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The process of H™ formation as a result of double-electron capture by protons from helium atoms has been.
investigated by an approximate integral form of the close-coupling formalism considering three atomic states
and indistinguishability of electrons. The cross sections have been presented for incident proton energies
ranging from 5 keV to 1 MeV and have been compared with the previous experimental and theoretical results.
Our cross sections agree fairly well with the experimental results over the range of energy investigated. The
total elastic and single-electron capture cross sections and the differential double-electron capture cross
sections in the forward direction also have been reported.

INTRODUCTION

The single-electron capture process in the pro-
ton-helium collision problem has been studied in
detail both theoretically*-!? and experimentally!s-*"
by several authors. The process in which a pro-
ton captures two electrons from a helium atom re-
sulting in the formation of H™ has been measured
experimentally by Fogel et al.,'® Williams,'® and
Schryber® covering the incident proton energy
range from 10 to 750 keV. Recently Toburen and
Nakai®! have measured the same cross sections
from 75 to 200 keV. In spite of the availability of
a large number of experimental results, no reli-
able theoretical results are available for compari-
son. Only two theoretical attempts have so far
been made in this direction. Gerasimenko® has
calculated the double-electron capture cross sec-
tions by protons from helium atoms using the
Born approximation for the high-energy region
(150 to 750 keV). His theoretical results are
greater than the measured values by two orders
of magnitude. Recently, Roy et al.?® have also cal-
culated the same cross sections using the impact-
parameter formalism. Their cross-~section energy
curve, though showing a peak in the low-energy
region, differs appreciably from the experimental
observations with increase of energy.

The wide discrepancy between the predicted
theoretical results and the experimental values
has led us to make a fresh theoretical investiga-
tion into this problem. In this paper we propose
to investigate the above collisional process in an
approximate integral form of the close-coupling
formalism™ (CCA). The approximation in the
formulation is the neglect of the principal-value
part of the pole term in the kernel of the integral
equation, required to achieve a tractable form of
the close-coupling equation in the wave formalism
for the heavy-particle collision problem, since
the phase-shift analysis of the problem, where

several thousand 7 values contribute to the total
cross section, becomes impractical. Our coupled-
state calculation includes the contribution of all
the 7 values. The neglect of the principal-value
part amounts to the neglect of the off-shell matrix
elements. In the general coupled-channel formal-
ism including excited states, this neglect in the
case of excited states means the neglect of virtual
excitation. In the entrance channel the principal-
value part has strong distorting effects associated
with it. Hence the neglect of this effect leads to the
neglect of strong distortions. This approximation
though expected to be valid in the high-energy re-
gion has yielded encouraging results in the inter-
mediate- and low-energy regions for the charge-
transfer process.'’ %26

We have considered the following processes with
regard for the indistinguishability of electrons?::

H*+He(1s%1,2)~H*+He(ls? 1, 2) (1a)
~H(ls,1)+He*(1s, 2) (1b)
~H(ls,2) +He*(1s, 1) (1c)
~H"(1s,1,2)+He*™. (1d)

In the second and third transitions a hydrogen
atom is formed by the capture of the electron num-
bered 1 or 2, and all atoms are in the ground
state. This problem with two active electrouns is
especially complicated and has associdted with it
enormous computational difficulties.

We have calculated the double-electron-capture
cross sections from 1 keV to 1 MeV, and the re-
sults have been compared with other theoretical
and experimental findings. We have also presented
the results for the coupled channels, namely the
elastic and single-electron-capture cross sections
and the results for the differential double-electron-
capture cross sections in the forward direction.
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THEORY
The state function ¥ for the proton-helium sys-
tem is approximated by the expansion

Y=¢n,1,2)F,(p) +Pn, 2)w(p, 1)F,(p,1)

+3(n, D)w(p, 2)F,(p,2) +X(p, 1, 2)F (p,1,2),
@)

where ¢, ¥, w, and X are the ground-state wave
functions for He, He*, H, and H", respectively.
F, describes the motion of the incident proton,

and F, and F, denote the motion of the hydrogen
atom formed by single electron capture, while F,
stands for the motion of the H- atom. The wave
functions used for the ground-state helium atom
and H- are given by

¢y, 7,) = (Z2%/1ad)e~?/20)r1 ) 7216875  (3a)
X(ry, 7,) =(Z'3/mad)e-2" /e)trirra) | 7' 20,69  (3b)

Following Bhadra et al.,' the CCA equations,
neglecting the principal-value parts, for the tran-
sitions (1) are (the notation being the same as
used by Bhadra et al.'!)

Fu® R =fRE B+ - f (KofB G B) 1y (B R) + R FB (8" <R £ - B) 4K, 2,7 B £, (67 B)] 5ing” d6” dp” |

(4a)

FER) =2 B R B+ o [ R BE RS B B) 4 SR B BB F R B 4K, 2, B7) £,y (57 B)] sine” do” dg”

(4b)

falB)=fRGEE)+ % f [k, 2R B £y (B R) + K SRR B FH (B B) +K, f2,(8"* ") £,y (5"~ )] sin6 * 26" doy”

where
;28=f2.;+f233, )
. 5
f'=fat fa.

f2, is the Born exchange integral which has an ap-
preciable effect on the cross section only at low
incident energies. E‘. is the incident momentum of
the projectile and E, and Ey are determined from
the energy conservation relations

ki/zuz=k2i/2p'1_€ﬂe+€He*+€H’ (6)
R3/203=R3/2U, - €go+ €y, (7)

where u, and pu, are the reduced masses of the
final configurations of channels (1,5) and (1,d), re-
spectively, and €., €y, €y, and €, are the cor-
responding bound-state energies of the respective
atoms indicated in subscripts.

NUMERICAL PROCEDURE AND TEST CALCULATIONS

The Born amplitudes f7,, f5, f5, f5, and f3
have been analytically evaluated. But the exchange
amplitudes f3 and 2, or f& (i=1,2), however, can
be expressed as two-dimensional integrals (see
the Appendix). In the evaluation of the matrix
element the small quantities of the order of m/M,
(m being the mass of electron, and M,, the mass

(4c)

-

of the alpha particle) in the expression of A’s (see
Appendix) have been neglected. We checked our
results with and without neglecting this small
quantity of the order m/M, and came to the conclu-
sion that this approximation does not affect the ac-
curacy in our results.

The wave functions of the H” and He atoms used
are simple but inaccurate. The use of such inac-
curate wave functions causes some error in the
cross-section values. We have made an attempt to
test the accuracy of the approximate H- one-pa-
rameter wave function used, by comparing the re-
sulting Born cross-section values with those ob-
tained by employing the more accurate four-pa-
rameter H” wave function due to Lowdin®®

Xy, 7,) =(1/4m) {Cle'M'rM'z +Cyer2mmMre

+C e™MN1Mer2 . C g rom1Mera} |

(8)
where
C,=0a%, a,=0,30025
C,=a,a,=C,, a,=1,0001
C,=aZ, A, =0.4228

A,=0.9794.
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FIG. 1. Total double electron capture in proton-helium

collisions. Theoretical: ——, present with exchange;
o , present without exchange; ——--——, Gerasi-
menko; ——e°°——-<°  Roy ef al. Experimental: ----,
Williams; —— *+——-¢, Fogel et al.; O, Schryber; A,

Toburen and Nakai.

The disagreement in the two sets of results is
found to be within 15% below 100 keV. The varia-
tions of the difference in the cross-section values
at 5, 15, 26, 40, and 100 keV are 9, 0.7, 10, 11,
and 15%, respectively. We presume that our CCA
cross-section values with the wave function (8) may
be changed accordingly.

The ground-state helium wave function used is
also inexact. However, the merits of this wave
function have been tested by Bhadra and Sil*® in de-
tail. Single-capture cross sections both in the
CCA and Born approximation have been evaluated
with the prior and post forms of interaction using
wave function (3a) and the more accurate wave
function

& (ry, 7,) =(1.6966/7) (" %1 +0.739¢2671)
X (e™1+%72+0.739¢72:%72) ©)

due to Byron and Joachain.?” It was concluded that

the simple Hylleraas wave function with the post
form of interaction is adequate for good results in
the charge-transfer process. As such, the post
form of interaction has been used in the present
calculation of amplitudes.

We have used z as the integration variable in-
stead of 6, where they are related by the trans-
formation

1+z

2
%—‘2—(1 —e0sf) =—=

, A=1.6875.
1~z

This takes care of the fact that in heavy-particle
collisions scattering amplitudes are sharply peaked
in the forward direction and their angular spread
decreases with increasing energy. We have con-
verted the set of coupled integral equations into a
set of coupled linear simultaneous equations by
the Gauss quadrature technique. These equations
have been solved by the matrix inversion method.
Convergent results have been obtained by succes-
sively increasing Gauss points. Numerical calcu- _
lations have been done with great care allowing a
maximum error of 0.01%.

RESULTS AND DISCUSSIONS

In Fig. 1 we have shown our calculated results
for the formation of H~ as a result of double elec-
tron capture by protons from helium for the inci-
dent energies 5 to 750 keV. We have also plotted
the experimental findings'®?! and the theoretical
results®®?? for comparison. Our results for the
double-capture cross sections are in good agree-
ment with the measured cross sections of Fogel
et al.,'® Willams,'® Schryber,? and Toburen and
Nakai.?> The Born results due to Gerasimenko®?
are given only for the high-energy region and are
more than two orders of magnitude greater than
the experimental results. The other theoretical
results due to Roy et al.?® also fail to give any
quantitative agreement with the experimental find-
ings. We have presented our results both consid-
ering the indistinguishability of electrons and ne-
glecting it. The effect of exchange is evident in
the low-energy region below 40 keV, where the
cross sections are lowered on accounting for in-
distinguishability. Below 26 keV our calculated
values are somewhat higher than those observed
experimentally. This discrepancy between the
present theoretical values and the experimental
findings may be attributed to the absence of the
effect of other excited states which are ignored
and to the neglect of the principal-value part in
our calculation. Our calculated values elsewhere
agree well with the observations and show the peak
accurately.

In Fig. 2 we have plotted our values of cross
sections for single electron capture into the ground-
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FIG. 2. Total single electron capture in proton-helium
collisions. Present calculations with and without ex-
change as compared with the theoretical curves of Brans-
den and Sin Failam (Ref. 4), Mittleman (Ref. 10), Maple-
ton (Ref. 2), Green et al. (Ref. 6), Begum et al. (Ref. 8),
and Bransden et al. (Ref. 1), and the experimental
curves of Barnet et al. (Ref. 13), Welsh (Ref, 14), Ber-
kener (Ref. 15), and Schryber (Ref. 16), in the energy
range 1 keV to 1 MeV.

state hydrogen atom. We have also included the
theoretical curves due to Mapleton,? Bransden

et al.,' Bransden and Sin Failam,? Mittleman,
Green et al.,® and Begum et al.® The experimental
findings due to Allison, Stier and Barnett,'® Barnett
and Reynolds,'® Welsh et al.,'* and Berkener efal.'®
are also included for comparison. The single-
capture cross-section values are shown both with
and without the exchange effect. Consideration of
exchange is found to be effective only in the low-
energy region below 26 keV, and its inclusion re-
sults in the lowering of the capture cross sections.
The exchange effect is of little importance!?'2® at in-
termediate and high energies. This observation
can also be easily made®* if one compares the re-
sults of Green ef al.,® who have considered the
exchange effect, with those of Bransden and Sin
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Failam,* who have neglected this indistinguishabili-
ty. The present single-capture results produce

a peak in the low-energy region as observed by
Barnett et al.'® and later obtained by Green et al.®
Compared with the more recent theoretical results
of Begum et al.,® our single-capture cross sec-
tions are in better agreement with experimental
findings in the high-energy region.

In Fig. 3 we have presented the double-electron-
capture differential cross sections in the forward
direction. We found no experimental or theoreti-
cal results for comparison. The trend of the curve
is more or less of the same nature as that of the
single-capture differential cross section in the
forward direction for the same collisional pro-
cess'*? put for the present double-capture pro-
cess the magnitude of the differential cross sec-
tion is always less than unity in units of maZ.

The cross-section results obtained in all these
channels considered are presented in Table I,
without accounting for the indistinguishability of
electrons. On comparison with previous calcula-
tions,?® where only the elastic and single-capture
channels were considered, it is found that the
present calculations reproduce, more or less, the
elastic and single-capture cross sections formerly
obtained. Hence it is apparent that the effect of
the double-capture channel on the single-capture
and elastic channels is negligible. Roy et al. also
observed a similar effect. Table II presents the
calculated cross sections with the exchange effect.

APPENDIX: EVALUATION OF EXCHANGE SCATTERING
AMPLITUDE OF MATRIX ELEMENTS

Exchange scattering amplitude fZ for ground-
state hydrogen atom can be expressed as (our no-
tations are the same as used by Bhadra et al.)

>

log, ¢ DIFFERENTIAL CROSS SECTION)g. o
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FIG. 3. Differential cross sections for the double-
electron capture in the 0° scattering angle presented
from 5 keV to 1 MeV (in units of mad).
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TABLE I, Total cross sections? without exchange term
for elastic, single-capture, and double-capture process-
es in proton-helium collisions in units of maj.

Energy Single Double
(keV) " Elastic capture capture
5 1.133 1.614 0.1275~1

15 1.043 2.292 0.1529"!

26 0.7529 1.675 0.111371

40 0.6139 1.014 0.734272
100 0.3874 0.1755 0.345273
200 0.2499 0.2407"1 0.121074
600 0.1072 0.359673 0.423678
1000 0.692271 0.352474 0.6784"10

2 The superscript in each entry is the exponent of 10 by
which the cross-section value should be multiplied.

A= -2 [ 0% a%,a% 3,0, &)V,

x¢o(§a)wo(l;{l+§2 _iai) ’ (Al)

where V; is the post form of interaction.
We evaluate a particular integral I defined below
by which one can get the expression (Al):

I f expli(R, %+ A,'%, - A,*%,)]
- 1%, - X,

X eXp["ﬁJ;ﬁ +;‘2 "isl —ByX, — %, — alxs]
‘Xdx dx,d%,, (A2)

which can be written as

expli(R,°%, - A,°%,) - X~ O, ]
1= 7,

Ikl ’
(A3)
where
k| =% -%],
.. (A4)
J = feiAz-xZe-Bllx2+ B8t %
Using the Fourier transform
A e ibF
-7 _
e ‘if )2 dp (A5)
and the representation of 6 function
6(k -k’ )-( L feiﬁ“i‘i"dﬁ, (A6)
we get '
eu; Ed'c’l
J,= f AT)
=t on G e @D

Now using the Feynman integration

;llb-_-f(;ldx [ax +b(1 —x)]2, - (A8)

we readily obtain

92 8 8 [t f elikgy
=2 e
J - aﬁl 362 dx [@+A)2+H2]2 > (Ag)
where
K=(1- x)A,,

p2=xB+B5(1 —x) +x(1 —x)AZ,

and then using the standard integral

dkeike g2 —an
f e R (A10)
we get
9 98 ! + R
J;:Z’ﬂm gﬁ—zf dxe I-Ie . (All)
Substltutmg Eq. (Al1) in Eq. (A3), we can write
2 9 mi(Aeh)omy miyx, 7
I= 2”331 aﬁzfoszdxe D Rgmi%ngE
(A12)
where

J2=fei(7x-23)-}3

K EER(=p 1%, — %] - 0yxy) d%,. (A13)
[%; =X, :

Using the Fourier transform

e-)\r ei;-; - .

T (P +)\2) dp, (A14)
and proceeding similarly as done inJ,, we get

Jy= —21r—a—- fld e'a;‘lle“”‘l (A15)

2 3a1 o y ) ’ ’
where

B=(1-y& -5),
Vi=ypu?+03(1—y) +y(1 —y)@&, - 1)2.

With Egs. (A12) and (A15) we can write

TABLE II. Total cross sections® with exchange term
for elastic, single-capture, and double-capture process-
es in proton-helium collisions in units of ma$.

Energy Single Double
(keV) Elastic capture capture
5 2.0751 1.1680 - 0.230672
26 0.9545 1.6434 0.571872

2 The superscript in each entry is the exponent of 10 by
which the cross-section value should be multiplied.
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9 o8 a8 ! 1 i(B;=A-B)ex
I=—4r? ————fdxfd ff__-__‘
9B, 9B, 9a, 0 Y ny
xe VN gdx, .

(A16)
Again using Egs. (A5) and (A6) we finally get

1 A1
I=—25n3LJ; D dxdy, (A17)

where

Do = 9 9 9 v+a

23798, 9B, aal(u V@&, -R-B) +v+ a2)2]2>'
For exchange scattering amplitude we are left

with a two-dimensional integral which is numeri-

cally evaluated. Using similar technique one can

also reduce fj or f2; (i=1,2) into a two-dimension-

al integral.
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