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Photoionization of positive ions: Outer p subshells of the noble-gas isoelectronic sequence*
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Calculations have been performed for the photoionization of the Ne 2p, Ar 3p, Kr 4p, and Xe Sp
isoelectronic sequences using both multiconfiguration Hartree-Fock and Hartree-Slater wave functions. The

results show that away from the vicinity of a Cooper minimum, which moves rapidly into the discrete in

going along an isoelectronic sequence, agreement between the two calculations is quite good. Thus we

conclude that for highly stripped ions, the Hartree-Slater results are an excellent approximation to the

multiconfiguration Hartree-Fock photoionization cross sections.

I. INTRODUCTION

Photoionization cross sections for positive atom-
ic ions are of interest in solar, stellar, and at-
mospheric physics, as well as in laboratory fusion
studies. For the neutral atoms, systematic fea-
tures of photoionization cross sections throughout
the periodic system are fairly well-known through
the interplay of theory and experiment. ' For
positive ions relatively few photoionization calcu-
lations have been performed. ' ' In addition, al-
though several experiments are in progress, no
results have yet been reported on photoionization
of multicharged positive atomic ions.

It is thus useful to produce theoretical estimates
of the cross sections. In particular, it is highly
desirable to have some a Prio~i guide to the ac-
curacy of the theoretical results. In this paper we
attempt to do just that for the isoelectronic se-
quences of the outer nP subshells of the noble gas-
es Ne, Ar, Kr, and Xe. The noble gases were
selected because the neutrals have been studied
extensively, ' "'both experimentally and theoreti-
cally. In these studies it was found that indepen-
dent particle calculations give good qualitative
agreement"" with experiment for the outer np
states but, except for neon, quantitative agree-
ment is found only for more sophisticated calcula-
tions. These latter calculations (discussed in the
preceding paper by Swanson and Armstrong, "here-
after referred to as SA) show that of critical im-
portance for quantitative accuracy is the initial
s.ate configuration mixing of the (P') 'S, configura-
tion with states of the type (P'd')'S, . We have thus
performed calculations including this configura-
tion mixing via a multiconfiguration Hartree-Fock
method for the first few members of each isoelec-
tronic sequence.

Furthermore, it is clear that as the nuclear

charge g is increased while the electron number
(and state) remain the same, the central potential
of the nucleus on each electron, -Ze'/r, , will in-
crease in size relative to the noncentral interelec-
tron potential, e'/r,

&
Th.erefore, in going along

an isoelectronic sequence, it is expected that a
central-field calculation will improve with increas-
ing g. Central-field calculations have, thus, also
been performed along each of the isoelectronic se-
quences to Z =90.

This paper has two major purposes. The first
is to produce accurate photoionization cross sec-
tions of ions for use in other areas. The second
is to understand and determine the regions of quan-
titative accuracy of the central-potential calcula-
tion for ionic photoionization since this model is
eminently suitable for large-scale calculations
owing to its simplicity.

Section II gives a description of the theory of
photoionization and briefly discusses the two types
of calculations performed. Section III presents
our results for the isoelectronic sequences as well
as a discussion of them. Finally, in Sec. IV, con-
clusions and a summary are given.

II. THEORY

The cross section for photoionization of an n-
electron atom or ion initially in state ii ) by un-
polarized photons is given by~

o(e) = —,'w'aa, '(e+f(~)Q i(f (T ii ) i',

where

)=1

in length formulation' and

T = Ii (e +I„)j 'Q V,
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in the velocity form. ' In Eq. (1) the final continuum
state

~f) is normalized per unit energy in rydbergs. ,
I«and e (both in rydbergs) are the ionization po-
tential and photoelectron energy &, respectively
(hv =@+I«), o. is the fine structure constant, ao
the Bohr radius, and the sums over f and m refer
to degenerate final states and magnetic substates,
respectively; the matrix elements are evaluated in
atomic units.

Two types of calculations have been performed.
The first, as described in SA, was the multicon-
figuration Hartree-Fock (MCHF) calculation which
employed an initial-state wave function of the
form

~i) =a[(nP )'S)+P d
~
(nP~)SL, (n'd')SL;'S) .

S,L

The summation gives three nonvanishing terms
and the wave function was calculated using the
MCHF program of Froese Fischer. " Here, as in
SA, other configurations were tested and found to
have a negligible effect. The final continuum state
used was a single configuration HF much the same
as used in previous continuum HF calculations. ' '
No core relaxation was included. Thus the only
difference from previous HF calculations of photo-
ionization is the addition of terms from a P'd' con-
figuration to the P' description of the outermost
subshell of the initial (ground) state of the noble
gases. As is shown in SA, however, this addition
removes most of the discrepancies between length
and velocity and between HF and experiment. ''4

The second type performed were central poten-
tial calculations. In this model, the photoioniza-
tion cross section of an electron in an nl subshell
in the dipole approximation [Eq. (1)] becomes"

For the final state the wave function of the con-
tinuum orbital was taken to be the solution to the
radial Schrodinger equation with the same central
potential as the initial state. The orbitals of the
passive electrons in the residual ion core were
taken to be unchanged by the photoionization pro-
cess, i.e., no core relaxation. The details of the
calculation and normalization of the continuum
wave function are given in Ref. 10.

III. RESULTS AND DISCUSSION

In SA it was found that the MCHF calculation
gave good agreement with experiment for the outer-
most nP subshells of the noble gases. Further,
agreement will improve as one goes to higher Z
along an isoelectronic sequence for reasons dis-
cussed above. Thus, although no experimental
data is available for the photoionization of multi-
charged positive ions, it is reasonable to assume
that the MCHF calculation provides an excellent
approximation thereto.

As shown in SA and discussed in Sec. II, the
MCHF results show good agreement between the
length and velocity formulations of the dipole ma-
trix element. Owing to this agreement, we report
only the MCHF length results. Parenthetically,
the HS calculation is a central field model and,
therefore, length and velocity must be equal as
long as theoretical energies are employed.

A. Neon 2p sequence

In Fig. 1 comparison of our MCHF (in the length
formulation) and HS photoionization cross section
results is shown for g =10, 13, and 15 for the neon
2p sequence. The comparison shows excellent

x [IR, ,(e)'+ (I +1)R„,(e)]',

with N„, the number of electrons in the subshell,
e„, (=I«) the binding energy, and the radial dipole
matrix elements

—MCHF-- HS

R«, (e) = P„,(r)rP, «, (r) dr,

where r 'P„,(r) and r ' P, „,(r) are the radial
parts of the single-particle wave functions of the
active electron in the initial (discrete) and final
(continuum) states, respectively. P„, is normal-
ized to unity and P, , y y to unit energy in Rydbergs.

Hartree-Slater (HS) central field wave functions
were used for the wave functions of the discrete
orbitals of the initial ionic states and were calcu-
lated using the program of Herman and Skillman. "

0- I I I I I I I I I I I I I I I I I

5 10 15 20
hv(Rydbergs)

F|G. 1. Photoionization cross sections for members
of the neon 2P isoelectronic sequence in MCHF and HS

approximations.
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agreement (within 10%) for all stages of ionization
including the neutral. This is because the Ne 2P
is nodeless and has no Cooper minimum"" " in
contrast to the outermost nP subshells of the high-
er noble gases. Thus the HS photoionization re-
sults should be excellent for all members of the
Ne 2P isoelectronic sequence.

Figure 2 gives our HS results over a large range
of Z. Here we see the delayed maximum, "'"
which is strongly evident in the neutral, becoming
much less pronounced in g =11, and moving en-
tirely into the discrete range for Z=12. For Z~ 12
the cross sections are monotone decreasing from
threshold. In addition, for Z~ 12 the photoioniza-
tion cross section increases monotonically with Z
for a given photon energy. In fact the series of
photoionization cross section curves for the vari-
ous values of Z are roughly parallel and the value
for each succeeding Z is increased approximately
15% over the lower Z cross section. The increase
with Z at a given hv is a consequence of the fact
that the wave functions, both discrete and con-
tinuum, become more compact as Z increases
along the isoelectronic sequence and their overlap
becomes greater. This increases the dipole ma-
trix element and, thus, the photoionization cross
section.

It is worthwhile to point out that these calcula-
tions are nonrelativistic. For very large Z, above
the rare earths, relativistic effects will be im-
portant in that binding energies and wave functions
will be significantly modified, although the dipole

10

approximation is still good. The relativistic ef-
fects probably make the wave functions even more
compact, at high Z, and, thus, are likely to in-
crease the cross sections somewhat. This applies
not only to the neon 2P sequence, but also to all
of our high Z results.

B. Argon 3p sequence

Comparison between MCHF (in the length formu-
lation) and HS photoionization results for Z =18,21,
and 23 for the argon 3P sequence is shown in Fig.
3. For neutral argon the MCHF and HS results
are qualitatively similar but quantitatively quite
different. Both show a maximum just above thresh-
old followed by a Cooper minimum, but the HS
maximum is a factor of 2 too large, and is at too
low an energy. The HS Cooper minimum is too
low in energy and does not go deep enough, com-
pared to theMCHF result which was shown in SA
to agree well with experiment. Note, however,
that at hv-7 Ry, (approximately 8 Ry above
threshold) the two results are in good agreement.
For Z =21 the Cooper minimum is in the discrete
in both calculations, but its effects are still evi-
dent. The Cooper minimum probably occur s at
lower energy and is not quite so deep (in the dis-
crete) for the HS, as compared to the MCHF cal-
culation, so that the HS result is considerably high-
er at threshold. The two results do come together
at hv -9 Ry which is only -3.5 Ry above threshold.
Thus the region of agreement of the HS and MCHF
results is seen to be moving closer toward thresh-
old with increasing g along the isoelectronic se-
quence. For Z =23, the Cooper minimum has
moved so far into the discrete range that its effect

100
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FIG. 2. Photoionization cross sections for the neon
2p isoelectronic sequence. Note broken scale in the
lower curve.
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FIG. 3. Photoionization cross sections for members
of the argon 3p isoelectronic sequence in MCHF and HS
approximations „
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FIG. 5. Photoionization cross sections for members of
the krypton 4p isoelectronic sequence in MCHF and HS
approximations.
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FIG. 4. Photoionization cross sections for the argon
Bp isoelectronic sequence. Note broken scale in the
lower curve.

on the photoionization is minimal and good agree-
ment is seen even at threshold.

In Fig. 4, our results are for a broad range of S.
For Z =18 to 23 the photoionization cross sections
shown are from the MCHF calculation, while the
higher Z results, where MCHF and HS agree well,
are from the HS calculation. Here it is seen that
the Cooper minimum remains at almost a constant
photon energy along the isoelectronic sequence;
actually it moves out very slightly with increasing
Z. The maximum just above the threshold moves
into the discrete by Z =19, and the Cooper min-.
imum is just at threshold at Z =20 and in the dis-
crete by S =21. The second maximum remains
just above threshold until Z =24, where the cross
sections become monotone decreasing from thresh-
old on out to higher Z. We also note, as in the
neon 2P case, the increase of the cross section
with increasing Z for a given photon energy, at
the higher Z values. Here too the curves are
roughly parallel and increase by about 15% with
each succeeding Z.

C. Krypton 4p sequence

ln Fig. 5, the MCHF (length) and the HS results
are compared for Z =36, 39, and 42 for the photo-
ionization cross section of the krypton 4P sequence.
Here the situation is quite similar to the argon
case discussed above. Qne difference is that, al-

though a Cooper minimum exists since the 4P- gd
dipole matrix element changes sign, no minimum
appears in the Kr 4P cross section. The reason
is that the minimum occurs in an energy region
in which the 4P- es matrix element is fairly large
and rapidly decreasing so that the net effect on the
total 4P photoioniz ation is a dr amatic change of
slope, rather than a minimum. For the neutral,
the HS result has a maximum just above threshold
which is a factor of 2 too large and occurs at too
low an energy; the HS cross section then falls off
too rapidly since its Cooper minimum is at too
low an energy. Above this point, the MCHF cal-
culation Cooper minimum results in the HS result
being too large again. For Z =39 the Cooper min-
imum is just above threshold but at too low an en-
ergy in the HS calculation. Thus the HS result is
too small near threshold, since this is just above
its Cooper minimum, while at somewhat greater
energies it is too large, in the region at and just
above where the MCHF calculation shows the
Cooper minimum. For Z =42 the Cooper minimum
has moved well down in the discrete and its effects
above the ionization threshold are small. The HS
result is still -25% greater than the MCHF cross
section at threshold since the HS Cooper minimum
is lower in the discrete, but by hv- 13 Ry (-3.5 Ry
above threshold} we find agreement to within 10%.
Thus agreement should be excellent for Z& 42 and
the HS will be a good approximation in this region.

Figure 6 show our photoionization cross section
results over the extent of the Kr 4P isoelectronic
sequence. The Z =36 to 42 results shown are from
MCHF calculations while the higher-Z results are
the HS cross sections. The Cooper minimum,
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D. Xenon 5p sequence
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FIG. 8. Photoionization cross sections for the xenon
5p isoelectronic sequence. Note broken scale in the
lower curve.

out the sequences only for high energies and for
large enough Z such that the Cooper minima are
in the lower discrete ranges. We thus conclude
that, far removed from a Cooper minimum, the
HS gives good results for the photoionization of
positive ions. This conclusion should, however,
be tested further.

It is well-known that for an isonuclear sequence' "'
(ions of various stages of ionization with the same
Z) an increase in stage of ionization (decrease in
electron number) leads to a decrease in the total
continuum oscillator strength, which is propor-

tional to the photoionization cross section and an
attendant increase in the discrete sum. For an
isoelectronic sequence it is not clear what happens
since the ionization energy increases with Z and
moves some of the continuum energy range into
the discrete, but the oscillator strength (cross
section) in the continuum increases. Our calcula-
tions were not carried out to large enough energ-
ies to be able to find the total continuum oscilla-
tor strength, but it is an important point and
should be pursued.

For high enough Z in each sequence, it was
found that the cross section curves were approxi-
mately parallel and increased by -15% per in-
crease of Z by one. It would be very useful if this
scaling law were generally true since then given
the results for one member of an isoelectronic se-
quence, one could infer the photoionization cross
sections for other members also. This point
should be studied further.

In an earlier work, "photoionization of the first
few members of the Ar 3P and Ne 2P sequence was
studied using a central-field model. The results
were shown vs photoelectron energy, rather than
photon energy. Looking at the cross sections vs

hoton energy fails to spotlight the simplicity wepoon n
6, 7, 20have found inisonucleav sequences ' as well as

some of the features found herein for isoelectronic
sequences, e.g. , the fact that Cooper minima re-
main at about the same hv for an isoelectronic se-
quence. Thus, based upon our results, it is re-
commended that photon energy be chosen as the
independent variable to see most clearly the reg-
ularities in an isoelectronic sequence.

Finally, note that only a selection of our results
have been presented. Our MCHF calculations
were carried out for the first six members of the
Ne 2p and Ar 3$ sequences, seven for the Kr 4P,
and eight for the Xe 5P. The HS calculation was
carried out for many values of Z to Z=90 for each
sequence. This detailed data, is available to inter-
ested persons on request.
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