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Fine structure of Rydberg states. III. New measurements in D, I', and G states of He~
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We report further accurate measurements of fine structure in D, F, and G Rydberg states of He obtained
using a microwave-optical resonance method and electron-bombardment excitation. Single-quantum electric-
dipole transitions 10'D,-10"F„11'D&-11 "F&, 12'D~-12 "FJ, and 6 'F,-6 'G4 and two-quantum transitions 7'D, -

7 "64, 9'D2-9 "64, 10'D)-10"GJ, and 16'P-16 "F3 were observed. Both electrostatic and relativistic fine-
structure intervals were determined with uncertainties less than 1 MHz and are compared with theoretical
results. The data constitute the first measurements of G-state fine structure in helium. Series formulas
incorporating all our measurements are given for serveral resonance series, and we show that the entire series
n 'F3-n '64 can be predicted to within 7S-ppm.

I. INTRODUCTION

Our measurements of electrostatic and rela-
tivistic fine structure (fs) in highly excited (Ryd-
berg) states of He have been described in several
publications. ' 6 The two recent detailed reports,
Ref. 5 (referred to hereafter as I) and Ref. 6 (EI),
have discussed the microwave-optical method' '
and apparatus used and have given results for D-
I' transitions in principal quantum numbers n = 6-9
and I'-D transitions in n = 16-18. This paper re-
ports further measurements using an improved ap-
paratus and both one- and two-quantum rf transi-
tions as follows: D-I transitions in n =10-12; an
E-G transition in n =6; D-C transitions in n =7,
9, and 10; and 'I'-I" transitions in n =16. The
16'P,-16 D, transition, reported in II, was re-
measured as a test of the new apparatus. As be-
fore, the atoms mere excited by electron bombard-
ment.

Our previous work' ' and that of others' "has
stimulated theoretical calculations of helium fs
by Chang and Poe."" Recent measurements of
n 'D-rg'D intervals using anticrossing methods
have been made for n=3-8 by Miller et al."and
by Derouard eI, al. and for n = 8-20 by Beyer and
Kollath, "who have also measured electrostatic
fs intervals between n "D and 6, H, I, and E
states (I.=4-7)." The microwave-optical mea-
surements have the smallest experimental uncer-
tainties (less than 1 MHz); the anticrossing meth-
ods allow the measurement of some different but
related quantities in both lower and higher n val-
ues.

A flurry of interest" in highly excited atomic
states has resulted in several reports of Hydberg-
state fs measurements in alkalis using laser ex-

citation. ' ' Gallagher et al. ' obtained rf reso-
nances by this method, and their measurements
cover sodium d, f, g, and h states for n =11-17.
Other workers have achieved excitation of higher
n, states, to at least n = 85,' and higher angular
momentum, to at least E =15."

In Sec. II, we outline the theory of the micro-
wave-optical method for two-quantum rf transi-
tions. The apparatus modifications are described
in Sec. III. Results for single-quantum and two-
quantum transitions are given in Secs. IV and V,
respectively. Section VI includes discussion of
series formulas for modeling Rydberg-state fs
and comparisons of electrostatic and relativistic
fs results with theory.

II. MICROWAVE OPTICAL METHOD USING

TWO-QUANTUM TRANSITIONS

A microwave-optical method for observing res-
onances in short-lived excited states of atoms was
described in detail by Lamb and Sanders' and by
Wilcox and Lamb. ' The Lamb-Sanders treat-
ment, reviewed in I, concerned systems in which
only two excited levels participate in the reso-
nance, whereas the Wilcox-Lamb theory encom-
passes many levels. Both use density matrix
methods to show that rate equations can be written
for the excited state populations under the usual
experimental conditions.

The two-quantum resonances observed in our
experiments satisfied the condition 5+, + S~,
=E, -E~, where E, -E~ is the energy difference
between upper and lower states, and ~, and ~,
are the (possibly identical) angular frequencies
of the perturbations. The oscillating perturba-
tions were not resonant with single-quantum tran-
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sitions from a or b to any other atomic states.
Under these conditions, the many-level problem
can be reduced to an effective two-level problem
by using time-dependent perturbation theory, ap-
plying the rotating-wave approximation, and using
the fact that all intermediate states in the transi-
tion are far from resonance. In the case of a
single perturbation at frequency +, the effective
matrix element that couples states a and b is

1 1
eff 2 g an nb ~ (E E )/@.

Here we have assumed that intermediate states n
lie between a and b in energy, and only the domi-
nant terms have been retained. The perturbation
is assumed to be an oscillating electric field
E,cosset, and V;J=(i~eE, 'r/K~j) is its matrix ele-
ment between states i and j. The effective per-
turbation can be substituted into Eg. (3) of I to
find the resonance lineshape. A new feature re-
vealed by the perturbation-theory method is the
rf Stark shift, a displacement of the apparent res-
onance center that is linear in the rf power of
each oscillator. As in the exact two-level case,
the resonances have Lorentzian form, exhibit
saturation and power broadening, and have an ir-
reducible width 4&@=y, +y, (FWHM), where y.
and y~ are the radiative decay rates of a and b.

The theory of multiple-quantum resonances has
been worked out in considerable detail by a num-
ber of authors, whose works should be consulted
for further detaj. ls. ~3

thus limiting the signal size. The fixed short at
the end of the waveguide caused a standing-wave
pattern whose nodal positions relative to the vol-
ume of excited atoms depended on frequency. In
fact, at certain frequencies a node might be ex-
actly coincident with the interaction region. For
these reasons, we replaced the X-band module
with a type not previously used in these experi-
ments, which was intended as a prototype upon
which further improvements could be based.

The new module is illustrated in Fig. 1. An un-
focused electron beam is extracted from a Philips
type-A. dispenser cathode" through an accelerating
grid Gl of woven tungsten mesh. The cathode K
stands at a negative potential with respect to
ground; this potential thus determines the kinetic
energy of the electron bombardment. G1 and all
other electrodes in the module are at ground po-
tential. A second such grid G2 prevents the small
fields that penetrate G1 from reaching the inter-
action region. The interaction region is sur-
rounded by an array of eighteen 0.25-mm-diam tung-
sten wires stretched parallel to the electron beam
between the peripheries of two woven-mesh grids
B1 and B2 that form the ends of a cylindrical en-
closure (the cage). Electrons that pass through
the cage are collected by a flat plate collector C.
A dc current as great as 30 A can be passed

III. APPARATUS

A. Interaction region

In the course of the work described in II, we
noted distortion and line shifts due to electro-
static charging in the interior of the X-band
(8.0-12.4 GHz) waveguide section (the module)
where the excited atoms were produced and
studied. Such effects had been unimportant until
that time because the contamination of the module
was a gradual process (resulting probably from
pump oil migrating backward through the turbo-
molecular pump and the use of helium gas of in-
ferior purity) and because no such serious de-
mands had been made on the module as were made
in the study of n =16, 1V, and 18 states. TheX-
band waveguide module described in I and II could
not be baked and presented for potential contami-
nation large surface areas that were exposed to
the electron beam used for excitation of the Ryd-
berg states and which lay near to the excited atoms
themselves. Furthermore, light was collected
only from small holes in the side of the waveguide,

FlG. l. Exploded view of the resonance module: (1)
heater; (2) Philips cathode; (3) accelerating grid Gl;
(4) grid G2; (5) grid 81; (6) the "cage," consisting of
wires joining the perimeters of grids Bl and B2; (7)
grid B2; (8) collector C; (9) and (10) X-band waveguide
horns. The grid supports are nonmagnetic stainless-
steel plates, 2.54 cm square. The cage is 2.54 cm long
by 1.6 cm diameter.
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through the longitudinal wires of the cage from
the electrodes that support B1 and B2, heating
the tungsten wires to bright red heat (1300K).

The electron-beam current is regulated by a
feedback circuit that adjusts the cathode tempera-
ture to stabilize the current that reaches the col-
lector and the electrodes of the cage. Beam cur-
rents 30-1000 p, A were used in the measurements
reported below.

Fluorescence of excited atoms is collected and
focused by an ellipsoidal light pipe whose foci are
positioned at the center of the interaction region
and at the entrance slit of a 4-m monochromator,
as described in I. The geometrical transparency
of the cylindrical cage is probably much greater
than that of the X-band module formerly used.

Microwave radiation is incident from two X-band
10-dB rectangular waveguide horns situated di-
rectly adjacent to and on opposite sides of the
cage, with the E-field polarization perpendicular
to the wires of the cage. This direction of polari-
zation minimizes the perturbing effect of the
wires on the microwave transmission through the
cage. Aside from the small microwave reflections
set up by the wires of the cage, no standing-wave
pattern should result in the interaction region
since the rf energy incident from one horn is col-
lected by the other horn and dissipated in a
matched load elsewhere. The two horns also pro-
vide a convenient method for exposing the excited
atoms to rf power from two separate oscillators,
provided that the frequencies are above 6.6 GHz,
the cut-off frequency of X-band waveguide.

The interaction region lies in the near field of
each horn and is surrounded by an enclosure (the
cage) whose reflective properties are very com-
plex. We found that 50/o of the power incident on
the cage from one horn at 10 GHz was received in
the other horn, and only 1/o was reflected back
into the sending horn. Aside from this, no attempt
was made to calibrate the rf electric field at the
interaction region in terms of the power incident in
the waveguides at various frequencies. Except for
the unlikely possibility that the cage could form a
high-Q resonator, it should be reasonably broad-
band and free of standing waves. The lack of rf
calibration prevents accurate estimation of the rf-
power requirements or the rf Stark shifts from
first principles in terms of atomic matrix ele-
ments. In the case of a two-quantum D-G transi-
tion using a single oscillator, the optimum per-
turbation' is obtained when the incident plane-
wave rf power per unit area is approximately

(2)

where o'. is the fine-structure constant and ao is
the Bohr radius. In (2) it is assumed that n» l,
and a hydrogenic approximation is used. In the
case of the 9'D-9G transitions (Sec. VA) the opti-
mum power density is on the order of 2 && 10 ~ Wi
cm'. If the rf power transmitted in the waveguide
is considered to be spread uniformly into a TEM
plane wave over the area of the open end of the
horn, the optimum power density corresponds to
approximately 2.4 mW in the waveguide. The
power actually used was an order of magnitude
greater than this, but the estimate is still reason-
able in view of the losses between the power-mea-
suring device and the module, the neglect of the
effects of the wire cage, the neglect of singlet-
triplet mixing in the G states, and the fact that
resonances were measured at higher than optimum
power, in order to improve the signal-to-noise
ratios.

The cage was baked at red heat periodically dur-
ing the experiments. We found some residual ef-
fects of charging in the module, e.g. small center
shifts of the most sensitive resonances that were
approximately proportional to the square of the
bombarding voltage. The most likely origin of
this effect is the grids B1 and B2 or their support-
ing electrodes, which are bombarded by the uncol-
limated electron beam during operation and which
do not reach the red heat of the rest of the cage
during bakeout. Insulating patches on the stain-
less-steel surfaces of the supporting electrodes
that result from contamination or metallurgical
effects would charge to the cathode potential, and
the resulting electric fields would penetrate into
the interaction region. The efficiency for light
collection is improved by a factor five as shown
by comparing the present n =12 measurements
with v=7 in I.

B. Microwave system and pressure measurement

In the single-oscillator measurements, rf power
was fed into one X-band horn, and the other horn
was terminated in a matched load. The X-band
source used throughout the work was a Hewlett-
Packard H01-694A sweep oscillator driving an
Alfred 528A TWT amplifier, The sweeper was
phase-locked to a Fluke 6160A frequency synthe-
sizer for all but the 7'D-7G measurements. Dur-'

ing the latter, the sweeper was phase locked to a
Micro-Now 101C freoiuency-multiplier chain (450
MHz output) based on a. 5 MHz crystal. In addition,
an OKI 24V11 600-mW klystron provided the sec-
ond microwave frequency at 26 6Hz and was phase
locked to the synthesizer, as described in I. The
X-band rf power was chopped and leveled by a
Hewlett-Packard 8734B PIN modulator as in II.
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In the V 'D-VG measurements, only the X-band
power was chopped, the 26-GHz rf power being
left continuously on and the level adjusted manually
as necessary. For the 16'I'-16'D measurements
reported in Sec. IVA the microwave system was
identical to that described in II. rf power from
the X-band and 26-GHz sources was measured with
directional couplers and Hewlett-Packard X486A
and K486A thermistor mounts and 4318 power
meters.

The helium pressure necessary to see a signal
was provided by admitting ultrapure helium gas
through a leak valve into the kinetic vacuum sys-
tem, whose base pressure was 2 && 10 ' Torr. The
helium pressure was monitored using the ion
gauge during the measurements, but the gauge was
calibrated for helium in situ using a CGS 1014A
capacitance manometer. All helium pressures
reported are absolute pressures, obtained by ap-
plying the calibration factor to the recorded ion-
gauge readings.

The apparatus was otherwise as described in I
as regards light collection, lock-in detection, sig-
nal averaging, etc.

lV. RESULTS: SINGLE-QUANTUM RESONANCES

A. 16 'P, -16 'D~ resonance

As a comparison of the new and old experimental
modules, we remeasured the 16'P,-16'D, res-
onance reported in II many times under a wide
variety of experimental conditions. Whereas in the
earlier work the resonance linewidths could not be
reduced much below 6 MHz owing to Stark shifts
in the interaction region, the FWHM in the new
measurements was as low as 1.5 MHz; typical val-
ues ranged from 2.0 to 2.5 MHz. We take this to
indicate that stray electric fields have been re-
duced by at least one-half. An average of 34
separate line-center determinations is given in
Table I with an uncertainty equal to the standard
deviation (SD) about the mean. The new value
lies 0.5 MHz higher than that quoted in II, and the
one-SD error bars of the new and old measure-
ments meet without overlapping. This suggests
that the -1.34 MHz Stark correction applied to the
n =16 measurement in II was an overestimate, per-
haps by a factor 2, although the new and old mea-
surements are consistent.

TABLE I. Resonance frequencies of single-quantum resonances in 4He.

Transition

10 'D&-10 'E,

10 ~Dg-10 3E3

u'g-u'z,

11 Q-11 Es

12 D(-12 Fg
123'-12 3E3

12 3+-12~E4

123D,-123+,
12'D,-12 ~Z,

6~+;— 6'
xe'J,-i.e'D,

Frequency (MHz) '

10 918.825 + 0.026

10 866.448 + 0.026

8215.072 + 0.082

8175.526 + 0.108

9173.58 + 0.18
9179.76 +0.56
9185.83 + 0.21
9193.72 + 0.40
9209.93 +0.34
8854.06 +0.27

22 808.0 + 0.2

Other results (MHz) "

10 743' (T)
0 916 5+1 0 d (F)

10918.6+0.6' (E)
10 692 (T)
10865.2+1.0d (E)
10866.1+0.5' (E)

8081 (T)
8213 0+1 Od (F)
8215.0+0.6' (E)
8043' (T)
8173.5+ 1.0 (E)
8175.3~0.5' (E)
9052.45' (T)
9058.15 (T)
9064.58 ' (T)
9073.02 ' (T)
9087.83 ' (T)

10 200 ' (E)
22 807.5+ 0.3 g (E)

Present work. Uncertainties are one standard deviation.
E, experimental; T, theoretical.
Chang and Poe, Refs. 13 and 14.

dWing, Lea, and Lamb, Ref. 4.
Prediction from fitting formula coefficients, MacAdam and Wing, Ref. 6.
Optical data, Ref. 38.

&MacAdam and Wing, Ref. 6.
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B. n =10 and 11 'D-F resonances

Although the 10'D,-10"E,and 11'D,-11' 'E,
resonances had been measured and reported yre-
viously by Wing, Lea, and Lamb, ~ the uncertain-
ties (1.0 MHz) were larger than those routinely ob-
tained in measurements' at n = 6, V, and 8.
Moreover, the n =10 and 11 measurements ap-
peared to lie systematically lower than expected
on the basis of the n =6-8 values, as illustrated
in Figs. 2 and 3 of II. Therefore„we felt it desir-
able to improve the n= 10 and 11 measurements
with the newly modified apparatus.

The results are listed in Tables I and II. The
new n =10 and 11 resonance centers lie 1—2 MHz
higher than those reported by Wing, Lea, and
Lamb, 4 which suggests that the earlier measure-
ments were affected by Stark shifts caused by
space charge or wall charging. The discrepancies
of the earlier measurements amount to one-third
or less of the FWHM in Ref. 4.

C. 12 3D-12F resonances

The 12'D-12F resonance frequencies fell con-
veniently in the range of the X-band oscillator and
offered an opportunity to resolve completely the
fs of another 'D and F state, the case n=V having
already been reported in I. Our previous experi-
ence with such resonances (n =7 in I and n = 9 in II)
was borne out in that the 12 'D-12E resonances
were quite weak in comparison with the n 'D-nE
resonances in nearby n's. Resonances that corre-
spond to all eight allowed transitions between the
12 'D and 12E fs levels were located. But owing
to poor signal-to-noise ratios under even the opti-
mum experimental conditions, the resonances

originating from the closely spaced 12'D, and
12 'D, levels could not be resolved from one
another. The heights of the resonances connecting
12 'D, to a 12F level (J =2 or 2) were several
times larger than those of the corresponding reso-
nances that connect 12'D„a pattern seen previ-
ously in I and II. The 12'D, -12'D, splitting, based
on a 1jn' scaling of the n = 7 result, ' is 1.40 +0.040
MHz, while the linewidths observed in the 12'D-
12E series ranged from 1.5 to 4 MHz. Consequent-
ly, in fitting the 12'D, ,-12'F„12'D»-12'F» and
12 DQ 3- 12 'F, resonance pairs, only one Lorent-
zian function was used and the resglt was attribu-
ted to the 12'D, level. In order to obtain the 12'D
fs values shown in Fig. 3, the 12'D, -12'D, splitting
scaled from n =V was assumed. The mean reso-
nance frequencies for the 12 'D-12E series are
given in Table I. Derived fs intervals and com-
parisons with theoretical values are given in Table
D. The complete fs scheme for the 12D and 12E
states is shown in Fig. 2.

All quantitative measurements in the 12 3D-12E
series were obtained at helium pressures low
enough that the resonance polarity implied greater
population in the 12 'D than in the 12F levels. We
did verify, however, that the polarity reversal
noted" for the V'D-VF and 9 D-9F resonances
at higher pressures takes place in n =12 also.

D. 6F-6G resonances

The electric-dipole selection rules, together
with the strong singlet-triplet mixing in helium
states having L ~ 2 (F, 6, etc.),""allow a total
of eleven transitions between the four fs levels of
the 6F state and the four fs levels of the 60 state,
lying in the vicinity of 8.8 GHz. To detect the

TABLE II, Fine-structure intervals derived from measurements in Table I.

Interval

10 'E,-10'E,

12'D,-12'D,
12 3E3-123%4

12 ~3-12 +g
12 F3-12 F3

Frequency (MHz) ~

52.38+ 0.04

39.55 + 0.03

20.14+ 0.44
4.68+ 0.60

13.97+ 0.69
30.17+ 0.65

Other results (MHz) "

50.78 ' (T)
51 3 +14d (E)
52.40 + 0.13 (E)
38.34 (T)
39.5 +1.4 d (E)
39.70+ 0.13 ' (E)
20.57 (T)
5.30 (T)

14.87 (T)
29.68 (T)

Present work. Uncertainties are one standard deviation.
"T, theoretical; E, experimental.
~ Chang and Poe, Ref. 13.
d Wing, Lea, and Lamb, Ref. 4.

Prediction from fitting-formula coefficients, MacAdam and Wing, Ref. 6.
Chang and Poe, Ref. 14.
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12 F~
— 50.17(65) V. RESULTS: TWO-QUANTUM RESONANCES

A. n = 7,9 'D-G resonances
12 F~

12 F~

15.97(69)

4.67(60)

12 D~

1.16 (56)

12 DI

12 0~
12 D~

FIG. 2. Fine structure of 4He 12D and 12E states
{MHz). The numbers in square brackets are intervals
not directly measured but deduced by scaling laws from
our measurements in other n's. Results of the present
work are shown with one-standard-deviation uncertainty
in the last digit.

resonances it is necessary either to observe the
ir fluorescence of the 6E or 6G states directly or,
as we chose, to use a cascade such as 6E-5'D
-2'P that retains selectivity between the 6E and
6G states while providing a shorter (visible) fluo-
rescence wavelength. We therefore searched for
and found one of the eleven resonances by monitor-
ing the intensity of 5'D-2 'P fluorescence at 4388
A. Based on a scaling of the n = 7, 9, and 10 D-G
results discussed in Sec. V, it became perfectly
clear that the n=6 resonance seen was O'E3 6 G4,
others of the eleven lying at least 30 MHz above
or below the observed resonance frequency. The
resonance was very weak, as might be expected
from the low efficiency of the cascade process
used for detection and the small cross sections
for electron-bombardment excitation. The polarity
of the resonance indicated greater population in
the 6 'E, than in the 6'G, level at approximately
2 && 10 ' Torr. Higher pressure rendered the reso-
nance unobservable, perhaps by a collision-induced
equilibration of the 6E and 6G populations"; the
signal also became unobservably small at lower
pressures. None of the other ten allowed 6E-6G
resonances could be located. The line center and
uncertainty of the 6'E, -6'G4 resonance are given
in Table I. The linewidth was 4.5 MHz at an inci-
dent power 20 p, W.

A rough measurement of a 7'D-7G resonance
was reported by Wing, Lea, and Lamb. 4 They
saw the resonance by a second-order process in
which electric fields generated by thermal motion
of the atoms through a magnetic field of a few
hundred gauss mixed the states of adjacent L val-
ues. In the zero magnetic field of the present ex-
periments D-G transitions could be excited only
by the two-quantum process whose theory is out-
lined in Sec.II. The frequency range thus indicated
was scanned with the OIG 24V11 klystron at 26
GHz and the X-band sweep oscillator. Fluores-
cence from the 7'D state at 4009 A was monitored.
The two resonances expected, 7'D, -7'G4 and
7 'D, 7'G„w-ere easily located (signal-to-noise
ratios 10 to 100) although they lay above the pre-
vious measurement and somewhat outside the re-
ported error bar. The resonances were studied at
various levels of saturation with 100—450 mW at
26 GHz and 3-90 mW at 11 GHz. The linewidths
ranged from 2 to 4 MHz and the resonances dis-
played linear rf Stark shifts. The Stark-shift co-
efficients in terms of forward power in the wave-
guide were -4.0+0.6 and + 3.4 + 0.2 MHz/W for
the 11 and 26 GHz perturbations, respectively.
The line centers obtained after extrapolation to
zero rf power are listed in Table III. The 7'G4-
7'G4 interval in Table IV is obtained by subtrac-
tion of the two 7'D-7G resonance frequencies
with their SD's combined in quadrature.

Using a single oscillator at 8.8 GHz, we easily
located the two-quantum resonances 9 'D, -9 'G4 and
9'D, -9'G, at frequencies near the values predicted
by a 1/n' scaling of the n = 7 results. The fluores-
cence of the 9 D state was monitored at 3872 A.
A tracing of the two resonances obtained using a
chart recorder is shown in Fig. 3. The rf power
was varied from 5 to 60 mW, and the line centers
shifted accordingly with a slope 30.8 +0.7 MHz/W.
The extrapolated resonance centers are listed in
Table III. The O'G, -9'G, interval listed in Table
IV was obtained by subtraction of the zero-power
9 'D-9G resonance frequencies.

B. 10 3D-10G resonances

Only two transitions in n'D-nG are allowed by
the electric-dipole selection rules for each n; one
of these, n'D, -n'G„ is further allowed only by
virtue of the strong singlet-triplet mixing in heli-
um G states having J =I . Therefore, neither the
n = 7 nor n = 9 measurements just described would
allow the complete determination of fs in an nG
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TABLE III. Resonance frequencies of two-quantum resonances in 4He. Measured line
centers have been extrapolated to zero rf power.

Transition

7'D,-7~4
7 'D,-V'G,
9 D2-9 G4

9 ~D2-9 3G4

1O'D,-1O'G,
10 D2-10 G4

10 Q-103G4
10 3Q-10 3Gq

10 3D2-10 ~G3

103+-10 G4

10~+-10 G~

Frequency (MHz) '

37 261.012 + 0,033
37 184.724+ 0.047
17 697.065+ 0.041
17 661.096 + 0,022
17 798.57 + 0.29
17814.30 +0.43
17 816.58 +0.67
17826.97 + 0.11
17833.89 + 0.31
17840.15 + 0.25
17842,42 + 0.27

Other results (MHz)

37 090+ 70 ' (E)
37 090+ 70 ' (E)

' Present work. Uncertainties are one standard deviation."E, experimental.
Wing and Lamb, Ref. 3. The 7&-VG interval reported is taken to be the interval between

the 7 '3E3 mean and the 7 '3G4 mean.

state. There have been no previous measurements
of G-state fs. However, measurements of n'D and
nF fs" have indicated that the Breit-Bethe theory'
of relativistic fs can provide a useful first approx-
imation, a fact that aided us in the identification
of the 10'D-10G resonances.

Seven of the eight allowed 10'D-10G two-quan-
tum resonances near 17.8 GHz were found; 10'D,-
10 G, was obscured by noise. A single oscillator
at 8.9 6Hz was used, and the fluorescence of the
10'D state was monitored at 3554 A. The reso-
nances, like the previous n'D resonances mea-
sured, mere weak. Homever, all fs splittings
in the 10 'D and 10G states mere determined,
including the small 10 'D, -10 'D, interval. The

rf power was varied from 6.5 to 25 m%; the
linewidths ranged from 1.5 to 4.5 MHz. The sig-
nal-to-noise ratios varied from 5 to 15.

The results after extrapolation to zero rf power
are listed in Table III. The fs intervals are listed
in Table IV and illustrated in Fig. 4.

C. 16 'P-16F resonances

The two-quantum resonances 16'P,-16'F, and
16'P,-16'F~ were sought and found by use of a
single oscillator at 10.0 GHz. The data were of
poor quality, probably because of the severe dc
Stark shifts experienced by the 16E states. [An
unobservable hypothetical 10-kHz Stark shift in

TABLE IV. Fine-structure intervals derived from two-quantum resonances, Table III.

Interval

9 "G4-9364

10 Q-10 D2

10 D3-10 Dg

10 64-10 3G5

10 Gg-103+
10 G4-10364

16 E3-163%3

Frequency (MHz) '

76.29+ 0.06

35.97+ 0.05

2.28 + 0.30
37.59+ 0.52
10.39*0.68
19.58 + 0.53
25.84 + 0.51

12,4 + 0.6

Other results (MHz) "

76.21 ' (T)
76.19 d (T)
35.86' (T)
35 85 (T)
1.94 ' (T)

37.50 ' (T)
10.38 ' (T)
19.82 (T)
26.14 ' (T)
26.31 d (T)
13.19+0.0V ' (E)

Present work. Uncertainties are one standard deviation.
"E, experimental; T, theoretical.
c Breit-Bethe theory outlined in MacAdam and Wing, Ref. 5.

Chang and Poe, Ref. 13.
Chang and Poe, Ref. 14.
Prediction from fitting-formula coefficients, MacAdam and Wing, Ref. 6,
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FIG. 3. Chart recorder trace of the 9 ~D2-9 ~'364

resonances. The resonances are power-broadened by
a factor 2 to 3 for purposes of display. Sweep rate 0.4
MHz/sec, lock-in time constant 2 sec.

FIG. 4. Fine structure of 4He 10D and 106 states
(MHz). Notation as in Fig. 4.

the 10E state at 40 eV bombarding energy would
scale by n' and the square of bombarding voltage
(either from wall charging or from space charge)
so as to be greater than 1 MHz in n = 16 at &0 eV.]
The 16'F,-16'F, interval was obtained by subtract-
ing the 16'P,-16'E, and 16'P,-16'E, resonance
frequencies measured under identical experimental
conditions; three such determinations showed a
scatter of 1 MHz. Although the resonance fre-
quencies themselves are not of useful accuracy,
and are not included in Table III, the weighted
average of the three determinations of the 16'F,—
16 E, interval is listed in Table IV.

VI. DISCUSSION

A. Series formulas

In I and II we listed coefficients A. , B, and C for
fitting formulas

v„=A/n'+B/n'+ c/n'

that represented best fits to the available data for
resonances of given types, e.g. , n'D, -n'E, . The
new measurements reported in this paper allow
the published coefficients to be revised and coeffi-
cients to be given for new resonance series.

The new n =10 and n =11 measurements result
in fits of n'D, -n'E, and n'D, -n'E, series whose

' )'s are reduced from approximately 1 MHz to

0.1 MHz. With the new results, n =12 can be added
to the data set for the n'E, -n'F, series, and the
improved n =10 and 11 members can be substituted
for the earlier data. The new parameters for
these series are given in Table V.

Two series n 'D, -n "F,can be constructed from
then = 7 and 9 results reported in I and II, respec-
tively, and n = 12 reported in this paper. The re-
sults are listed in Table V.

A series formula for n'E, -n'G4 intervals can be
constructed from the new n = 6, 7, 9, and 10 data.
The 7'D, -7'E, result of Wing and Lamb' is sub-
tracted from the V'D, -V'G, result listed in Table
QI, which yields the 7'E,-V'G4 interval. The pre-
dictions of the fitting formulas (Table V) are used to
convert the present n = 9 and 10 results (Table III)
to the corresponding n 'E, -n 'G, intervals; and the
n =6 member of the series is included, as mea-
sured directly (Table I). The resulting coefficients
are listed in Table V. Related series n'E, -n'G4
and n 'G4-n 'G4 are constructed from n = 7, 9, and
10 data in the same way.

In II we showed how the variance-covariance ma-
trix'4 that resulted from the least-squares fit of
each resonance series could be used to estimate
the uncertainties of predictions for series mem-
bers not measured. Figure 5 shows such results
in the form of prediction-error bands for the
n 'E, -n 'G4 series. The error bands demonstrate
that, on the basis of the present four measure-
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TABLE V. Constants for the fitting formula Eq. (3).

Trans ition Data used ' A. (GHz) B (GHz) C (GHz)

n D2-n E,
n D2 n E33

n E3-n E3I 3

n ~E3-n G4

n E3-n G4
3 3

n G4-n 3G4

n D2-n E33

n D2nE33 3

n=6 —8, 10, 11
n= 6-8, 10,11
n= 6—12, 16
n=6, 7, 9, 10
n=7, 9, 10
n=7, 9, 10
n=7, 9, 12
n=7, 9, 12

11009.108
10 954,118

54.691
2076.166
2106.511

22.198
16 123.036
16071.171

—9015.723
—8727.208
—256.020

—5867.497
-6364.955

527.217
—29 875.639
-29 975.049

—1447.345
—4010.181

1773.637
—909.489
8 182.989

—16303.314
—16 746.978

—7996.311

' Data taken from I, II, and the present work.

ments, the entire series can be predicted reliably
within about 75 ppm.

B. Electrostatic and relativistic fine structure

The most accurate calculations of electrostatic
fs in helium Rydberg states are those of Chang and
Poe.'"" Recently, they published their results
for D- and E-state fs, in the form of coefficients
for series formulas that have the form of Eg.
(3)." By comparing the corresponding coefficients
that describe the experimental and theoretical re-
sults, we can attribute the discrepancies to parti-
cular powers of n. In the n'D, -n'E, series, the
theoretical values of coefficients A and B in Eq.
(3) are too small by 1.70% and 14.7% respectively.
The theoretical value of coefficient C is 20 times
the experimental value in Table V but represents
only a small part of the total discrepancy between
theory and experiment, because of the high expo-
nent of n in the third term of Eq. (3). A, &, and C
ca,lculated by Chang and Poe for the n 'D, -n 'E3
series differ from the experimental values by
-1.34%, -3.13/o, and + 85% respectively.

Deutsch35 has recently used a polarization theory
to calculate the nonrelativistic (i.e., spin-inde-
pendent) displacements of (Isnl)nl. levels in helium
from the Bohr levels for l ~ 2 and 3—n —9. For
comparison of his nE-nG intervals with experi-
ment, we must calculate the averages of E- and
G-state fs patterns, using the level degeneracies
as weighting factors. The results, shown in Table
VI, demonstrate that the polarization-theory re-
sults are in moderately good agreement with ex-
periment but, like the calculated values of Chang
and Poe, are systematically too small. Deutsch's
results scale exactly as A/n'+B/n', thus allowing
a direct comparison of coefficients A and B be-
tween theory and experiment. " The polarization-
theory values of A and 8 are smaller than the ex-
perimental values implied by the data in Table VI
by 5.7%%uo and 25%, respectively.

The Breit-Bethe theory" of helium relativistic

+ 100—

+ 75
HELIUM n'F& - n'G~ SERIES

( &s Si7) MODEL

—+ IOO

—+75

+50— —+50

PREDICTION
ERROR
(PPM)

+ 25—

0

—+25

I l I I I I I I 0I I ~ I I I

25 6 7
j.

8 9 I

j.
CKI——25

-50— PRINCIPAL

-75 —-75

-IOO— —"IOO

FIG. 5. Error bands for predictions of n E3-n 04
intervals in 4He. The hatched lines represent the one-
standard-deviation uncertainties for predictions based
on the coefficients in Table V, using the (3, 5, 7) Inodel,
i.e, Eq- (3). The data points represent the discrepan-
cies between our measurements and the predicted fre-
quencies.

fs was described in I. It was shown there that,
although not of high accuracy for low /, the theory
provides a useful starting point that agrees mod-
erately well with experiment. Recently, Derouard
et al."have measured the off-diagonal matrix
element of the spin-orbit interaction (see I, Table
I) connecting n'D and n 'D states (n =3-8) and
ha.ve shown that the Breit-Bethe values are cor-
rect within the experimental uncertainty (about
8%). In I, we showed that the Breit-Bethe fs pre-
dictions in the 7 'D term were approximately correct
regarding the balance between spin-orbit and spin-
spin contributions but that the over-all scale of the
fs was about 5% too large. In the 7I" state, the
predictions were 19% too large. The n 'D, -n 'D,
and n 'E, -n 'E, intervals depend in a major way on
exchange integrals and therefore could not be cal-
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TABLE VI. Comparison of measured nF-nG intervals with polarization-theory results.
The experimental nF-nG intervals are obtained by combining transition frequencies mea-
sured in the present work with our previous results, Refs. 5 and 6. Where nF or nG fs
was not measured directly, the fs averages are based on 1/n3 scaling from measured fs.

Experimental (MHz) Theory (MHz) Theory/Exp t.

6+av -6Gav
7+av-7 Gav

9Eav -9G,v
10Eav -10G»

8831.7+ 0.3
5686.5+ 0.2
2741.1+0.3
2013.6+ 0.6

8450
5430
2610
1920

0.957
0.955
0.952
0.954

' The experimental values include corrections that compensate for direct and exchange
Coulomb interactions, estimated from Ref. 13, and the (hydrogenic) relativistic variation
of mass with velocity (Ref. 37}. The corrected intervals should then be directly comparable
with polarization theory.

Deutsch, Ref. 35.

culated from the Breit-Bethe theory alone.
Because the nonrelativistic singlet-triplet G

difference (exchange-like contributions only) is
negligible, owing to the non-overlap of ng and 1s
orbitals, "our 10G data offer a new opportunity
for comparison of the Breit-Bethe theory with ex-
periment, encompassing both 10'G and 10'G
terms. We find that the Breit-Bethe predictions
in the 10G state are correct within the experimen-
tal uncertainty. Excellent agreement of the sing-
let-triplet intervals is also obtained in 7G and 9G
between the experimental results and both the
Breit-Bethe theory and the calculations of Chang

and Poe.' The experimental and theoretical re-
sults are compared in Table IV.

From the series-formula coefficients in Chang
and Poe's recent D and I'" state fs calculations, "
we have calculated the 10 'D, 12 'D, and 12 'E fs
intervals for comparison with experiment in
Tables II and IV.
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