventional Glauber results become
divergent). With the Glauber exchange effect in-
cluded, the conventional Glauber results do show
an improvement, but are still far from being re-
gardable as in good agreement with data at all
anglqs, especially at lower scattering energies.
We also find that the exchange effect becomes less
signif icant as the scatter'ing energy becomes greater.

An interesting feature of the modified Glauber
(as well as conventional Glauber) calculations with
the Qlauber exchange effect considered via Foster
and Williamson's formula is that at very large
scattering angles (about 145' up), the differential
cross sections seem to rise a little bit, but very
slowly. This characteristic behavior is due to the
fact that at these very large angles, the Glauber
exchange effect begins to overtake the contribution
from dir ect scattering and then becomes dominant in
this range of angles. We therefore call for an accurate
measurement of differential cross sections at
these very large scattering angles to determine
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TABLE II. Integrated cross sections of 1s e-H elastic scattering in ~ao units.

Energy
(eV) Glauber ~

Glauber
with

exchange . Born'
Full

eikonal ~

Full
eikonal

with post
exchange '

Full
eikonal

with prior
exchange'

Modified
Glauber

Modified
Glauber

with
exchange Data b

50
100
200

0.64
0.29
-0.15

0.79
0.38
0.18

0.51
0.29
0.15

0.72
0.39
0.22

0.84
0.43
0.24

0.94
0.44

1.05
0.43
0.19

1.26
0.53
0.21

1.20

~Values quoted from Ref. 7.
"See Refs. 3 and 12.

whether this feature would exist in experimental
data is was predicted theoretically. However, it
should be cautioned ahead that should experimental
data fail to reproduce this characteristic feature
at very large scattering angles for differential
cross sections, this would likely mean a failure
on the part of the eikonal exchange amplitude at
these very large angles, rather than of our modi-
fied Qlauber method as a whole.

Finally, the differential cross sections are inte-
grated over scattering angles to obtain the 1s
elastic e-H integrated cross sections at 50, 100,
and 200 ep. &he results are shown in Table II
together with those predicted in some other theo-
retical models as well as those estimated from
data of Teubner et al."at 50 eV. At 50 eV, our
values of 1.26 m'a', and 1.05 ~a', for the modified
Qlauber amplitude with and without Qlauber ex-
change can both be considered as in excellent
agreement with the value of 1.20 ma', estimated
from data of Teubner et al. , ' ' in view of the
great uncertainty of the latter (+50%).

IV. CONCLUSION

A few conclusions can be drawn from our work
presented here. First, the success of our Qlauber
method seems to indicate reasonably clearly that
the failure of the conventional-Qlauber amplitude
in representing atomic scatterings at intermediate
energies arises mainly from the inadequacy of its

second-order eikonal term. This term has been
so drastically modified by approximations con-
sidered in the derivation of the Qlauber amplitude
that it can no longer represent adequately its
counterpart prior to eikonization, i.e., the second-
Born term. Thus, the rather simple but quite ef-
fective remedy as proposed by us for the Qlauber
method does seem to point to a right direction.
Second, the exchange effect represented by the
Qlauber exchange amplitude is of a considerable
magnitude at intermediate energies, especially at
the lower end of this energy range, and cannot,
thereby, be neglected in the calculation of cross
sections. At very large angles, this effect may
even overtake the contribution of the direct ampli-
tude. An accurate measurement at these very
large angles to verify this specific feature of the
differential cross sections would be very much
desirable. Finally, the success of our Qlauber
model shown here may suggest the need for de-
riving a new scattering amplitude for e-atom scat-
terings at intermediate energies, in which the re-
covery of a loss due to the second-order eikonal
term can be incorporated directly during the pro-
cess of its derivation.
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