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Molecular orbital x-ray emission from primary exciting collisions
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The theory of molecular-orbital x-ray emission occurring during the primary vacancy-producing collision (the
"one-collision spectrum") is developed. Calculations are presented for an illustrative excitation process (direct
impact ionization in a symmetric collision system). It is shown that because of coherence of the excitation and
radiative processes the resulting emission profile is very diAerent from that expected if the events were

incoherent (quasistatic model). In particular, the profile undergoes a strong red shift relative to the incoherent

component and is relatively velocity independent in shape.

I. INTRODUCTION

Recently considerable interest has been shown
in the emission of x rays of noncharacteristic
wavelengths during heavy-ion bombardment of
solid (or dense gas) targets. ' ' Though weak com-
pared to the characteristic atomic lines, such
emission is easily observed since it is shifted to
much shorter wavelengths. It can be attributed to
a number of processes (including for example such
direct sources as nucleus-nucleus bremsstrah-
lung), but even the nonrelativistic theoretical
problem is very complicated; a variety of novel
effects and interpretations has been dis-
cussed, '""and as yet there is not complete
agreement about the dominant processes respon-
sible for the observed frequency distribution and
intensity of the emission.

In particular, much discussion concerns mole-
cule"-orbital x rays. In the experiments, heavy-
ion speeds are typically less than K-shell elec-
tron orbital speeds and under these conditions
these electrons occupy molecular-orbital (MO)
levels whose energies change with the slowly mov-
ing nuclei. If a K vacancy is present during a col-
lision, an x-ray photon may be emitted at fre-
quencies related to the transient MQ energy-level
separations rather than those of the isolated atoms.
Using the Weisskopf theory" of collision broaden-
ing, Briggs" and Macek and Briggsi' have dis-
cussed the molecular-orbital x rays emitted during
secondly collisions of symmetric heavy-ion sys-
tems having a K vacancy produced in an earlier
primary collision; this may be called the "two-
collision MQ x-ray spectrum. "

In this paper we consider the "one-collision
spectrum, " i.e., molecular-orbital x- ray emission
occurring during a primary vacancy-producing
collision. A simple classical interpretation of
this process along the lines of Briggs' treatment
of the two-collision spectrum at first. suggests that
the frequency profile of the one-collision spec-

trum contains direct information about the E-
vacancy production process, itself a topic of some
debate at present. Hoseevex, u)e shozv here that
such a simple interpretation is not correct and
that there is no simple relation betl een the one-
collision emission profile and the K vacancy -pro
duction Probability. " The emission is a second-
order process and must be treated coherently.
The complete second-order emission amplitude
does contain a term having a simple relation to the
vacancy-production amplitude, but in addition there
is a second "transient" term arising from co-
herence of the vacancy production and radiative
transition events, and leading to a general con-
tinuous emission not directly related to the final
vacancy-production amplitude. This second term
may be comparable to or even larger than the
first term. In the terminology of formal scatter-
ing theory, the new effects result from large "off-
shell" contributions to the second-order T matrix
for the process.

In much of this paper, we make no specific assump-
tions regarding the K-vacancy production mechanism
to be considered, since we wish to emphasize the
very general nature of the effect under discussion,
and since there remains some controversy about
the effective K-vacancy production mechanisms.
However, we present some illustrative computa-
tions for a particular model process, in this case
direct impact ionization of an electron from the
iso molecular orbital of a symmetric heavy-ion
system. These results are intended to illustrate
the marked differences between the one-collision
emission profile and that of the two-collision spec-
trum, and are not intended for direct comparison
with experimental observations, as there is now
some reason to think that this vacancy-production
mechanism is not an important contributor to K-
vacancy production. Nevertheless, certain quali-
tative general conclusions regarding one-collision
profiles may be drawn from the results. In a sub-
sequent. paper we mill present model calculations
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on the one-collision spectrum for the probably
more relevant case where a K vacancy of the high-
er-Z partner in an asymmetric collision system
is produced by the "vacancy-sharing" mecha-
nism ""

II. PROBLEM DESCRIPTION

A. Inner-shell vacancy creation in slow heavy-ion collisions

Consider the impact ejection of inner-shell elec-
trons in collisions of heavy-ion systems, such as
may occur in heavy-ion bombardment of a solid
or dense gas target. . According to the Massey
adiabatic criterion, efficient impact excitation of
a bound electron will occur when (v,/u, ) = 1, where
v, is the relative heavy-particle speed and v, the
orbital speed of that electron; this condition cor-
responds to a c.m. collision energy E = ( M/m, )e„
where e„ is the mean electron binding energy, M
the reduced heavy-ion mass, and m, the electron
mass. In the experiments of interest to this work,
v, /vz is typically less than 1, with values = 0.1,
though some data is available for higher energies.
This means that the inner-shell electrons occupy
molecular orbitals which depend parametrically
on the slowly changing nuclear positions, and the
theory of excitation from such states is based upon
the dynamical perturbations to an adiabatic zero-
order description of the electron states. " Mean-
while, since the outer-shell electrons are much
less tightly bound, such a "slow collision" descrip-
tion is certainly not applicable to them; the effec-
tive coupling is much stronger and a massive and
very complicated disturbance of the outer shells
occurs.

In this work we will make no effort to describe
the behavior of the outer-shell system, except to
note that since vacancy-production probabilities
for the outer shells are very much larger than
those we consider for inner shells, we can con-
sider It-vacancy production mechanisms (based on
multistep processes) in which a previously pro-
duced outer-shell vacancy is demoted" to the in-
ner shell upon collision. The importance of such
multistep processes has been recognized wide-
ly lt 21 23

Since the mechanisms considered here all in-
volve direct excitation of a single electron by the
moving nuclei, we can use an independent-particle
model and obtain effectively a one-electron de-
scription. In the specific calculations presented
in Sec. IV, which involve direct impact ionization
from the iso level in a symmetric system (Z„
=Zs) as the vacancy-production event, we use the
wave functions, orbital energies, and matrix ele-
ments of the H,' system for our model; a simple
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FIG. 1. Schematic energy-level diagram for inner-
shell molecular orbitals (one-electron problem) of a
near-symmetric heavy-ion system. Dashed lines indi-
cate possible excitations creating vacancies; zigzag line
indicates x-ray transitions.

Z-scaling law can be applied to obtain the results
for the arbitrary symmetric system of heavier
ions and a single electron. "

Figure 1 depicts some relevant low-lying inner-
shell Mo levels in schematic fashion for a near-
symmetric system (Zs ~ Z„, but Zs»Z„/2; under
these conditions the atomic 1s~ level lies well be-
low the 2s„-2p„ levels, but at or above the 1s„
level). Orbitals are denoted by united-atom labels.
We consider processes creating vacancies in the
1so and 2Po Mo's, especially the former, which
corresponds to a K vacancy in the ion of higher
Z (Z„). These fall into several categories"'" ":

(2) Demotion of a 2pv vacancy to a 2pc vacancy
via rotational couPling. This is the most efficient
mechanism for transfer of an L, -shell vacancy into
the K-shell of the lower-Z partner, as it is a
strong-coupling process mediated by the orbital
degeneracy of the 2Pa and 2Pm levels in the united-
atom limit. The prototype problem (in the H; sys-
tem) was studied by Bates and Williams" and by
Knudson and Thorson"; its important role in crea-
ting inner-shell K vacancies has been discussed by
Briggs and Macek" [see also the review articles,
Refs. 1(a)-1(e)], and some extensive calculations
on a specific system where it plays a role have
been made by Briggs and Taulbjerg. "'"

(2) Creation of 2po vacancies by direct impact
excitation or ionization. These processes are
much less efficient than (1), since the excitation
energies are substantial and no mediating de-
generacy of the coupled states occurs during col-
lision. A theoretical calculation of the ionization
cross section has been made by Thorson and co-
workers"'" for the H', prototype.

(3) Creation of a 1sg vacancy by "vacancy-shar-
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ing" of a Zpo' vacancy. In an asymmetric system,
coupling is possible between the 2PO and 1so.
states, but will be weak if these levels are widely
separated at all R. As charge asymmetry and the
asymptotic 1s„-1s~ splitting decrease, the Dem-
kov-type coupling becomes stronger; finally, in
the symmetric and degenerate case there is for-
mally no coupling between the levels 1sa and 2PO„,
but the 2po„vacancy corresponds to a K vacancy
in either partner and hence appears on a subse-
quent collision with probability 2 as a 1so, va-
cancy. The dominant importance of the vacancy-
sharing process for K-vacancy production in the
higher-Z partner has been emphasized by the work
of Meyerhof"'"; more elaborate computations by
j3riggs and Taulbjerg" and Taulbjerg, Vaaben, and
Fastrup' take vacancy sharing into account also.

(4) iso vacancy creation by direct impact ex-
citation or ionization. These processes are in-
efficient for the same reasons as for processes (2)
above. Indeed, the greater binding energy of the
1so orbital in H,' leads to a cross section for
ionization more than two orders of magnitude less
than that for the 2PO'„orbital. ""

Further, in-depth discussion of these processes
is not appropriate here, since the detailed me-
chanisms of EC-vacancy production remain a sub-
ject of dispute, especially as to relative magni-
tudes in asymmetric or near-symmetric systems;
however, it is probably safe to say that processes
(1) and (3) are the dominant source of lso vacancy
production in most near-symmetric systems when
v, /v «x1, and to this end the computations of
Taulbjerg et al. are probably most relevant.

D2Px(+) (2v) 1/2 dtD, ~ [R(t)]e

+ exp iQ)t —i@ dt ' (e,~, —c„,)); (2)

8. Molecular-orbital x rays and the two-collision spectrum

A brief review of some aspects of Briggs' treat-
of the two-collisi. on molecular-orbital

x-ray emission is useful to our own problem.
Briggs assumes a colliding system with a pre-
viously created K vacancy in one of the partners
(he treats only the symmetric case), and considers
the spontaneous emission of photons coming from
all subsequent secondary collisions, using the
Weisskopf formula' for collision broadening of an
atomic line. For an incident projectile having a
given collision path through the target, the number
of photons emitted at frequency w to a+de is

1((o)d(u = (4e (o/2)Ic ) iD,"'(~)
i

d~, (1)

where D2~'(e) is given by a Fourier transform of
the time-dependent dipole matrix element,

the integral is evaluated over the entire secondary
collision history. D»,[R] is the diPole v-elocity
matrix element for an electronic transition be-
tween the 2pX (X =v or o) and Iso molecular orbi-
tals at internuclear separation R. The 1sa vacan-
cy amplitude is assumed to decay in secular fa-
shion as e "' ' where 1" is the cumulative decay
rate due to all radiative and nonradiative pro-
cesses; this factor guarantees the convergence of
the integral in the neighborhood of the atomic K
x-ray line (X =a only) and gives there the usual
Lorentzian line shape. Briggs discusses the prob-
lem of relative intensity of the Lorentzian line
and the remaining emission (in this connection see
also Ref. SV), but the main objective is the com-
putation of emission at frequencies far from the
atomic line. Equation (2) contains contributions
from each of the distinct collisions in the pro-
jectile path; assuming these are incoherent,
Briggs shows that (except for simple multiplicative
factors representing the target particle size and
density, etc. ) the number of photons emitted at ur

to a+des, per incident projectile with a 1sa va-
cancy, is given by the average of expression (1)
over all collision impact parameters, where ex-
pression (2) is now taken to be the integral over a
single collision trajectory, of specified impact
parameter, and the decaying amplitude factor is
omitted.

Quasistatic approximation. A simple physical
interpretation can be given if the Fourier trans-
form (2) be evaluated by the stationary phase ap-
proximation; one then finds that contributions to
emission at co come entirely from points on the
collision trajectory where 4e = e2» —E„,= Sw. As-
suming further the incoherence of contributions
from the distinct points on the trajectory where
this condition holds, and assuming for simplicity
that it holds at a single distance R =R,(~), Briggs
obtains (after averaging over impact parameters)

48 M 4 N() 8'7TR()

sn ' "' ' I'(dd, /dR)
0

U R0

where N0 is the target particle density, E0 the col-
lision energy, and U(R) the potential determining
the trajectory. In effect then the emission profile
for the two-collision spectrum is a kind of mapping
of the square of the static dipole moment matrix
element, divided by the slope of &c, via the con-
nection i2&u=hc(R, ). Macek and Briggs" did the
accurate evaluation of the trajectory integrals (2),
and found that the quasistatic approximation is a
rather good one over most of the emission profile.
Its main defects are (1) a sharp cut-off of emis-
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sion at the united-atom limit h&u„„= he(0), where
in fact a tail of emission to higher co occurs, and

(2) omission of certain oscillatory features as-
sociated with coherence of emission from 8, during
incoming/outgoing halves of the collision trajec-
tory (similar to effects of rainbows in scattering
cross sections); these are both effects of detail
only and do not alter the qualitative picture of the
two-collision spectrum given by the quasistatic ap-
proximation.

C. One-collision spectrum

Frequency-shifted molecular-orbital x rays can
also be emitted during the primary collision which
produces the 1so vacancy. For a particular col-
lision the number of emitted photons is again given
by Eq. (l), but now D2~~(e) is given by

D2~'(v) =(2m) ' ' dtD», fR(t)]a'„,(t)
wag

t
x exp scot —sS dt 6')„—E ~ p

4
0

where the integral is understood to be evaluated
only over a single collision trajectory; contribu-
tions from all later collisions can be treated by
the theory of Briggs and Macek. The time origin
has been shifted so that t =0 is the collision mid-
point. a„,(t) is the (interaction picture) amplitude
for the existence of a K vacancy produced during
collision by some particular excitation process
(designated by the label p); a '„,(-~) = 0.

Evidently the process considered here is higher
order than the simple first-order emission pro-
cess considered in the two-collision spectrum.
a '„,(t) is calculated by solving a time-dependent
coupling problem, starting from an initial state
with no vacancy. If a first-order perturbation
theory is employed, then the emission process is
second-order, involving the vacancy-creating per-
turbation first and the radiative emission step
second.

Naive quasistatic picture. If it be assumed that
a'„,(t) grows in essentially a secular fashion until
it reaches the final vacancy-production amplitude
a '„,(~), then the stationary-phase approximation
can be used to evaluate (4) and give a kind of
quasistatic account of the emission. For example,
suppose

a'„.(t) =-,'[a'„.( ) ~f(t)],
where f( t) = —f(t) and f(~)-=a~~,(~), and suppose
f(t) grows in some smooth fashion; it might be
reasonable to relate it in some direct way to the
coupling matrix element producing the excitation. '
We do not develop this argument in detail, since it
is mistaken, but it will evidently lead to a result

in which the emission at frequency co to co+dco for
a collision of specified impact parameter is pro-
portional as in quasistatic approximation to
D', [R,(&u)]/(ddt/dR)t, but also to P;„(b), the
probability of creating a 1sa vacancy by excitation
process p, in a collision of impact parameter b.
Given such a formula, there is a certain amount of
information about the shape of P;„(b) vs h folded
into the overall emission profile, and emission at-
tributed to a one-collision spectrum has in some
instances been so analyzed.

The most important conclusion of this work is
that this simple quasistatic picture of the one-col-
lision sPectrunz is incor''ect. The error lies in the
assumption tha. t the amplitude a'„,(t) cha, nges in
smooth and secular fashion. In reality, the va-
cancy-creating processes involve inefficient cou-
pling, usually with significant electronic energy
transfer from the heavy-particle motion, and in
most cases can be treated almost perturbatively.
The resulting amplitude a'„,(t) then oscillates
rapidly at the frequency of the electronic transi-
tion, that is, the response to the coupling is that
of the nonresonant driven oscillator. As a con-
sequence the quasistatic result no longer is ob-
tained and with it the simple interpretation of the
emission is lost.

Using a perturbative theory of the 1so vacancy-
creation process, we derive in the next section the
correct formula for the one-collision emission
spectrum. The main derivation will be given in
the time-dependent approach already suggested
here, but we will also sketch the result of a more
formal s tationary-state treatment.

III. THEORY OF THE ONE-COLLISION SPECTRUM

A. Time-dependent formulation

1. General expressions

Consider collisions with no initial 1so vacancy;
a vacancy is created by one of several processes:
(a) Given a vacancy in a higher level, n, the elec
tron is promoted to n. Two subcases should be
distinguished. (i) Vacancy sharing, n = 2Po. De-
pending on the charge asymmetry and collision
energy, coupling may be weak, or so strong that a
perturbation treatment of the excitation is inap-
propriate. We present calculations for this case
in a subsequent paper. (ii) n is a level above 2Po;
in this case the coupling is weak and perturbation
theory is applicable. (b) Direct impact ionization
of a 1so electron into a continuum state of energy

Coupling is weak, and first-order perturbation
theory is used to calculate vacancy amplitudes by
the theory of Refs. 25-27. Calculations presented
in this paper (Sec. IV) treat this process for the
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symmetric heavy-ion case, using H', as prototype
system. "

Let ar(p; t) be the time-dependent amplitude for
vacancy production by excitation to level p, ; K de-
notes 1so, for brevity. A photon may be emitted
by the radiative transition 2Pj].-lsd (see Fig. 1).
Per primary collision of impact parameter b and
energy E, the number of photons emitted at fre-
quency co to a+de in this two-step process is

((2) p b E)d(t) —(4c (2)/3jgc ) ID (&g7. p b E)
I

d(t)

(5)
where [Eq. (4)]

D,(e; p, b, E) = (2g) '~' dtD»~[R(t)]ar(p, ;t)
a (2O

t
&exp ivt —i5 ' dt' &,» —&„, 6

0

with ar(p, ; —~) =0. The total photon emission is
the sum of (incoherent) contributions from all such
processes,

Ir(~; b, E) =P Q I '(&u; p, , b, E);

in the case of ionization the sum over p, is an in-

tegral over continuum energy &. Finally we in-
tegrate over primary impact parameters b and di-
vide by the relevant K-vacancy production cross
section to obtain the photon emission per K vacan-
cy produced:

Ir((o; E) = 2mb db Ir(&u; b, E)/ar(E).

2. Relative intensities of one-collision and t~o-collision emission

In principle, the above expressions include the
two-collision emission discussed by Macek and

Briggs, ""as well as the characteristic atomic
x-ray line, since the integral in (6) extends over
both the primary and all secondary collision histo-
ry. The one-collision emission is separated from
the rest if we divide the integral into the primary
collision part, from —~ to t", , and the secondary
collision part, from t", to ~, and assume that the
two contribute incoherently when all averages are
performed. We define then the primary and se-
condary emission intensities

I,'(~; j, b, E) = («'~/3a") ID'.;(~; j,b, E) I' (5')

for j = 1 or 2, with the primary term

D.', (re, x, bE) (2e) ,
'r' . dtD=„[R(t)]e ( , t)ter( xpt —trielt

'
w (20

(e,e, —e „.) dt)' (9a)

and secondary term

D'„(er; X, bE) (2rr) e,e (bE)='dtD„t ,[R(t)] exp„[-2(t —t, )/ ]e'xp2(rret —ib '
1

t j.

(e», —e„,) dt'

(9b)

ln Eq. (9b) we have written

a„(j].;t) =cr (b, E) exp[-1'(t —t", )/2], (10)

where cDr„(b, E) =ar([u; t, ), i.e., I cz, I' is the
probability of excitation 1sa- p, in a primary col-
lision at b, E, and we assume as in the two-colli-
sion theory a subsequent secular decay of the va-
cancy amplitude. Now, except for e~„and an ir-
relevant phase, the expression (9b) is exactly the
same as that for the two-collision theory, Eq. (2),
and if we assume that the secondary collision histo-
ry is random with respect to primary collision
impact parameters, then the integral over them
just gives the (p-excitation) vacancy-production
cross section

2wb db
I
cr (b 2 E

as a factor multiplying the two-collision spectrum.
Then we can calculate the contributions of all

secondary collisions in a manner similar to that
used by Macek and Briggs; for brevity, we omit
the details, and give the final result for molecular
orbital x-ray emission in photons per separated
atom K vacancy produced, per unit frequency, at
frequency w:

I (&o, E)=, 2vbdb RQID'„(~;&, b, E)l'350
00 4e2

2 b db, ', ID,"'(;b,E)l'. (12)38c'

Here o~(E) is the summed K-vacancy production
cross section

a,(E) = Q&r. (E), (11')

N0 is the target particle density, and v the average
collision velocity; Macek and Briggs have shown
how the factor NDu/I' emerges from an incoherent
sum over the distinct secondary collisions and ef-
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fectively counts the number of them involved.
When the normalized intensity in (12) is multiplied
by the actual yield of K-vacancies in a target, then
the second term will show the expected quadratic
dependence of the two-collision emission on target
yarticle density and the effect of the number of
secondary collisions in lifetime I' '. In the rest of
this work we consider only the fundamental emis-
sion Profiles of one-collision and two-collision
spectra; Eq. (12) would give their qualitative rela-
tive intensities.

Contributions of the characteristic atomic line
have been omitted from (12). They can be expli-
citly included using the method of Macek and
Briggs to extract the Lorentzian line shape (width
I'), although it has been shown recently by Anholt"
that the contribution is far from Lorentzian away
from the line center. In symmetric systems the
characteristic line appears only for the 2pm transi-
tion, since D», (B) tends to zero as 8 -~. As m

approaches the atomic line frequency co„ the sin-
gle collision integrals (9a) and (2) both diverge un-
less the decay factor exp [- I"t/2] is included for
t &0. Evaluation of such modified integrals can be
done, but we have chosen to ignore the problem
and compute only the molecular-orbital x-ray
emission for frequencies not too close to (d, .

=a, r„exp — (c, —c„,) dt', (l3)
0

where a, is the initial state amplitude (assumed ap-
proximately equal to unity), and the coupling V'„,(t)
can be expressed in terms of radial and angular
velocity couplings of the forms

(14)r„",=Its,",(It), v'„= er'„(Il ),

where R, 8 are the classical radial and angular
heavy-particle velocities and T„"„T„areelec-
tronic matrix elements of suitably defined non-
adiabatic coupling operators between 1so and p,

electronic orbitals (cf. Refs. 25 and 26). (For

3. Nonadiabatic exeitations

To compute the one-collision profile we must now

evaluate the Fourier transform D'„((d; t(, , b, E); the
upper limit t", can be extended to , provided it be
understood to cover only one collision, and & is
not too close to &v, =[a», (~) —e„,(~)]/h. We re-
quire a method for computing the vacancy ampli-
tudes ar(p, ; t), created by nonadiabatic excitation.

Consider the case where the coupling producing
the excitation 1so'- LU. is weak and can be treated by
first-order perturbation theory (the vacancy-
sharing process is the only one for which this
might not be valid). For discrete transitions it can
be shown that"

symmetric or near-symmetric systems, the ra-
dial couplings are likely to be dominant in 1so ex-
citations, because the 1so. orbital is so nearly
spherical in shape in the interaction region. ) In-
tegration of (13) gives

a (t(it) =

ix exp — (t, —t„.)dt") . ((8')
0

In the case of impact ionization, it was shown by
Thorson and Levy" that Eq. (13') is also valid, ex-
cept that the accompanying description of the ion-
ized Particle is accurate only in the asymptotic
limit t-~. Since recapture is improbable, and we
are interested only in the hole, we can use (13')
to calculate the transient vacancy-production am-
plitude for ionization also.

We can derive certain symmetry relations be-
tween ar(tu; t) and ar((u; —t) (t =0 is the collision
midpoint). Note that

(15)

since T„(R) are symmetric; (e„—e„,) is also
symmetric. We can write

a~(tu;t) =c'„,— dt'r„(t')

xexp i5 '
t'

(x„—t„.)dt")

and obtain, on substitution t'- —t ' in the second
term,

a (p;t) =c'„„—( I)'a,*(t(,; t)

with the specia, l result

e&. =a~(u; o)+ (- I)'a,*(t(;o),

(16)

(17)

where the parity index y is 1 for radial, and 0 for
angular, couplings.

4. Behavior of amplitude

The behavior of the vacancy amplitude a~(p; t) is
crucial to the theory. As noted in Sec. IIC, it is
obvious that the method of stationary phase can Qe
used to do the integral (9a), if ar(p, ; t) grows in a
smooth secular fashion from its zero initial value
to the final value c (b, 0E), but this is not the case
In the situations of interest, the K-vacancy pro-
duction cross section is not large; the coupling is
weak, and substantial excitation energy is trans-
ferred to the electron from the heavy particles.
Under these conditions the response of the system
is like that of a nonresonant driven oscillator; that

.is, for t&0 we have

t
a ( t)= X(t)dexp(ttt 'J (t„—x„)dt ),(lt)), '

0
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where we expect P», (f), rather than a»(p; f), to be
a smooth, secular function. The equation for P»,
can be obtained from Eqs. (13) and it can be shown

that Q»„(t) is indeed a slowly varying, nonoscilla, —

tory function which grows in a manner related to
V'„(f) and « = «„—«„, I.n fact, rapid and ac-
curate computation of Q» can be done using such
equations"" if the coupling is at least asymp-
totically weak.

D'„„(~;I, E) = (2») df D, [R(f)]

t
x exp iet —iS 6», —&„, dt'

p

(20)

and the transient term D„, , by

D'„, ,((u; p, b, E) =(u'„,„,((o; p, b, E)

(—1)'[n'„, ,((u; p, , b, E)]*j

with
(21a)

,((u; p, , b, E) =(2») '~' dtD, ~, [R(t)]g», (t)

5. Expression for D~, (~)

Substitution of (18) and (16) into Eq. (9a) gives,
after some manipulation,

D'„(~; IJ, , b, E)
= co», (b, E)D'„.,(&u; b, E) +D'„, , (a&; ijb, E), (19)

where the secular' term D'„„is given by

bp(Rp)j,(R,;E)= [o„(E)]-' 2»ada P,.(b, E)
p

X U(R, )
E Rp

(22b)

In these equations, R, (&u) is the internuclear dis-
tance (here assumed unique for simplicity) such
that

«(R,) =«„,(R,) —«„.(R,) =a~,

bp is that value of b for which R, is the closest
distance of approach on the trajectory determined
by the potential U(R), and P», (b, E) =

~

co», (b, E)
~

'
is the probability of excitation 1so —p, per collision
at b, E. It is evident that in this case the one-colli-
sion emission profile contains information about

P», (b; E) in the function f»„(R,(v); E) [the vacancy-
production cross section o», (E) is given by Eq.
(11)].

In general, however, the transient contribution
to (19) is not negligible, and it does not possess a
simple interpretation in terms of the final vacancy-
production amplitude c~, . Since in every case ex-
cept that of vacancy sharing the energy difference
(«, —«», ) is positive, the integral (21b) has no
points of stationary phase. The magnitude of the
integral is related to the transient amplitude func-
tion P» (f), and can have a significant size because
it happens that ~Q», (t)

~

has maximum transient
values which may be much larger than the final
value ~a»(p, ; 0)

~

which determines the secular am-
plitude cP~, . It may also be important to keep track
of the coherence of the secular and transient terms
in (19), as our computations in Sec. IV demon-
strate.

X exp ivt+ih ' (d„—d „)dt ). . „' B. Equivalent stationary-state formulation

(21b)

If the transient term in (19) were negligible, the

remaining secular term would have a simple emis-
sion profile. Comparing Eqs. (20) and (2), we find
that the two-collision spectral amplitude D2~" is
related to D'„„:

'~D'((o; h, E) = 2 Re [D'„„(~;b, E)],
and we can also use the stationary phase method
to evaluate the integral. After averaging the emis-
sion over all primary impact parameters, we ob-
tain the quasi static appmximation to the secular
term of the one-collision spectrum [cf. Eqs. (2)
and (3) of Ref. 6]:

I.'..(u); p, E) = ((4e'(u/38 c' )D',„(R,))
x [K(d«/dR) ~' ] f»„(R,; E), (22a)

where

Additional insight into the problem is provided
if we formulate the theory of one-collision emis-
sion from first principles using stationary-state
perturbation theory of the second-order process
involved. We will quote only the main results for
the sake of brevity.

Formally, the rate of transitions (photon emis-
sions) is given by

2»g g(f~K, ~m)(m~ ~Ki)
'

( ) (23)
E; —E +iq

(limrl-0'). Here K, is the perturbation or per-
turbations causing transitions among the eigen-
states ~j) of a zero-order Hamiltonian K,. The
denominator (E,. —E +iq) ' has the usual operative
meaning (6'[(E, —E„) '] —i»6(E; —E )j in the sum
over intermediate states ~m), &P being the princi-
pal value of any integral or sum encountered. The
relevant point is that the virtual jntermediate
states ~m) need not conserve energy (E wE,)and.
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the principal value represents the contribution of
such states. These "off-shell" contributions to
the overall transition amplitude can be large in this
problem and are the rough counterpart in this
formulation to the transient terms found in the
time-dependent theory.

The process considered here involves two per-
turbations, first, the nonadiabatic coupling linking
initial state ~i) (no 1so. vacancy, p, vacancy, no

photon) to intermediate state ~m) (1so vacancy,
electron in (u, no photon) and second, the radiative
emission coupling linking ~m) to final state

~
f)

(2Pl). vacancy, no Iso' vacancy, photon of energy
h~). Only this sequence can lead to nonzero ampli-
tudes of interest to us. The energies E, and E&

(E) are equal but E (E') may be different, and the
translational kinetic energy of the heavy particle
scattering states is determined accordingly.

A quantum-mechanical formulation of the non-
adiabatic excitation is employed, "as weQ as for
the radiative process. However, the resulting con-
figurational integrals over heavy-particle wave
functions are evaluated by a well-known semi-
cla.ssical scheme (already used by Weisskopf" in
the theory of collision broadening): the wave func-
tions are approximated by JWKB forms and the
configuration space integrals converted to trajec-
tory integrals of the sort already seen in Sec. IIIA
above.

Results obtained are as follows: per collision of
impact parameter b and energy E, the number of
photons emitted in the primary collision at fre-
quency w is again the sum over excitation levels p.

and radiative components l).(c, v) of I~)(u; t), , b, E)
given in Eq. (5'), but now the one-collision spec-
tral amplitude is given by

D'„(&u; t(, , b, E) = 2 cr, (b, E)D2~ (&u; b, E)i— d(t) E) 0'(1/&E)F„, (b E;b, E)D'~'((d —&E/I; b, E). (24)

D2~'(x; b, E) is just the two-collision spectral am-
plitude function at frequency x,

and use integration by parts and Eqs. (13), we can
obtain

D+'~(& b E) —(2&)-) ~2 dt D„,[E(t)]
A „(t)E/h) =wc'„, (b, E)8'&(&E)

t
&exp ixh —iS ' &», -&„,Ch', 25

0

and the quantity F~ (AE; b, E) is defined

Fz, (t) E; b, E) = dt 9,(t)
»oQ

Z

x exp —~Eh+
8 (&, —f„,)dt')

A~, (x) = (2v) '~' e'"'a~(p, ; t) dt
» OQ

note that Fr, (0; b, E) =co~, (b, E).
The first term in (24) is the "on-shell" contribu-

tion (energy of virtual intermediate state in re-
sonance with initial state), while the second term
is the "off-shell" part. Comparison of (24) and the
time-dependent expression (19) shows that the
"secular" and "transient" terms are not perfectly
in correspondence with the "on-shell" and "off-
shell" terms, respectively, but it is true that the
"transient" is entirely contained in the "off-shell"
part (it also contains the imaginary part of the
"secular" term).

A proof of the rigorous formal equivalence of the
two expressions (19) and (24) can readily be given
by the usual techniques of Fourier-transform theo-
ry. If we define the Fourier transform of a~(t(, ;t),

+~(te/t E)F,„(tE;b, q). (27)

Then, using the inverse transform (properly de-
fined! )

a (p;t)=(2~) ~ fe '*''A'(x)dx
«QO

for ax(p;t) in the expression (9a) for D'„, we ob-
tain Eq. (24).

Some further physical insight into the importance
of the "off-shell" or "transient" terms is pro-
vided in this formulation. Since the virtual inter-
mediate states need not conserve energy, we may
ask, why this might be advantageous'? The reason
is that the energy-conserving transfer of heavy-
particle energy to electron excitation in the first
step is rather inefficient, as is evidenced in the
rapidly oscillatory factor exp[(i/8) fo'(e„—E„,)dt'],
which appears in the computation of co~ . If in the
first step we need not conserve energy, the obvious
thing to do is to excite the electron but keep the
heavy-particle energy the same; this corresponds
to off-shell contributions in the region 4E
= —5 '((!„—&„,),„,which clearly give quite large
values to F„„(&E;b,E) there. Then, in the second
step, when we must return to energy conservation,
we can economize by "cheating" the photon and

giving it an energy Se less than it would have in
the secular emission. We may therefore expect
to see the off-shell or transient part contributing
substantially to emission which is red-shifted in
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comparison to the MQ x-ray spectrum produced by
the secular term alone, and as our illustrative cal-
culations in Sec. jIV show, this is indeed the case.

The time-dependent expressions (19)-(21) are
the most convenient for computat, ions.

IV, ILLUSTRATIVE COMPUTATION

To i.llustrate the above theory we compute one-
collision emission profiles for the case where the
K-vacancy is produced by direct impact ionization
of a I.so electron, in the symmetric case Z~=Z~.
The orbitals from which radiative transitions oc-
cur (2Po„, 2Pv, ) are assumed to have no vacancies.
A simple model of this ionization process based
on the H,' system is used, the main features of
which are described in Ref. 27. We neglect com-
plications and mixing effects due to the nonspheri-
cal molecular symmetry, and consider ionization
due to radial couplings to s-wave electronic con-
tinuum states only (however, note that Anholt" has
found that partial wave contributions for L =2, 4
are larger than those for I. =0.) The s-wave radial
electronic coupling matrix element T~ (R) (to an
electronic continuum state of energy c) is taken to
be

is essentially the perturbative coupling V'„. The
initial condition is Q~, (- ~) =0; Q~, (x) is computed
by (i) calculation of an asymptotic initial value

Qx, (x,) at some finite but suitably large negative
xo via the iteration pro ces s d es cribed in Refs .
31 and 32, and (ii) numerical integration of (29)
from x, to the origin x=0. Relative accuracy of
results reported is better than 1&& 10 4 over the
range of significant values. As expected, Qz, (x)
is found to be a smooth, nonoscillatory function.
Figure 2 depicts the typical behavior of the real
and imaginary parts of &f&x, (x) and the functions

Qr, (x) and Px, (x). Note especially that transient
magnitudes of 1m[/x, (x)] are typically much larger
than the final value Im [Jr,(0)], which determines
the ionization amplitude c„,[Eq. (17)]; in some
cases the maximum transient may be several or-
ders of magnitude larger than the final value, and
it depends differently on the collision velocity and

20

T"„(R)= A, (e)R exp [-n, (e)R], (28)

dP~, /dx+i Q~, (x)gx, (x) =Px, (x), (29)

where A, (s) =const. =0.5, and o.,(c) =2.890 —2.222/
(&+1.50) as in Ref. 27. The collision trajectories
are taken to be Coulomb trajectories for the bare
nuclei. However, unlike the computations of Ref.
27, we do not assume the energy gap [a —c„, ]
constant and we evaluate the trajectory integrals
exactly (the resulting vacancy-production prob-
abilities are markedly different from those re-
ported in Ref. 2'7 using constant energy gap and
certain approximations to the integrals).

For computation it is convenient to introduce the
trajectory variable x =[(R —gb)' —c']'~' in place of
f, where qb is the Coulomb parameter Z„Z/2sE
and c'=5'(I+q'), with b the impact parameter, E
=

&
Mv' the collision energy; x =0 at the turning

point t = 0, and the branch cuts of the square root
are chosen so that x has the sign of t. The func-
tion Q„, defined by Eq. (18) then obeys the equation

14 .

12 -'.

~
110-

H H

~e ~

+mmm~

Re $ (x} x10

where

&r, (x) = (Rv) '(c —e„, [R(x)]][I+qb/(x'+c')'~']

(30a)

is essentially the energy gap, and

P„,(x) = A, (e)x exp(- o.,(&)[(x'+c')'~'+gb]]

x [1+gb/(x'+c')'i') (30b)

I

4

FIG. 2. Behavior of coupling function P(x), excitation
energy gap G (x), and excitation response function g (x),
as functions of trajectory variable x. Note the very large
maximum transients in P relative to the final value P(0)
determining the excitation probability. Data for E = 500
eV, b =0.0, E =0.0.
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Figure 6 shows the velocity dipole matrix ele-
ments D», (8) and D», (R), and the corresponding

Q Q

0 1 2 3 4 5 6 7 8 9 10 ll
R(a.u. )

FIG. 6. Dipole velocity matrix elements (solid curves)
and energy-level differences (62p) &&,~ ) (dashedSGg
curves), vs R, for A, =O (o„) and A, =1 (vr„).

energy gaps (e», —e„, ) and (e», —e„, ) for the
relevant radiative transitions. ' The required in-
tegrals [cf. Eqs. (20) and (21)] were done by the
same computational methods as were used to cal-
culate the vacancy-production amplitudes. Figure
7 shows the typical frequency dependence of the
results for D~ „, , [Eq. (21)] and co~, D'„., [Eqs.
(19) and (20)] (for X=2po'„, b =0.0 and e =0.0 a.u. ).
Note that the transient contribution is a monotonic
function of e which increases to the red; secondly
note that the transient part and the real part of the
secular term are nearly equal in magnitude and
opposite in sign at higher frequencies, while they
add at lower frequencies. This shows that co-
herence of the secular and transient contributions
is important and must be retained. The resulting
red shift of the overall emission profile is con-
sistent with the physical interpretation we gave to
the effects of off-shel1. contributions at the end of
Sec. III.

Finally, Figs. 8 and 9 depict one-collision emis-
sion profiles (summed over both radiative transi-
tions and integrated over all e and b), for the secu-
lar term alone (dashed curves) and for the total

10
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FIG. 7. Secular and transient coherent contributions
to the emission amplitude D, ~(u;e, b, E) [Eq. (19)] vs
frequency ~, for E =500 eV, e =0.0, b =0.0, A, =o„.
Dotted curve ( ~ ~ ), imaginary part of D«arises entirely
from secular term, Eq. (20); dashed curve (—-),
D„„,[Kq. (21)], transient part (real); dot-dash (- —~ —~ )
real part of secular term; solid curve, real part of
D~~ (sum of the last two). United-atom limit on energy
spacing is shown.

0.4 0.8 1.2

cu {a.u. }

2.0

FIG. 8. One-collision emission profiles vs co at
500 eV. Quantity shown is the one-collision part of I z
[Eq. (8)], multiplied by az(E) =3.22 x 10 a&. Divide by
cr~(E) to get photons per SA K-vacancy per unit frequency.
Frequency in scaled atomic units (Z a.u. , Z =1 for H+2).

0, total intensity; El, secular term only.
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FIG. 9. One-collision emission profiles vs cu at 200
eV. Legend same as for Fig. 8, except that oI,(E) =1.35
~ 10-11a2

result including coherent transient contributions,
for collision energies E = 500 and 200 eV. Spe-
cifically, the quantities shown are the (secular or
total) one-collision part of the quantity Ir defined
in Eq. (8), except for the normalizing factor or(E).
Dividing by the or(E) values cited above gives the pho-
tons per unit frequencyper separated-atom K va-
cancy. Note that although the absolute intensity of the

one-collision emissiondecreases markedly with low-
er velocity, the profile shape is almost the same. If
the overall profile were to be interpreted assuming a
quasistatic, secular term expression, in an at-
tempt to deduce a hypothetical ionization prob-
ability envelope P (E, b), this would be quite dif-
ferent from the true probability [Eq. (31)]; it would
have a much greater relative probability at large b

values, and its shape would be relatively indepen-
dent of collision velocity. The emission profiles
shown in Figs. 8 and 9 specifically do not include
any contribution from the characteristic atomic
line centered at Ae = 0.375 and it is likely that the
growing wings of this line would obscure the emis-
sion shown here for 5~ ~ 0.7-0.8 a.u. See, how-
ever, recent work by Anholt" regarding wings of
the central line.

Although the results shown here refer to a pro-
cess which may not actually be very important in
K-vacancy production, the general features in fact
are not very sensitive to the matrix elements or
the type of excitation process considered. Results
for an entirely different excitation mechanism (va-
cancy sharing in asymmetric systems) will be pre-
sented in a subsequent paper, and we can expect
that . same general effect of an overall red
shift of the spectrum relative to the secular part
will again result.
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