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The time development of N two-level atoms linearly coupled to a monochromatic, long-wavelength radiation
field is studied. Both systems are assumed to be initially in coherent states, the radiation mode being strongly
populated with an average number n of photons larger than N. The decay of atomic coherence can be

followed up to a time t*, after which the perturbation expansion in powers of n

=172 used to solve the problem

breaks down. We show that it increases proportional to t? at large times, as measured from the variances of
the components of the total angular momentum of the atoms. The results are briefly discussed in connection
with the problem of conversion of incoherent into coherent radiation.

I. INTRODUCTION

The present paper is the third of a series? in
which we report the results of investigations on
the coherence properties of the interaction be-
tween monochromatic electromagnetic fields and
atomic two-level systems. The aim of these in-
vestigations is to understand the influence of the
quantum-mechanical nature of both field and atoms
on the dynamical development of the coupled sys-
tem in typically macroscopic situations, that is,
when the number of photons in the field and the
number of atoms are large although finite. In
order to evidence these quantum-mechanical ef-
fects, situations have been considered where the
field is initially coherent in the sense defined by
Glauber,® and the N two-level systems are co-
herent in the sense defined by Radcliffe* so that
the coupled system can be considered to be as
classical as possible at {=0, and deviations from
coherence at relatively large times have been
found to develop gradually. In particular we have
previously shown the following:

(i) When the average number of photons » at /=0
is much smaller than N, the two-level atoms be-
ing initially in their ground states,® the initial co-
herence of the coupled system tends to disappear
after the energy has been exchanged between atoms
and field a number of times approximately given
by N/n.

(ii) At the other end of the scale, i.e., for n>N,
a similar loss of coherence takes place in the field
at large times? the variance of the field amplitude
increasing from 0 to ever larger values. This in-
crease can be followed by our techniques up to
times such that the total spin system (which we
use to describe the two-level atoms) has ex-
changed energy with the field about (2/N)'/2 times.

This behavior sharply contrasts with that of
linearly coupled harmonic oscillators, which have
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been shown by Glauber® to conserve rigorously at
all times the initial coherence properties. The
behavior also seems to indicate that for times
large enough the classical limit is not attainable
for finite systems of atoms interacting with a rad-
iation field, however large one takes the numbers
of photons and atoms in the system. Moreover,
this might also put some fundamental limits of a
quantum-mechanical nature on the efficiency of
ideal machines which transform incoherent into
coherent radiation by exploiting a set of few-level
objects in a maserlike or laserlike fashion.®
Previous work by other authors on coherence de-
cay from initially coherent states in the radiation-
matter interaction generally falls into two cate-
gories. Either few-photon processes are con-
sidered; this amounts to being able to follow the
system only for short times,” or few isolated
atoms are treated as interacting with the radia-
tion field,® which tends to make dubious the extra-
polation of the conclusions to the more realistic
many -atom case (in fact, we shall see that for
large times the behavior of many atoms is quali-
tatively different from that of an isolated atom).

In view of these facts it has seemed worthwhile
to extend the investigations to cover the statistical
properties of the atomic system in the case of
n>N. In this sense the present paper should be
considered a completion of the work?® described
in (ii). The resonant Dicke Hamiltonian® for long-
wavelength monochromatic radiation and in the
rotating -wave approximation (RWA) is our usual
starting point:

=3+ V;

C=w(S,+a'a); V=3el,a+S.ah), -

where we have used collective spin operators

N
Sﬁzsi’ (i=+,-,2)
I=1
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in a subspace with maximum cooperation number
S= %N, S§ being the single-atom spin operators
represented by 2 X 2 Pauli matrices. The state
of the field at =0 is assumed to be a Glauber
coherent state

|a)=D|0)=exp(aa’-a*a)|0),

with a=Vne %, n=|a|? being the average photon
number at =0. We take the atomic system at
t=0to be | -S), such that

S.|-$)=0; S,|-S)=-5|-85).

This is the lowest possible in energy among the
Radcliffe states, and has the important properties
of being both coherent and an eigenstate of 3¢;. We
indicate the state of the total system at #=0 by

|a, -S), and the same state at time ¢ becomes

|49} =€"%D 0, -5)
= e t%ote™iVip |0, - S), (1.2)

since [3C,, V]=0. Introducing the rotation operator
Rz= e-iwts, s

enables us to put the free-field evolution operator

in the form )

~i3Cot _ e-iwtaTaRz , (1.3)

e
while using the unitary properties of D we can
write

=1
-iViE - -1 .
D =DD 2:-—-—!(—1Vt)"‘D

m=0

= Dexp(-iD™'VDt). (1.4)

Moreover,
DVD=3€[(S,a+S.a*) + (S,a+S.a')]

can be used in (1.4), so that (1.2) can be cast in the
form

!Zp):e-iwtaTaDRz e“i/z)T(x+Y/Jn)|Q,_S> , (1.5)

where
X=¢%S,+e'S; Y=aS,+a'S;; T=e/nt. (1.6)

The aim of the present work is to investigate the
statistical properties of the atomic system and
their time development, deducing them by suitable
approximations to state (1.5). In Sec. II we shall
discuss the techniques necessary to obtain these
approximations, which shall be used to calculate
the average values of the total angular momentum
and their variances in Secs. III and IV in two dif-
ferent frames of reference. We shall finally dis-
cuss the results obtained together with their limits
of validity in Sec. V.

II. GENERAL THEORY

The advantage of putting the state of the system
in the form (1.5) is that in this form the “classi-
cal” features of the rotating field are represented
by X, while the “quantum” fluctuations are in-
cluded in Y. The effects of these two operators on
the dynamics of the system, however, are not im-
mediately separable in _(1.5), since [X, Y]#0 and

e-(i/z)T(X+Y/J'n) + e-(i'/z)'rxe-(i/z)-rY/Jh .

On the other hand, it is easily seen from (1.5) that
for large n the effects of the quantum fluctuations
should be small, at least for finite 7. Hence it is
plausible that for finite 7, and »n large enough, one
can write in zero order

,zp)g e'ithDe’”/Z)’XiO,—S),

which is equivalent to neglecting terms O(n~'/?)
in the exponent of (1.5). Furthermore, in this ap-
proximation,

e i%otp o grivtng

Furthermore, we find the well-known classical
result of the spin system rotating rigidly and
without loss of coherence with frequency v
about an axis on the (x, y) plane making an angle

@ with the x axis at £=0, which in turn rotates
about the z axis at frequency w. Moreover, in
this approximation the average number of photons
does not change with time, the field remaining in
a coherent state with its phase changing with angu-
lar velocity w, due to its rotation about the z axis.
In what follows we shall put ¢ =0 which amounts

to fixing the initial phase of the rotating field as
coincident with the x axis at #=0.

The above discussion leads us to consider ex-
pansions in powers of #™/2 of the exponential in
(1.5) to take into account the effects of the quantum
fluctuations as successive approximations to the
exact expression. In order to obtain such an ex-
pansion, we put

exp[ - (1/2)T(X+ Y V)] = $(r), BN

and observe that ¢ is the formal solution of opera-
tor equation

ia‘é¢=§(X+—}%)¢; $(0)=1. (2.1)

Equation (2.1) on the other hand is formally iden-
tical to the equation for the Schriddinger time-de -
velopment operator of a system described by a
Hamiltonian

H=3X+Y/\n

and with a scaled time 7. For »n large enough,
X can be considered as the unperturbed Hamil -
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tonian, ¥/2Vr being the perturbation. The well- '—d—-qﬁ’ 1 Yo' 6'(0)=1 "
known expansions familiar from time-dependent tar® T ’ T (2.3)
perturbation theory'® should thus be applicable to The last equation is then transformed into the
our case. We proceed first by introducing the integral equation
“interaction representation” 1 .
’ - ? ’
PO P PO ST 2.2) ¢(r)=1+ izﬁfo Y'(r)o' (1) dT,,
which transforms (2.1) into which can be iterated to yield

]

1 T 1 2 T [T,
¢,(T):1+’Z—277L:./0‘ YI(Tl)dTl"'(m) L>/0.1YI(T1)Y,(Tz)dT1de+“°=1+¢;+¢)£+“'s

where

(1) = (zzlx/ﬁ> fofol .. .fOTS“l Y/ (T )Y (1) Y (r,)dr, dry e dr, (2.4)

is the term O(%™°/%). We thus obtain

¢:e-(i/2)1'X <1+i ¢.;> .

s=1

In order to calculate ¢/ from (2.4) we need Y’ from (2.2). Since

e /2XG g GIDX g c0525T 4 S, sin%*r +iS,8inT, /DG o~(/DTX =g cosT+54(S.~S,)sinT, (2.5)
we find after some straightforward algebra
‘ Y'(1)=(aS,+a'S.) + 3{(a" - a)(S.-S,)] (cosT = 1) +i(af - a)S, sinT. (2.6)
Substituting (2.6) in (2.4) with s=1 we find immediately, after an elementary integration
1= (1/2V) {~(a' - @)S,(cosT— 1) =i(aS, + a'S_)7 + 5(S.=S,) (@' - &) (sinT - 7)]}. 2.1

It is convenient to calculate the second-order approximation as
’ 1_ T ’ ’
¢2—i2w/77 | Y'(T)pi(r,)arT,. (2.8)

The procedure is conceptually simple but rather tedious, and here we only report the final result
o4 = (1/4n)i(aS,+ a'S.)(a’ - @)S, I, + (@S, + &SI, + 3(aS, + a'S)(a" - a)(S.-S,) I,
+3i(a" = a)*(S.~8,)S, I, +3(a" - a)(S.=S,)(aS, + &S I, + i(af - @)*(S. - S,)* I, + (af - @)?S2L,
+ila’ - @)S,(aS,+ a'S.) [+ 3i(a"— a)?S,(S.-8,) L], (2.9)
where
I,=sinT—7; I,=-372; I,=cosT-1+37%; I,=3sinTcosT—2sinT+37; I = —7sinT—(cosT - 1)+ 372;
Iy=-3(sinT—7)%; I,=3(cosT—1)?; I,=TcosT—sinT; I,=3sinTCOST—TCOST + SinT—57. k (2.10)

We have thus explicitly obtained the expression for ¢ up to second-order terms in n'”"’, which is as far
as we wish to push our calculations. Hence the first-order approximation to the average value of an op-
erator A is given by

(A)=(0, =S| (L+ p{N)etH/ D™D 1giRot g gmi®ot Dt/ DT (1 4 ¢1)[0, - S)=(0, =S| (A’ + $1TA’ + A7¢1)[0,~S),  (2.11)

where ~ (A)=(0,-S|(L+ ¢+ ¢N) A" (1+ ]+ $1)[0,-5)
A= Drlei®otyg g%ty
- R-XD-leiwtaTaAe-iwta*aDR (2 12)
z F-Aad *
The second-order approximation is given by + APy + @"AT9))[0,-8) . (2.13)

=(0,-S|(A"+ pITA + AP+ pLTAY



Expressions (2.12) and (2.13) give the average
values of an operator in the laboratory frame of
reference; we shall find it more convenient to

calculate first the corresponding values in a frame

which rotates with angular velocity €V about the
direction of the rotating electromagnetic (em)
field. We call this the doubly rotating frame of
reference, in which the operators are averaged
over the state

I¢R>= e(i/z)er;1 ! By = e-iwta*aD¢, ‘0,-—8),
as
(A =(0,=S| (A" + ¢TAr" + A1) |0, =S)  (2.14)
in the first-order approximation, and as
(A)x=(0,-S| (A" + pITA" + A" ¢!
+ QAN L AT gy A1) |0,- ),

(2.15)
in the second-order approximation, where
A =Rze-(i/2)1-x/ile(i/2)-rXR;1
= Drigivtatay gmivtatapy (2.16)

We remark that up until now the formalism de-
veloped is valid also for any initial-spin state, so
that the same formulas would apply to any state
|a, u) at ¢=0, with the only substitution of |0, u)
instead of ]0,—8). From now on, however, we
shall exploit the simplicity of the initial state of
our choice, which permits us a noticeable reduc-
tion of mathematical labor. We recall that

-
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@]0,-8)=0; S5.|0,-S)=0;
S:|0,-8)= -5[0,-8); aa'|0,-8)=]0,-5);

S.5,]0,-5)=25]0,-8); (2.17)
$5.10,-8)=(1-9)s,]0,-5),
so that
(aS,+a's))|0,-8)=0;
(0" )S,[0,-5) = ~Sa'[0,-5); (2.18)

(@'-a)S.-8,)[0,-5) = —a's,|0,-S).
From (2.18) and (2.7) we find
¢110, -8} = (1/2vn){[S(cosT-1)
+314S,(sin - 7)]a'}|0,-5) .
(2.19)
Moreover, on the basis of (2.17)
(aS,+a'S.)(a' - a)s,|0,- )= -8s,]0, -S),
(aS,+a'S)(a"-a)(s.-5,)|0,-5)
= - (S2+2Sa™)|0,-S),
(@' - @)?(S.-8,)S,]0,-S) =S(a'2-1)s, |0,-5),
(@' a)*(S.-S,)%]0,- 8) = (at?- 1)(52-25) |0, - S),
(2.20)
(@'~ a)%s2]0,-8) =S%(at?-1)|0,-5),
(a'- @)25,(S.- 8,)|0,~-S)=(S1)(a'?~ 1)s,]0,-5),
which together with (2.9) yields

30,8y = (1/4n){(B1,S-1,5?) —i[1,S+ 51,5+ 31,(S-1)Is,
+34[LS+1,(5-1)]S,a" ~ (IS + 51,5~ 1,5%) 0" - §(I, + 31,)S2 + 1 1,52 a'2}| 0, -S) . (2.21)

We shall now proceed to calculate the average
values of the dynamical quantities of the system
relevant to its statistical properties.

III. DOUBLY ROTATING FRAME

We first calculate {S,);. From (2.16) we im-
mediately have §}’=S, so that from (2.15),

(S.+S)r=(0,=S|[(S,+S)+ ¢!1(S,+S)
+(S,+ S)dJ{ + OIS, + S)o!
+ 057, +5)+ (S,+9)¢45]1|0,-5) .

(3.1)
Since

(sz+s),0;_s> =O:

we immediately find from (2.19),
(Sy+S)po=03 (S, +S)g,=0;
(S, +S)po=(0,-5| ¢17(S,+5)9|0,-S)
= (1/4nX0, -S|[S(cosT - 1)
~3iS_(sinT ~7)]a(S,+S)
X [S(cosT 1)+ 3iS,(sinT - 7)]at|0, -S),

where by (A); we have indicated the terms in
(A)g of the ith order in #™/2, After some fairly
simple algebra the above expression can be put
into the form

<Sz+ S>R2 = (S/8n) (sinT — )2

and
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(Spr=-S[1-(1/8n)(sinT -7)?]. (3.2)

We also calculate {S,), for which we also have
S/ =S, and

(8.Yr0=(0, =518,[0, -8)=0;

(S.r =0, =S| (#17S,+5,91) 0, =5);
(Sro=(0, -S| (#{'S.01+ 9118, +5.3)| 0,-5)
=(0, -S| (¢1's, 9+ ¢'s,)[0, -5).

From (2.19) and (2.21) we easily find
(0, -S| ¢S, 91|0, =Sy = —(i/4n)S*(sinT —7)(cosT - 1);
<6, -S| ¢ss, |0, -S)
= (i/4n)[2S%(sinT —T)+S%(sinT —7)(cosT — 1) =SI,],
which after substitution in (3.3) yield
(S)r2=(Su)r ,
= (i/4n)[28?(sinT —T)

—S(:sinT cosT —T cosT +sinT ~37)].
(3.4)

(3.3)

From (3.4) we deduce immediately
<Sx>}e = Re(<s+>R) =0;

<sy>R =1Im «S+>R)

= (1/4n)[ 25?(sinT —7)-S(3 sinT cosT —T cosT

+sinT —-37)]. (3.5)

Expressions (3.2) and (3.5) allow us to make
immediately some interesting considerations on
the dynamics of the system. We remark that in
the classical approximation the total S should re-
main fixed along z in the doubly rotating frame,
while from (3.5) and (3.2) we see that the total an-
gular momentum develops a y component, the x
one always remaining zero and the z one decreas-
ing gradually. This means that S tends to lag in
phase and rotates about the direction of the elec-
tromagnetic field at an angular velocity smaller
than evn. We shall call this effect also “residual
rotation.” We can try to explain this qualitatively
by taking into account the absorption and emission
processes by the atomic system, which on the
average decrease the mean number of photons
from n to n —S, thereby reducing the angular velo-
city of S from €V# to

€ -S)/2~evn(l -S/2n)

on the average. This'means that the spins should
lag by an average angle

6= -ST7/2n. (3.6)

This simple argument would yield for the z and y
components

{Spg = —-Scoss~ -S(1 —35%)
= -S(1 -8%%/8n?), (3.7

(Sp)r = Ssind~S6= -S>7/2n. (3.8)

While (3.8) agrees with part of (3.5) for large
enough 7, (3.7) is in sharp disagreement with (3.2)
which indicates a different decrease than that pre-
dicted by (3.7); the latter is in fact O(»™®). There-
fore the phase-lag of S cannot be the whole story.
In fact (3.2) and part of (3.5) must be explained

in terms of loss of coherence within the atomic
system. This can be shown to be the case by cal-
culating ($)? which should give S? for a coherent
state. In our case we have from (3.5) and (3.2),

(%4 (S, )2 +(S )" ~ S*(1 —72/4n),

where we have neglected terms O(n™%), and where
we have assumed 7>>1. This shows that the co-
herence of the atomic system is in fact decreas-
ing.

In order to see more clearly the growing up of
disorder within the atomic system, we now turn
to calculate the variances of the angular momen-
tum components. First we calculate

(83 - S0 =0, =S| (S =5%)[0, -S);
(S2 ~S5)g, =(0, =S|[$17(S2 - 5%)+ (S - 5% 9] |0, =5);
(83 5%z =0, -S|[#17(S3 - M) b1 + 937(S; -5 (3.9)
+(s2 -59)¢3]|0, -5)
=(0, -S| ¢{'(s3 - 579110, -5),
since

(sz-s5%0, -5)=0.

Moreover using (2.19) in (3.9) we get after some
algebra

(S2 —5% 5, = (1/4n)3S(1 - 2S)(sinT —7)?,

which gives

(SHp =82+ (1/4n)3S(1 - 2S)(sinT ~T)2. (3.10)
On the other hand from (3.2) we have

(S)%=5"1 - (1/4n)(sinT - 7)7],
from which we can find the variance

(AS,)% =(SDg —(Sp%=(S/8n)(sinT —-7)*.  (3.11)

As for the variance of the transverse components.
we remark that the variance of S_ is given by the
length of the vector

(S. =(SJR) ¥R,
so that
(AS)2 =g |S.S. | ¥e) - | (W |S.|¥)|?.

Following the usual procedure we calculate

(3.12)
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(5,50 =(0, -55,S.|0, =5)=0;
(5,551 =(0, -S| (¢11S,5.+5,5.9)| 0, -S)=0;
(8,802 =40, =S| (#1'S,S_¢] + $115,5_+5,5.6}) |0, -S)
=(0, -S| ¢1's,5.4}]0, -5) (3.13)
= (8°/4n)(sinT ~T)% .

Further, from (3.4) we find that [(S_);|? is of
O(n"?) and we must neglect it in (3.12). Conse-
quently we find

(AS.)% = ($%/4n)(sinT —T), (3.14)
Comparing (3.11) and (3.14) with (A5) and (A7) in
the Appendix, we see that the variances in the
doubly rotating frame cannot be attributed to the
residual rotation of S. In fact for large 7 we have
from (3.11) and (3.14), respectively,

(8S,)%~S7%/8n, (AS.)~S%7%/4n, (3.15)
while the variances due to the residual rotation
can be approximately calculated from (A5) and
(A7) with 8= 5 given by (3.6) as

(AS,)%~S%7%/8n2, (AS.)%~S%*/2"n?,
which are much smaller than (3.15). Thus the
increase in the variances is intrinsically quantum

mechanical and should imply an increasing loss of
coherence within the atomic system.

IV. LABORATORY FRAME

In this section we report the main results of our
theory in the laboratory frame of reference. For
each quantity we have first to calculate

A ' e(i/z) X A e—(i/z) rx’

A being given by (2.12). Thus we obtain
g;z e(i/z) TXR:D-1eiwfa'{asze-iwraTaDRze-(i/z) X
= ¢l/2 TXR:S R, WD TE_ (if2) g, o W2 X

=S, cosT + 3i(S. =S,) sinT, 4.1)
where use has been made of (2.5). Analogously
we find

S/=e'"(S, cos?3T +S_sin’sT - iS, sinT) , .2)
§!=e"*%7(S_ cos®47 + S, sin*47 +iS, sinT). )
For the longitudinal component of the total an-
gular momentum one has from (4.1), (2.19), and

[l e
S, Im

~sinwt
= [ ]{S sint[1 - (1/8n)(s‘inT -7)?]

coswt

(2.21) after some algebraic labor
(S20=(0, -53%]0, -5)
=(0, -S|[S, cosT + 3i(S. - S,) sint] |0, -S)
= =S CosT,
(82,210, -S| (¢15;+5.97)|0, -5)=0; 4.3)
(8.),=(0, -S| (#1501 + 9175, +8.93)|0, -S)
= (1/4n)[ 1S cosT(sinT — T)?
+28%sint(sinT —7) =S éinTIQ] .
Summing up results (4.3) we finally get
(S, =-Scost[1-(1/8n)(sinT - 7)?]
+ (1/2n)[S? sinT(sinT - T)
—3S sinT (4 sinT cosT
~-TcosT+sinT —37)] . (4.4)

The transverse components can be calculated from
(4.2), (2.19), and (2.21) as

(8.0=(0, —S|8.]0, -S) =iSe*“ sinr;
(S.),=0, -S| {18, +8.61)|0, -S)=0;
(8.):= 0, =S[(815; 91+ 9178, + 5 61) |0, -5)

= ({e*“t /4n)S[ -3 sinT (sinT —T)? (4.5)

+2S cost(sinT —7)

—cosT (3 sinT cosT

— T cosT +sinT —37)],
and summing up results (4.5) we get
(S,y=iet“*s{sint[1 - }(sinT - 7)?]
+ (1/4n)2S cosT(sinT —T)
—cosT(% sinT cosT
~TcosT+sinT —37)} (4.6)

The x and y component of S are easily found
from (4.6) as

+(1/2n)[S? cosT(sinT —T) — 3S cosT (3 sinT cosT — T cosT + sinT —37)] }. 4.7)
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We now wish to analyze in some detail the re-
sults hitherto obtained in the laboratory frame
of reference. Comparing (3.2) to (4.4) we find
again in the latter the term proportional to

(S/8n)(sinT - 7)?,

which we have already ascribed to the shortening
of the total angular momentum due to loss of co-
herence within the atomic system. Other terms
of order S?/n appear in (4.4), however, which are
likely to become important for large S, and these
are probably due to the phase-lag effect discussed
in Sec. III. In fact, in the laboratory frame of
reference we should have

(S = —S(cosT + 8)~ =S(cosT — & sinT)
= =S cosT — (8%/2n)T sinT, (4.8)

where only the phase-lag effect has been taken
into account and where 6 is defined in (3.6). Com-
paring (4.4)and (4.8) we see thatthe S>termsare in-
deed explainable in terms of the residual rota-
tion. Moreover, it is easily seen that the time
development of the transyerse components in (4.7)
is essentially of the same form as that of (S,) in
(4.4), apart from appropriate phase factors.
Finally we report here the average value of
S2 without giving the details of calculation

(8% =82 cos®T + 3S sin®T + (1/4n)S(2S — 1)
x {-% cos®T(sinT —7)?
—sinT cosT{2S(sinT —7) — 5 sinT cosT
+7 COST —SinT + 7]
+sin®T(cosT — 1+ 372)}. (4.9)

Expression (4.9) is useful to derive the variance
of S,. We shall not do this here, however, and
shall be content with the variances already de-
rived in the doubly rotating frame of reference.

V. DISCUSSION

We are now ready to discuss the results obtained
in the preceding sections, starting from a dis- °
cussion on the limits of validity of our perturba-
tion expansion in powers of #'/2, We shall assume
that when the perturbation terms in the time-de-
pendent expressions for the quantities we have
calculated become comparable with the “clas-
sical” terms, our perturbation procedure breaks
down. We shall consider the case 7>1 in the
laboratory frame and two cases for S:

(i) S~1. Here S2~S, and neglecting terms of
order T with respect to those of order 7%, we get
from (4.4) and (4.7)

(S = ~SsinwtsinT(1 —72/8n),
(S = =S coswt sint(1 —72/8n), (5.1)
{S,)=-Scost(l —72/8n),

which clearly shows that our perturbation breaks
down for 7=7*~(8%)!/%. This allows us to define
a time

t*=(8n)"/*(eVn)*, (5.2)

after which we cannot follow the time develop-
ment of our system. Since V% is the frequency
of the precession of S about the rotating field,
(5.2) means that by our techniques we can follow
the motion of the atoms until the total angular
momentum has performed ~V7 precessions, which
seems to be quite satisfactory.

(i) S>1. In this case we neglect S with respect
to S% in (4.4) and (4.7), while keeping terms in
S?7 and ST, We thus obtain

(S = =S sinwf (1 —72/8n) sinT + (rS/2n) cosT] ,
(S, =S coswi (1 —72/8n) sinT + (1S/2n) cosT], (5.3)
(8= =S[cosT(1 —72/8n) — (rS/2n) sint].

Keeping in mind our interpretation of the phase
lag, it is convenient to rewrite (5.3) in the form,
correct up to terms O(n™'),

(S =-S(1 —7°/8n) sinwt sinQ,
(Sy=S(1 —72/8n) coswt sinQt, (5.4)
(S, =-=S(1 —72/8n) cosSit,
where
Q=evn(l -S/2n).

Expressions (5.4) describe a total spin precessing
at w about the static field along z, and at © about
the rotating field. In this case the limits of valid-
ity of our approach are given by the more restric-
tive of the two conditions

72/8n~1 or 7S/2n~1.

Consequently, depending on the total number of
atoms, we can give two breakdown times

t*:{(Sn)”z(s\/Z)", 1<S<vVn,
(2n/S)(e¥Vn)t, Vr<S<n.

The first of which tells us that when the atoms are
relatively few, the prevailing phenomenon is loss
of coherence within the atomic system, which
spreads off the total angular momentum before
the phase-lag effect can perform its work. The
opposite is true when * is given by the second

of (5.5), which implies, if our interpretation in
terms of residual rotation is correct, that when
the number of atoms is large enough the phase

(5.5)
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lag of the total angular momentum becomes no-
ticeable before the loss of coherence can play
its role in invalidating our perturbation expan-
sion.

We now turn to the variances, which we consider
in the doubly rotated frame of reference, as given
by (3.11) and (3.14). We observe that between the
variances of the field®> (Ax)? and the variance of
S_ the following relationship is valid:

(AS)z=25(Ac)?,

which is the same as found in previous work! with
n<<S. The above relationship illustrates the well-
known'* close connection between field and atom
statistics. Further, inspection of asymptotic ex-
pressions (3.15) shows that the variance of the
longitudinal component of S is smaller than those
of the transverse components for large numbers
of atoms, but the difference tends to vanish for
few atoms (S®~S). We may now define on the basis
of (3.15) physically meaningful critical times, as
those times after which the spread of a component
is of the same order as its possible maximum
value. For the transverse component we have

Ts=2Vn or ty=2Vn(evn)?, (5.6)

which shows that after 2v#% precessions around
the rotating field the spread in the transverse
component of the angular momentum has become
very large. From.

Aa=Vn,

we also find the analogous time for the photon
field®

7,=2V2n/VS or t,=(2V2r/YS)(evn)™*. (5.7)
The ratio
t/ty=(S/n)*'?

tells us that the time of coherence loss for the
spins is smaller than the corresponding time for
the photon field, since S<# is a basic assumption
of this work. The question now arises: Arethese
times within reach of our perturbation theory, or,
in other words, are /; and ¢, smaller than ¢*?
From (5.5), (5.6),and (5.7) we can distinguish two
cases:

(i) 1<S<vn. Here we have

*/t~1; %/t~ (S/n)2<1,

and we can follow pretty well the system up to the
critical time for atoms, but not for the field.
(ii) va<S<#n. Then

*/tg~Vn /S <1, t*/t,=(25)/2<1,

in which case we can only follow the initial part
of the decay of the total angular momentum’s and

of the photon field’s coherent properties. It should
be noted however that for ¢~ /* the process of co-
herence loss in the system is already well devel-
oped. '

It is also interesting to remark that our approxi-
mation (5.1) with S=3 coincides with the expan-
sion for S, up to O(z™) terms which has been ob-
tained by Meystre ef al.® for the decrease of the
z component of an isolated spin in a coherent
field. In this sense the first of (5.1) can be con-
sidered an extension to a large number of spins
of their results, the latter being apparently valid
for times larger than ours.

We now turn to the short-time behavior of the
spin system, with particular reference to 37 and
7 pulses; in other words, we investigate the ef-
fects of short pulses of strong radiation, which in
the so-called classical limit should rotate the an-
gular momentum of the atoms by integer multiples
of 7. The effects of 7 pulses in the laboratory
frame of reference is limited essentially to a
shortening of the total momentum such that an
equivalent fraction 72/8x ~1/n of the total number
of atoms has suffered quantum-mechanical dis-
order, as can be easily seen from (4.4); in fact all
the phase-lag terms in (4.4) vanish for 7=7. This
is, in general, quite a negligible fraction, except
perhaps if we consider the case of few atoms and
few photons. As an example, if we have n=10,
about 12% of the atoms (N must be smaller than
10) have been disturbed, which means at most
one atom in 8 or 9. The situation is quite differ-
ent in the case of 37 pulses, where the $? terms
in (4.4) can play an important role in determining
the phase lag. If the latter is in fact ascribed only
to the S? term, at the end of the pulse the decrease
in S, should amount to a fraction

(N/n)(zm-1)
of the N atoms, which gives a phase lag
@=arctan [(N/n)ET-1)].

If, e.g., n=10N, the phase lag after a 37 pulse
should be over 3 deg.

In conclusion, we wish to stress the fact, clearly
emerging from our theory, that every interaction
between radiation and two-level objects involves
some loss of coherence both in the atomic sys-
tem and in the radiation field, which over a period
of time manifests itself in the form of a slow but
steady increase of the variances. This loss of
coherence is indeed of a fundamental nature, and
it is due to the interplay of the Heisenberg un-
certainty principle and the form of the angular-
momentum commutation relations.

Another remarkable fact is that the ability of the
atomic system to exchange energy with the elec-
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tromagnetic field gradually decreases with time,
due to the “shortening” of the total angular mo-

mentum [of course (S2)+(S2)+(S? is always S(S+1);

here we mean that (S,)*+(S,)?+(S)* gets smaller
than S?]; it is as if some energy, initially in the
field, were stored in the atomic system, which is
not able to give it back to the field in the form of
coherent energy. It is this part which has prob-
ably to be taken into account in any theory of the
efficiency of a machine made up of atoms which
converts incoherent into coherent radiation. It
should be noted that this energy, which should be
considered as effectively lost for the machine
when calculating the amount of coherent energy
produced per cycle, increases quadratically with
time, leading to the concept of short-duration
cycles being “cleaner” than long-duration ones.

Similar features to those discussed above have
previously been shown to develop in the decay
from the fully excited state in the presence of
radiation fields initially in a photon number state.™
The interesting point about our result is that these
features should develop also in the presence of
fields which have been made to look as classical
as possible.

In this paper we do not wish to pursue further
the discussion on the conversion of incoherent into
coherent energy, which still requires some more
detailed investigations on the interaction between
few-level objects and radiation before it can be
done in a properly thorough way, as is desirable
in view of the conceptual and possibly practical
importance of the problem.
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APPENDIX

In this appendix we report a short compendium
of properties of Radcliffe states, As it is well
known'? a coherent spin state pointing toward a
direction which forms an angle 6 with the negative
z axis and whose projection on the (x, y) plane
forms an angle ¢ with the x axis can be expressed
as

|6, ¢>=Re,¢| "‘S>’

where R is the rotation operator discussed by
Arecchi efal. The mean value of an operator A
on this state is given by

(A)=(8,0|A |6, ¥)=(-S|R;}, AR, ,|-S). (A1)

Since Rp!,=R_,,,, We find
S!=R;!yS Ry,
=S _cos?30 -S,e"?%sin%; 6-S,e"sind,
§1= R3S, Ry,
=S,cos250 —S_e?’sin®30—s, e*%sing, (a2)
S1=R;!yS. Ra,
=S5,c080 + 35inf(S,e"**+ S_e'Y).
Hence the average values of raising and lowering
operators on |4, ¢) are
(S.y=Se"** sinf; (S,)=Se'’sinb, (A3)
while
(S,»=Ssinf cosp; (S,)=Ssinfsiny;
(S, =-Scosf - (A4)

The variances in state |9, @) can be calculated as
follows:

(1) (S,=(S)Rq, ,| =S) =Ry, (S5 =(S))| - S)

=R, ,35in0e™’s, | - S).
From this we have
(88,2 =11(S,—(S,))Rs, ,| - S)II=2S sin’¢, (A5)
where ||| £)ll means [(£|£) |2
(ii) (S.=(S))R4, | =S) =Ry, ,(SL~(S)) | -S)

=R, (e"*%in?9)S, | - S), (A6)
from which
(8= II(s_;<s_>)Ro,u, - SH|l=2Ssin*40 . (A7)
(iii) (S,= (SR, 4| =S) =Ry, ,(Si~ (S))| =S

=Ry, £087365,[-5),  (A8)

so that
(45,)2=11(S, = (S.)Rs,

- S)l|=2Scos*36. (A9)

(iv) Summing (A6) to (A8) and dividing by 2 we get
(Sy={(S:))Rs, | =) =Ry, (SL~(S))| =S)
=3R,, (cos?30 - e #295in236)S, | - S)
and
(A5,)2=11(S, = (S)Rs, | =S)II
= 3S(cos*50 + sin*56 - cos2¢ sinZ6) . (A10)

(v) Subtracting (A6) from (A8) and proceeding as
in (iv) we find

(AS,)?=3S(cos*s0 + sin*6 + cos2¢ sin®e). (A11)

It is interesting to consider the product
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AS, AS,=3S[(cos*30 + sin*36)?
--tlcos22<psm4 fcos30]t/2,

which has minima for ¢=x3nm (2=0,1,2...).
These values of ¢ characterize the so-called in-

2041

telligent spin states,'® for which
AS,AS,=3Scosf=3[(S,),

while for all other values of ¢ one has always
AS,A5,>3|(Sp].

!F. Persico and G. Vetri, Phys. Rev. A 12, 2083 (1975).

2G. Compagno, ¥. Persico, and G. Vetri,_ Phys. Lett.
A5G, 449 (1976).

SR. . Glauber, Phys. Rev. 131 2766 (1963).

“J. M. Radeliffe, J. Phys. A 4, 313 (1971).

SR. J. Glauber, Phys. Lett. 21, 650 (1966).

SH. E. D. Scovil and E. O. Schulz-Du Bois, Phys. Rev.
Lett. 2, 262 (1959); J. E. Geusic, E. O. Schulz-

Du Bois, H. E. D. Scovil, Phys. Rev. 156, 343 (1967).
™. E. Smithers and E. Y. C. Lu, Phys. Rev. A 9, 790
(1974); S. Carusotto, Phys. Rev. A 11 1629 (1975)
8p. Meystre, A. Quattropani, and H. P. Baltes, Phys.
Lett. A49, 85 (1974); W. R. Mallory, Phys. Rev. A 11,

2036 (1975); B. R. Mollow, Phys. Rev. A 12, 1919
(1975). -
’R. M. Dicke, Phys. Rev. 93, 99 (1954).
p, Roman, Advanced Quantum Theory (Addison-Wes-
ley, Reading, Mass., 1965), p. 311.
"'G. Scharf, Ann. Phys. (N.Y.) 83, 71 (1974); G. Scharf
Helv. Phys. Acta 48 329 (19'75)
ZF, T. Arecchi, E. Courtens, R. Gilmore, and
H. Thomas, Phys. Rev. A 6, 2211 (1972).
3C, Aragone, G. Guerri, S. Salamd, J. L. Tani, J.
Phys. A 7, L149 (1974); G. Vetri, J. Phys. A 8, L55
975).. -
G, s. Agarwal, Phys. Rev. A 2,2038 (1970).



