
PHYSICAL REVIE% .A VO LUME 15, N UMBER 6

Comments and Addenda

The section Comments and Addenda is for short communications which are not appropriate for regular articles. It includes only the
following types of communications: (I) Comments on papers previously published in The Physical Review or Physical Review Letters.
(2) Addenda to papers previously published in The Physical Review or Physical Review Letters, in which the additional information

abstract for information-retrieval purposes. Accepted manuscripts follow the same publication schedule as articles in this journal, and page
proofs are sent to authors.

X-ray critical multiple scattering from fluids

%illiam A. Holm
Engineering Experiment Station, Georgia Institute of Technology, Atlanta, Georgia 30332

(Received 10 November 1976)

A multiple scattering theory, using the Ornstein-Zernike approximate for the correlation functions, previously
obtained for thermal-neutron critical scattering from ferromagnets and fluids, is applied to x-ray critical
scattering from fluids. These results are compared to the single-scattering theory using Fisher s approximate
for the correlation function in order to obtain a multiple-scattering-induced q for critical x-ray scattering.
Comparison is made with experiment,

No exact calculation for a physically realizable
system has ever been done for the correlation
functions that appear in critical scattering theory.
Many approximations for these correlation func-
tions have been proposed, the original and classic
one being the Ornstein-Zernike (QZ) approximate. '
In recent years, other approximates, e.g. , the
Fisher approximate, ' the Fisher-Burford approxi-
mate, ' etc. , for these correlation functions have
been introduced. These later modifications of the
OZ approximate introduced the critical exponent

q, which is essentially a measure of the deviation
from the Lorentzian line shape predicted by the
singie (first Born) scattering theory utilizing the
OZ (q =0) approximate.

In the past, experimentally observed deviations
from a, Lorentzian line shape, i.e. , an experimen-
tally measured nonzero q, have been interpreted
as verification of the superiority of these later
approximates for the correlation functions over
the OZ approximate. However, these experiments
are usually interpreted under the assumption that
multiple scattering is negligible. As shown by
Oxtoby and Gelbart4 for the case of critical light
scattering from fluids, a similar qualitative devia-
tion from the usual Lorentzian line shape is pro-
duced in the theory utilizing the OZ approximate
if double scattering is present and taken into ac-
count. So even the presence of even a small
amount of double scattering in an experiment,
when interpreted within the framework of a single-
scattering theory, can appear to. require a modi-

fied OZ theory. Oxtoby and Gelbart concluded
that these deviations in line shape could arise
from at least three different sources: double scat-
tering, a genuine deviation from OZ theory, and
density gradients (an ever-present problem when

dealing with fluids in Earth's gravitational field).
In previous work, "we presented a. general

quantum-mechanical formulation for multiple scat-
tering of thermal neutrons from macroscopic tar-
gets, and applied that theory to neutron critical
multiple scattering from both ferromagnets and
fluids. In that application to critical scattering,
the OZ approximate was used for both the spin-
spin correlation function (for magnetic scattering)
and the density-density correlation function (for
nuclear scattering) in order to estimate the devia-
tion from the usual Lorentzian line shape pro-
duced by the presence of multiple scattering. Com-
paring our results with the single scattering (first
Born) theory utilizing Ilisher's approximate for
the correlation functions, we displayed, in terms
of relevant experimental parameters, a multiple-
scatter ing- induced q for neutron scatter ing from
both ferromagnets and fluids. Comparing this
multiple-scattering-induced g with the values of g
measured in various experiments, we concluded
that multiple scattering induced deviations in line
shape can compete with similar line-shape devia-
tions predicted by Fisher's modification of the
correlation functions from their OZ form used in
a single scattering theory.

In this note, our previously obtained multiple-
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where'

P = ml p8'/2k& r', .
The cross section given by Eq. (1) includes all
orders of scattering. A is the cross-sectional
area of the target, k, is the wave number of the in-
coming neutron, p

' is the correlation length, p
is the particle (atom) number density of the target,
o~ is the total cross section per target atom as
given by the first Born approximation, l is the
length of the target parallel. to the incoming neu-
tron beam, 4 is the magnitude of the wave-vector
transfer to the target, r, is the QZ direct correla-
tion length and 8, the scattering amplitude, for
nuclear scattering from fluids is given by 8=b,
where b is the nuclear S-wave scattering length.
For magnetic scattering from ferromagnets,

O' =-', S(5+1)(ge'/mc'}',

where S is the Heisenberg spin quantum number,
g=1.91, e is the magnitude of the electron's
charge, and m is the electron's mass.

The Glauber approximation yields for the single-
scattering differential cross section

(4)

which, neglecting the extinction factor, exp(-pc~i),
is identical to the first Born approximation to the
differential cross section,

do~»»& 2PAiP, 1
dQ mp. kg ~ (&~a) (5)

The cross section given by Eq. (1) has the same
form as Fisher's modified form for the differen-
tial cross section' and gives a multiple-scattering-
induced g of

(6)

The cross sections given by Eqs. (1), (4), and

scattering theory utilizing the OZ approximate is
now applied to x-ray critical scattering fromfluids
in order to obtain the appropriate multiple-scat-
tering-induced g for x-ray scattering, and to com-
pare this with an g measured in a recent experi-
ment.

It was shown' that for the typically small angles
involved in neutron critical scattering, the Glauber
high-energy approximation is applicable, and
when sufficiently close to the critical point yields
the following closed-form expression for the co-
herent differential cross section of unpolarized
neutrons scattered from a target with slab geo-
metry'.

dv 2pAs; p~ 1

(5) also hold for small-angle, critical scattering
of unpolarized x rays from fluids, once the ap-.
propriate form for P is determined. Neglecting
the forward scattering term, the first Born ap-
proximation for the coherent differential cross
section of x-ray scattering from a fluid is given
by8

pe(Born) I(g)
dQ Io

=tV( ~) 2 f (k) d'r e ' " ' " g (~),

(7)

where N is the number of atoms in the fluid, 0 is
the scattering angle, f(k) is the atomic form factor,
and g(r) is the pair correlation function of the fluid.
When the fluid is near its critical point, g(r), as
given by Ornstein and Zernike, is

(8)

(10)

Comparing Eq. (10) with Eq. (5), the multiple-
scattering parameter p for small-angle critical
x-ray scattering is given by

The relevant experimental parameters neces-
sary in calculating P taken from a recent experi-
ment on x ray critic-al scattering from argon (Z
=18) by Lin and Schmidt' are

IF, =0.025 cm, r, =3.45 A, a, =4.09 A-'.

The critical particle number density for argon is

p =8.0x 10" atoms/cm'.

This gives a value for the multiple-scattering pa-
rameter P, Eq. (11), of P =4.1x10 ' for that ex-
periment, and, from Eq. (6), gives rise to a multi-
ple-scattering- induced q of q = 1.6 x 10 4, which is
negligible compared to the experimentally mea-
sured q (q = 0.10+ 0.05}.

Because of the smallness of the multiple-scat-
tering-induced q as compared to the experimental-

For small-angle scattering, the atomic form fac-
tor is well approximated by

f(a)=—z,
where g is the number of electrons per atom.
Thus, for small-angle x-ray scattering sufficient-
ly close to the critical point, the differential cross
section given by Eq. (7) becomes
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ly measured g, one might conclude that this is
evidence of the failure of the OZ theory. However,
Tracy and McCoy' in analyzing this experiment
have concluded that since the scaling relation (2
-g) v=y was assumed in analyzing the data, an
independent measurement of g was not provided.
In fact, at the time of their writing (1975), Tracy
and McCoy concluded that "no experiment to date
unambiguously and directly establishes that the
critical exponent g is greater than zero. "

In critical scattering, an experimentally mea-
sured deviation in Lorentzian line shape, i.e., an
experimentally measured nonzero g, can arise
from many sources, e.g. , multiple scattering,

genuine deviations in OZ theory, inelasticity, ex-
perimental errors, etc. Certainly, no determina-
tion was, or is, made by us that this deviation
has its origins sole1y in one source, i..e. ,
multiple scattering. However, it is clear, that
better, more careful experiments, inwhicha31of
these possible sources, including multiple scat-
tering, are correctly taken into account, are
needed if: the existence of an q greater than zero
is to be unambiguously experimentally verified.

The author wishes to thank Professor H. A.
Gersch for his helpful comments and suggestions
regarding this work.
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