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A study has been made of the Compton scattering of 1.12-MeV gamma rays by K-shell electrons of tin,
tantalum, gold, lead, and thorium. K x rays of target atoms were detected in coincidence with the scattered
gamma rays. A careful investigation of false coincidences has been carried out. The ratio dogx/doy of the K-
shell electron cross section to the Compton cross section for a free electron at rest was determined at serveral
angles between 25° and 120°. The cross-section ratio in the case of gold and thorium is less than 1 at 25°,
larger than 1 in the neighborhood of 90, and close to 1 at 120°. The experimental results are compared
with theoretical calculations based on the incoherent-scattering-function approximation and a relativistic
version of the impulse approximation. There is a need for a comprehensive relativistic calculation
incorporating the effects of electron binding in intermediate states.

I. INTRODUCTION

Compton scattering from K-shell electrons of
atoms of large atomic number Z is of consider-
able theoretical and experimental interest. The
usual procedure in studies of this process is to use
a monoenergetic source of y rays and to detect a
scattered y ray in coincidence with the K x ray
produced in the target within a short time (~ 1078
sec for gold) after the scattering event. Such ex-
periments at an energy as high as 1.12 MeV were
described for the first time in a brief report.!
(References to earlier studies at low energies are
given in the same report.)

Important information regarding the process is
provided by the differential cross-section ratio
do,/dop, i.e., the ratio of the differential scat-
tering cross section of a K-shell electron to that
of a free electron initially at rest. The latter
cross section is obtained either theoretically from
the Klein-Nishina formula or experimentally from
Compton scattering measurements in the singles
mode with a target of small atomic number. On
the assumption that the scattering electrons may be
treated as free but moving with velocities charac-
teristic of K-shell electrons, an impulse approxi-
mation (IA) method of analysis was developed par-
ticularly for large scattering angles involving large
changes of photon momentum. The relativistic
formulas of Jauch and Rohrlich? for photon scat-
tering from moving electrons were generally used
in such analyses.3"® However, in our earlier brief
report, we have pointed out some of the difficult-
ies associated with this method.

Alternatively, the cross-section ratio has also
been compared®™° with the incoherent scattering
function S, for a K-shell electron. This method
is based on the nonrelativistic A? approximation in
which the (e/mc)p * A term in the interaction Ham-
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iltonian is neglected and only the (e%/2mc?)A?
term is retained. (Here, e,m, and p are the
charge, mass, and momentum of the electron; ¢
is the velocity of light, and A is the vector po-
tential of the electromagnetic radiation.) With
the help of the closure property, S, can be ex-
pressed in terms of the form factor Fy for a
K-shell electron:

Sk(a,2)=1- |Frla,2) |2. ; (1)

Thus, the S, method turns out to be appropmate
when the form factor approximation for coherent
Rayleigh scattering is appropriate, i.e., for in-
cident photon energies much larger than the elec-
tron binding energy but less than mc?, and for mo-
mentum transfers generally ‘smaller than mec.
Although a detailed justification of the S, method
has not been given within the framework of a
relativistic treatment, Dirac wave functions have
been sometimes used”® to calculate S,.. The ex-
isting tabulations'* of bound-electron Compton
scattering cross sections are based on the non-
relativistic S,

The present study was expected to provide a
more stringent test of relativistic aspects than
the earlier studies at lower photon energies. In
the relativistic theory, the interaction term re-
sponsible for photon scattering is e& +X and the
calculation has to be carried out in the second
order of perturbation theory. (Here, & represents
the three 4 X 4 Dirac matrices a,, @,, and a,.)

If one neglects the negative- energy electron states,
the (e/mc) P A term is the nonrelativistic analog
of the ed +A term. Further, the extensive work of
Brown and co-workers'? with respect to Rayleigh
scattering from K-shell electrons has shown that,
particularly for large momentum transfer, the
relative importance of electron binding in inter-
mediate state increases rapidly with the photon
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energy. A similar result should be expected for
Compton scattering, although this has not yet been
demonstrated umambiguously.

In the theoretical calculations of Henry!® and
Whittingham** for 0.662-MeV y rays, the relativis-
tic formulas of Akhiezer and Berestetskii'® have
been used along with the Furry picture and the
Green-function techniques of Brown et al. There
are a few differences of a technical nature between
the two calculations. These are concerned with the
methods of performing integrations over angular
variables, the numbers of terms retained in
Legendre polynomial expansions of the matrix
elements and the boundary conditions in the case
of absorption first matrix elements for the out-
going electron wave function at large distances.
Henry calculates only values of the differential
cross section ratio up to an angle of about 60°.

The corresponding results of Whittingham cover
the entire angular range and are in fairly good
agreement with the experiments.

Whittingham’s calculation of the energy distribu-
tion of Compton scattered photons gives the ex-
pected broadening of the Compton peak. The same
calculation predicts about 10% shift of the scattered
intensity peak position toward higher photon en-
ergies with respect to the free Compton line. How-
ever, such a shift was not observed by East and
Lewis!® in their experiments with lithium-drifted
germanium detectors up to an angle of 70°. In
contrast with the exact nonrelativistic calculations
of Gavrilal? for an electron bound in a hydrogen
atom, Whittingham does not predict a rise at the
low-energy end of the energy distribution down to
about 0.1 MeV.

A preliminary study®® has also been reported of
the energydistribution of K-shell electrons of
germanium, released in the Compton scattering
of 0.662-MeV y rays through 135°, With an instru-
mental width of 0.035 MeV, the width of the mea-
sured distribution turned out to be about 0.045
MeV. . ,

The present experiment shows the inadequacy of
IA and S, approximations, and points to the need
for a comprehensive relativistic calculation in-
corporating the effects of electron binding in in-
termediate states. Some of the salient details of
the experiment are described in Sec. I. The
results and conclusions are presented in Sec. III.

II. EXPERIMENTAL DETAILS

A. Principle of the experiment

As in the earlier experiments, the events of in-
terest were identified by the detection of the scat-
tered y rays in coincidence with K x rays which
result within a short time after the scattering.

The differential cross section per unit solid
angle, dch/ dQ,, for the Compton scattering by a
K-shell electron was measured relative to the
differential Compton cross section of a free and
stationary electron, do./dQ,, and the ratio do,/
do ; was determined in each case. Here, dQ, is a
solid angle element in the direction of the scat-
tered photon. The true coincidence rate N,, re-
quired in the determination of the cross-section
ratio, was obtained through Eq. (2):

Ng=N"Nc"Nf'—NeK’ (2)

where N is the coincidence rate measured with the
given target, N, is the chance coincidence rate,

N, is the false coincidence rate (measured with an
equivalent low-Z target), and N, is an estimate

of the additional false coincidence rate arising from
the simultaneous detection of a y ray scattered by
electrons other than K-shell electrons and a K x ray
produced by the Compton electron in its passage
through the target. Then

do, N,n, ¢  a,’ 1
dog N, ng € a,° €, Wy ’

where N, is the singles counting rate in the y de-
tector attributable to Compton scattering from an
aluminum target, #; is the effective number of
electrons per unit area of the aluminum target,

n, is the effective number of K-shell electrons per
unit area of the target under study, €f is the
detection efficiency of the y detector for photons
Compton scattered by the aluminum target, X

is the corresponding detection efficiency for pho-
tons Compton scattered by K-shell electrons of
the target under study, a’ is the transmission fac-
tor for photons Compton scattered by the aluminum
target, af is the corresponding factor for photons
Compton scattered by K-shell electrons of the
target under study, €., is the efficiency—solid-
angle product of the x-ray detector for K x rays
irom the target, a, is the transmission factor for
K x rays from the target, and W, is the K-shell
fluorescence yield of the scattering material. The
basis of Eq. (3) has been described by other
workers and also by one of the authors.!® The
various quantities on the right-hand side of Eq. (3)
were obtained either during the course of the ex-
periment or from published data.

®3)

B. Description of the apparatus

A diagram of the experimental arrangement
at 90° scattering angle is given in Fig. 1. A
neutron-irradiated cylindrical zinc pellet of 8 mm
diameter and 12 mm height served as the zinc-65
source of 1.12-MeV y rays. It was placed at the
center of a cylindrical lead housing of 32 cm di-
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FIG. 1. Experimental arrangement for scattering
through 90°. 6 is the angle of scattering of ¥ rays. 6,
is the angle at which K x rays of the target are detected.
B is the angle between the target plane and the plane nor-
mal to the incident beam.

ameter and 32 cm height. The collimator in front
of the source had a clear opening of 9.5 mm diam-
eter. Lead surfaces towards the scatterer and the
detectors were lined with 12.7-mm or 6.3-mm-
thick brass. The strength of the zinc-65 sourcewas
approximately 1 Ci after irradiation. Several ir-
radiations were required on account of the long
duration of the experiment. It should be noted that
the zinc-65 source emits 0.325-MeV positrons with
a probability of only 1.5%. The K x rays were
detected by a (38 mm X 6.3 mm thick) Harshaw
Nal(T1) crystal with a 0.025-mm aluminum cover
and mounted on a Dumont 6292 photomultiplier.

An additional 0.75-mm-thick aluminum absorber
was also used in front of this detector to stop
secondary electrons and to attenuate x rays of en-
ergy lower than that of K x rays. The scattered
y-ray detector was a Harshaw integral line as-
sembly consisting of a (44 mm X51 mm thick)
NaI(T1) crystal coupled to RCA 6342A photo-
multiplier. The distance between the center of

the source and the target was 32 cm. The x-ray
detector was placed at a distance of 8.3 cm from
the target and at an angle of 120° with respect to
the incident beam. Crystal-to-crystal scattering
was considerably minimized by a careful position-
ing of the shielding blocks. The targets were
made from 99.99% pure metals. The circular
targets were sandwiched between two thin annular
plastic rings whose inner and outer diameters are
4.4 cm and 5.2 cm, respectively. The diameter of
the beam spread at the target in a plane perpendi-

cular to the incident beam direction was approxi-
mately 2.2 cm. Thus the plastic rings were
always well outside the beam. The actual thick-
nesses of targets, the angles B between the target
planes and the plane normal to the incident beam
direction, and the distances of the y detector from
the target for different angles of scattering are
given in Table I. :

The electronic setup was suitable for a conven-
tional coincidence experiment. Energy selection
in the case of the x-ray detector was achieved with
a single-channel analyzer, the typical window
transmission for K x rays from the target being
about 75%. An integral discriminator was used
with the scattered y-ray detector. During the mea-
surements of the cross-section ratio, a resolving
time of 0.2 usec was used. During the measure-
ments of the scattered y-ray pulse height distribu-
tions, a fast-slow coincidence system was used in
order to produce a gating pulse for a 20-channel
pulse height analyzer. The resolving times in the
fast and slow branches were 30 nsec and 2 usec,
respectively. The performance and the stability of
the entire system were checked periodically with
the help of 1.17- and 1.33-MeV y rays from a *°Co
source, and positron-annihilation quanta from a
22Na source. All the electronic units were run on
ac line voltage stabilizers. The ambient tempera-
ture was not allowed to vary by more than +1°C
in relation to the normal value of 20°C.

C. Measurements and errors

The experimental procedure has been described
indetail by one of the authors.® Here only the im-
portant points will be mentioned briefly.

The y-detector bias level was adjusted to pass
only pulses with a height well in excess of that
corresponding to the mean target K x-ray energy.
This precaution is necessary in order to minimize
the counts arising from the detection of K x rays
in the so-called y detector. The bias levels
actually used were 0.300, 0.165, 0.165, 0.110,
and 0.100 MeV in the case of measurements at
scattering angles of 25°, 60°, 90°, 100°, and 120°,
respectively, except that for thorium, at 100° and
120°, the bias levels were 0.145 and 0.165 MeV,
respectively. The bias level chosen at an angle
corresponds roughly to one-third of the energy of
the appropriate “free” Compton line.

The chance coincidence rate was measured by
standard techniques. The reasons for false
coincidences have been described in detail by
Shimizu ef al.,* and East and Lewis.!® Several
types of false coincidences were minimized by
the use of relatively thin scattering foils, by
the reduction of extraneous material to a min-
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imum, and by the placement of shielding blocks
around the detectors so that their fields of view
were restricted to regions in the vicinity of the
target. The secondary electrons were stopped by
the use of suitable absorbers in front of the de-
tectors. “In the case of the thorium target with the
y detector at 60°, the true coincidence rate per
hour dropped from 142+ 10 for zero absorber to
34.8+7.5, 33.5+5.4, and 34.9+3.2 for 0.275-,
0.825-, and 1.38-mm copper absorbers, respect-
ively, in front of the y detector. Copper absorbers
of 1.38 mm thickness were used for measurements
at 25°, 60°, and 100°. At 90° and 120°, the thick-
ness of the copper absorber was 0.275 mm. As
mentioned in Sec. II B, an aluminum absorber of
0.75 mm thickness was used throughout in front

of the x-ray detector.

The false coincidence rate N, is usually mea-
sured with the substitution of an equivalent
aluminium target having the same number of elec-
trons per unit area as the high-Z target under
study. The false rate N, is then taken as the dif-
ference between the coincidence rate measured
with such an aluminum target and the correspond-
ing chance coincidence rate. Several target Z-
dependent effects such as bremsstrahlung and co-
herent y-ray scattering are not exactly reproduced
in this method of estimation of false coincidence

rates. An attempt was made to study this question
at 60° in the following way.

Firstly, corresponding to a lead target of 143.3
mg/cm? thickness, the false coincidence rates
were measured with equivalent aluminum and
copper targets and found to be 26.30+ 0.85 and
38.20+1.07 per hour, respectively. It should be
remembered that, on account of the relatively
small copper K -shell binding energy in relation
to the incident ¥ energy of 1.12 MeV and the
relatively narrow pulse height window used
with the x-ray detector, there was a negligible
probability of true events due to copper K-shell
electrons being registered. Of course the same
statement applies, albeit with greater force, in
the case of electrons of aluminum. After sub-
tracting the “target out” coincidence rate from
these numbers and assuming the differences to be
proportional in each case to the square of the
target thickness, we calculated the corresponding
differences for the thinner targets of aluminum
and copper equivalent to a lead target of 30.3 mg/
cm? thickness. Then, with the addition of the
“target out” coincidence rate, the false coincidence
rates for aluminum and copper targets were
estimated to be 18.09+0.97 and 18.54+0.97 per
hour, respectively, and were found to be in agree-
ment with the rate 17.83 + 0.42 actually measured

TABLE I. Details regarding the targets and their locations.

: Angle of Distance between
Angle of target the target and
scattering inclination Thickness the vy detector

0 (deg) B (deg) Target (mg/cm?) (cm)

25 0 Thorium 14.88
Gold 12.85 21.0

Tin 18.80

60 0 Thorium 14.88

- . Lead 14.01

Lead 30.31
Lead 143.3 13.0

Gold 12.85

Gold 19.66

Tin 18.80

90 30 Thorium 14.88
Gold 12.85 13.0

Tin 18.80

100 35 Thorium 14.88
Lead 143.3 13.0

Gold 12.85
120 0 Thorium 14.88 13.0
0 Gold 12.85 13.0
40 Gold 19.66 11.0
40 Gold 34.72 11.0

0 Tantalum

22.08 i1.0
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with an equivalent copper target. In view of this
agreement, the equivalent aluminum substitution
procedure for the determination of false coin-
cidence rates N, can be seen to be fairly reliable
in the case of targets with thicknesses less than
about 30 mg/cm? In any discussion of earlier ex-
periments made with thicker targets, it should be
remembered that the same procedure is likely to
be unreliable and to underestimate the contribution
of the false coincidence rate to the total rate N.

The rate N,, can be estimated from a measure-
ment of the Compton singles count rate N, , with the
given target and the known cross section o,, for
K-shell ionization by electrons. The calculated®®
values of 0,, are known to be in reasonable agree-
ment with the available experimental values®:

Neg = “ZZ—2 Ny N, Oox€ g Uy Wy @
where N, is the number of atoms per unit target
area and the other symbols have been defined
previously.

Representative data at two angles of scattering
for N, N, N4, N,., and N, are given in Table IL
In general, the ratio (N,+N,)/N varied between
0.4 to 0.6 in the case of the 18.80-mg/cm? tin
target, 0.5 to 0.85 in the case of the 12.85-mg/cm?
gold target and 0.3 to 0.85 in the case of the 14.88-
mg/cm? thorium target. The ratio N, /N was
typically around 0.05 in the case of tin and less
than 0.01 in the case of the other targets.

The singles counting rates N, were measured
with several aluminum targets of thickness up to
202.5 mg/cm? and found to be proportional to the
thickness. Further, the shapes of the pulse
height spectra measured in the singles mode did
not show any dependence on the aluminum target
thickness. Therefore, multiple scattering is not
expected to be significant in the studies described

here.

During the course of the experiment, it was found
that the contribution of the natural radioactivity of
the thorium target was substantial. Some of the y
rays from thorium, for example of 0.239 and 0.583
MeV, could be clearly recognized from the singles
spectrum. The y rays in association with second-
ary processes give rise to additional false coin-
cidences during the thorium measurements. These
additional false rates were determined in an
auxiliary experiment and found to contribute be-
tween 30 to 50% of N, at each angle.

The contribution of a higher-order process such
as the double Compton effect is expected to be less
than about 1%. This expectation is confirmed by
detailed estimates made on the basis of available
experiments® and theoretical calculations.?
Further, the coincidences arising from this effect
are taken into account in an approximate way by
the “equivalent aluminum subtraction” procedure.

In order to verify whether the experimental
value of do,/do » was independent of the target
thickness, measurements were made with gold
targets of different thickness. The results are
summarized in Table III. A similar experimental
study for targets of -different atomic number and
at other angles was not considered feasible in
view of the long counting periods, the high cost
of neutron irradiation, and the 245-day half life
of the source. Table III shows that target-thick-
ness-dependent corrections to the differential
cross-section ratio are not significant for effective
thickness < 20 mg/cm?.

Pearson’s y® test was used to check the statisti-
cal reliability of the data. The error in the cross-
section ratio, exclusive of that due to counting
statistics, can be estimated through the evaluation
of the error in each factor of Eq. (3). The elec-
tron number ratio n f/n x was calculated from the

TABLE II. Representative coincidence count rates at two angles (per hour). In some of the cases, additional data
were also taken. The significance of N, N, N, N, and N; has been explained in the text immediately after Eq. (2).
As outlined in the text, the thorium data for N; were finally corrected for the radioactivity contribution. On account of
the 245-day half life, the source strengths were quite different for measurements listed in different rows. The effec-
tive target thickness is equal to the product of the target thickness and secp.

Target and
Angle of (effective
scattering thickness Calculated
0 (deg) in mg/cm?) N N, Ny Nog Ny=N—Ny,—Nsy=Nyg

25 Tin (18.80) 20.91+0.60 6.42 +0.40 4.38+0.57 1.02 9.09+0.92
Gold (12.85) 39.90+0.68 22.36+0.57 11.13+0.78 0.19 6.22+1.09
Thorium (14.88) 66.09+1.11 40.31+1.07 16.99+1.41 0.05 8.74+£2.09
90 Tin (21.71) 24.44 +£0.85 3.00+0.36 7.41+0.62 1.94 12.09+1.11
Gold (14.86) 31.30+0.83 7.47 £0.50 9.6140.82 0.27 13.95+1.22
Thorium (17.19) 49.76 +1.25 15.00+0.91 12.40+1.21 0.40 21.96+1.96
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TABLE III. Target-thickness dependence of the dif-
ferential cross-section ratio for a K-shell electron.

Angle of Effective

scattering thickness Measured
6 (deg) Target (mg/cm?) dog/dog

60 Gold 12.85 0.81+0.09
Lead 14.01 0.86+0.10
Gold 19.66 0.90+0.11
120 Gold 12.85 0.98+0.15
Gold 25.65 1.10+0.12
Gold 45.30 1.70+0.18

measured target thicknesses and should be ac-
curate to better than 2%. The y-detector efficiency
ratio €//eX and the transmission-factor ratio af/
a¥ were estimated to be unity within 5% and 1%,
respectively. The values® of the K-shell fluore-
scence yield W, are believed to be accurate to
about 1%. The error in the product €, Q,a, has
been estimated to be about 10% and is the main

component of the systematic errors. The combined

error in the cross-section ratio, exclusive of that
due to counting statistics, hardly affects the rela-
tive values at different angles and is about 12%.

TABLE IV. Comparison of the experimental values of
the differential cross-section ratio for a K-shell elec-
tron with approximate theoretical values at 1.12 MeV.
Values of doy/do in the fourth column were calculated
according to a relativistic version of the IA method as
outlined in Ref. 1. Values of Sk in the fifth column were
calculated according to the formula of Shimizu et al. in
Ref. 4. )

1981
3.0 T T T T T
1.12 Mev
GOLD
1
20} I 4
//
7/
/
L - ,I l 4
N ;o
X /
3 /
/
1.0 , >
7
’ - ’ -
7
’
/7
/
0.0 1 | i 1 L
0 60 120 180
© (DEGREES)
(a)
2.0 T T T T T
1.12 Mev
THORIUM L
. 1 1 ] 1 1
005 60 120 180
& (DEGREES)
(b)

Target dok
(thickness 0 dop
in mg/\ cmz) (deg) Experiment IA method Sk
Tin 25 0.71+0.07 0.97 1.49
(18.80) 60 0.86+0.08 0.98 4.41
90 0.94 +0.08 0.99 5.77
Tantalum 120 0.91+0.26 0.91 2,74
(22.08)
Gold 25 0.63+0.09 0.93 0.56
(12.85) 60 0.81+0.09 0.94 1.58
90 1.33+0.12 0.95 2.05
100 1.44+0.15 0.94 2.09
120 0.98+0.15 0.90 2.28
Lead 60 0.86+0.10 1.45
(14.01)
Thorium 25 0.40+0.13 0.90 0.42
(14.88) 60 0.91 £0.11 0.92 1.15
90 1.36+0.12 0.93 1.49
100 1.20+0.39 0.91 1.56
120 0.93+0.15 0.87 1.66

FIG. 2. Angular variation of the differential cross-
section ratio at 1.12 MeV for (a) gold and (b) thorium.
The curves labeled 1 are calculated on the basis of the
non relativistic Sx formula of Shimizu et al. (Ref. 4).
The curves labeled 2 are calculated on the basis of a
relativistic version of the impulse approximation (Ref.
1). The experimental data are shown by solid circles

along with statistical errors.

III. RESULTS AND CONCLUSIONS

The measured values of the differential cross-
section ratio are given in Table IV which differs
in several respects from a similar one presented
in our earlier brief report.’ The values obtained
at 60° in the case of lead and at 100° are new.
All the values have now been corrected for the con-
tribution of the rate N,, to the total coincidence
rate N. Further, some of the values have been
revised slightly. Results presented in the fourth
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and fifth columns of Table IV represent values of
the ratio calculated respectively by the relativistic
TA method and by the S, method according to the
formula of Shimizu ef al. It should be noted that
several S, values are larger than unity and much
larger than the corresponding experimental values.
The disagreement is perhaps not surprising in view
of the limited range of applicability of the in-
coherent scattering function approximation.
Further, the calculated values in the fourth column
are less than unity and are also in poor agreement
with the data. The situation can be seen at a
glance in Figs. 2(a) and 2(b) drawn for gold and
thorium, respectively. For scattering angles
~120° involving large momentum transfers, the
differential cross-section ratio do,/do . approaches
unity. The calculations of Whittingham for 0.662-
MeV vy rays indicate a similar trend. However, it
should be mentioned that the accuracy of the num-
erical computations such as those of Whittingham
becomes progressively poorer with increasing mo-
mentum transfer.

We believe we have shown, at an energy of the
order of ~1 MeV, the need for a comprehensive
relativistic calculation incorporating the effects
of electron binding in intermediate states. If the
calculation is made along the lines suggested by
Whittingham, a larger number of terms in the
Legendre polynomial expansion will have to be

calculated in view of the higher y energy. The
radial integrals in such calculations contain dis-
crete and continuum state solutions of the Dirac
equation. Whether the point Coulomb potential

is an adequate representation of the potential ex-
perienced by the scattering electron is an impor-
tant question in these calculations. For the mo-
mentum transfers with which we are usually con-
cerned in the Compton scattering of 1.12-MeV y
rays, the immediate neighborhood of a nucleus
is expected to make the dominant contribution

to the integrals. The electron wave functions in
this region® differ from the pure Coulombic form
only in a normalization factor. The resultant
screening correction to the cross sections is
expected to be less than 2%. Whether any cor-
relation effects should also be considered in the
theoretical evaluation is an open question that
cannot be settled at the present time.
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