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Comment on "The noncrossing rule and spurious avoided crossings"
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The meaning of the word "symmetry" is discussed within the context of the noncrossing
rule, and some arguments concerning the rule, recently given by Hatton, are criticized.

In discussing the validity of the noncrossing
rule and the published "proofs" of the rule, Hat-
ton' makes several false claims for priority and
advances some erroneous arguments. My purpose
here is to draw attention to some relevant pub-
lished work not mentioned by Hatton, and to point
out some flaws in his reasoning. I will use the
notation employed earlier by myself and Byers
Brown. '

Hatton claims that the applicability of the non-
crossing rule was first questioned by him. The
validity of the rule was in fact first questioned
by Heilmann and Lieb, ' who cited the Hubbard
Hamiltonian for benzene as a counter example,
and subsequently by Valkering and Caspers. ' Hat-
ton also claims to have proven the noncrossing
rule by redefining "symmetry;" this is not new
either. Heilmann and Lieb' emphasized this point
previously too. They pointed out that the rule
depends critically on the interpretation of the word
symm&t~y. The conventional meaning is that of a
symmetry group independent of the parameter oc-
curring in the Hamiltonian; Heilmann and Lieb
went on to say that, if, on the other hand, one
allows symmetry groups that are parameter de-
pendent, the rule is a mere tautology because one
can always invent, post koc, a parameter-depen-
dent symmetry group to account for any violations.

The concept, which plays a key role in Hatton's
demonstration of the noncrossing rule, of a com-
plete set of commuting observables (or normal con-
stants of motion) is well known, "and has already
been used by Caspers' for discussing the crossing
of energy levels; if such a set were as readily
available as Hatton suggests, one would, of course,
use it to classify the energy levels; further, since
the set is complete by hypothesis, intersecting
levels would belong to different symmetry species,
and the noncrossing rule would never be needed.
The noncrossing rule is, however, +ot concerned
with such operators, and it merely adds to the
confusion to speak of such operators as symmetry
elements of the Hamiltonian; the rule, when ap-
plied to molecules, is concerned specifically with
the presence or absence of molecular symmetry
(as defined, for example, by Longuet-Higgins')

and when applied to atoms, say in an external mag-
netic field, with levels belonging to the same value
of m 9ol0

In practice, it is very difficult, and may even be
impossible, to find enough normal constants of mo-
tion of a physical character to classify all degen-
eracies actually occurring- in nature"; moreover,
one may often have to use noncommuting constants
of motion. ' It is precisely for dealing with such
situations that the noncrossing rule is invoked.
One assumes, for instance, that all the symmetry
of a many-electron homonuclear (heteronuclear)
diatomic molecule can be described in terms of
the point group D„„(C„„),and one en1luires: Can
two eigenstates of the same symmetry (i.e., be-
longing to, say, the same one-dimensional rep-
resentation of the point group) be degenerate at
some value of R'P The noncrossing rule asserts
that they cannot; but the assertion is not based on
the subterfuge according to which levels of like
symmetry, when found to be degenerate at some
value of R, can be redefined to belong to different
symmetry types; rather the assertion is based on
some "proofs, " which were first questioned by
myself and Byers Brown. '

Hatton contends that the argument, advanced by
myself and Byers Brown, ' against Teller's proof
is incorrect; in paraphrasing our argument, how-
ever, he distorts it. Since the original argument
may have been too subtle, I will now simplify it;
the simplified ver sion is intended to be suff i-
ciently exoteric to be within easy grasp of almost
any student of science, and I am presenting it in
the hope that it will generate a wider discussion
than has hitherto been possible.

Consider the following theorem: The distance
of a point P(x, y) from the origin 0 is unlikely to
vanish. An argument akin to that embodied in
Teller's proof would prove the theorem thus: Con-
sider the expression

y 2 (x2 +y2)1/2

for the distance between I' and O. For & to vanish,
x and g must both go to zero, and this is most un. -
likely; hence & is unlikely to vanish. Q. E.D.

The counterargument runs as follows: Introduce
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polar coordinates r and Q related to the Cartesian
coordinates of P as

condition

V12 =0 (2)
&( =rcos(t&, S =rsin(t&.

Since there is no angle (t& for which sin(t& and cosP
are simultaneously zero, the statement that x and

p are unlikely to vanish at the same time is equiva-
lent to the claim that & is itself unlikely to vanish,
which is what we are trying to prove. The above
proof of the theorem is therefore tautological.

The relevance of these remarks to Teller's proof
and its refutation, impugned by Hatton' as well as
Longuet-Higgins, "would become obvious if we
recall the relations

H(( —H2o = (E( —Eo) cos2 8,

2H&o = (E( —Eo) sin2 8
q

derived earlier, ' and identify H» —H22 as x, 2H»
as@, E, —E, asr, and28as P.

Since, at the time of writing our paper, we thought
that the above-mentioned argument would prove
sufficient for exposing the fallacy in Teller' s
proof, we did not present any additional arguments.
All the arguments given by Hatton against Teller' s
proof are, however, implicit in our treatment;
one of Hatton's arguments, namely "0disappears
from the Hamiltonian not because it has been spe-
cified, but because the Hamiltonian matrix of de-
generate states is representation independent" was
explicitly stated by Hoytink. "

Hatton apparently also misunderstands the proof
published by Landau and Lifshitz. '4 within the
two-state model used by Landau and Lifshitz, per-
turbation calculations can be carried out exactly
(i.e., to infinite order) and not merely to first
order in &R, as Hatton argues. The perturbation,
when defined correctly, "' can be written

V= b.H=H(R' '+&R) —H-(R' ').
There is in fact no need to e(luate V to &R(8H/BR)
and to calculate the energy as a power series in
5R.

Since the noncrossing rule is concerned mith the
intersection of exact energy levels, only exact
calculations can be brought to bear on the subject.
Thus if the Landau-Lifshitz proof is to be re-
stricted to energy changes of first order in &R,
we must consider, the special case where higher-
order corrections are precisely zero, By con-
sidering such a special case I mill now construct
a counterexample to Hatton's claim that if, by
defining V as ()R(SH/8R) and by choosing ()R appro-
priately, the first condition for crossing

E(D) ~(0) + y y 01 2 11 22

is satisfied to first order in &R, then the second

is automatically satisfied to first order in &R. The
argument on which this claim is based overlooks
the fact that, when the first condition is satisfied
to first order in (&R, (g(o)l 8H/BRl g,'

'
& as well as

(g(o)ls/sRI&, '"& and &sp,"'/()Rlg,"'& also vanish,
howsoever large &R is. This can be seen as fol-
lows: Express the energies in a Taylor series,
so that

g g(0) 1 g2@(0)
E (R' '+&R)=E' '+&R ' +—(&R) ' +'i BR 2 8R2

and, consequently,

E(o& E(o) +(&R (E(o& E(o&)
8

2 1 2 1 gR 2 1

+ (QR)o (E(0) +E(o)) +. . .1 ~
8'

gR2 2 I

Consider now the special case in which the energy
levels follow straight lines (i.e., derivatives higher
than the first vanish identically), and compare the
resulting expression for the energy difference with
that derived in the perturbation treatment of Lan-
dau and Lifshitz; this comparison leads to the
deduction.

I

(q(o)l
l
q(o)

& 0 (~(o&[
l
y(o)

&

Since the above deduction is independent„of the
choice of the starting point R"', it follows that
the matrix elements appearing in the above rela-
tion must vanish identically. That is, when the
energy difference between the two states under
consideration varies as ~R, the states must have
unlike symmetry; that both the crossing conditions
can then be satisfied does not contradict what the
Landau-Lifshitz proof says. Hatton's oversight
of this point undermines his analysis of the Lan-
dau-Lifshitz proof.

The logical inadequacy of the Landau-Lifshitz
proof can be demonstrated in at least two ways.
First, it is enough to point out that we have, at
our disposal, not one but tzooparameters, R"' and
~R, and thus it should not be impossible to meet
the two requirements for crossing'. At first sight
it might seem that the choice of R'' ' is not entirely
free since it is to be chosen so as to fulfill the
second condition for crossing, E(l. (2), and the ad-
ditional condition of being near the crossing point

That the latter restriction is unnecessary
would, however, become obvious if one remember
that the exactness of the two-level perturbation
treatment is independent of the magnitude of the
perturbation V.
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Secondly, it should be recalled that, even in the
Landau-Lifshitz proof, the following relations are
obtained for the energy difference and the angle 8
between $,(R"'}and $, (R'0'+&R):

&, —E, = [(H„-H„)' +4H,', j~'

tan28 =2H„/(H„- H, m) .
Thus the argument advanced earlier against Tel-
ler's proof applies also to the Landau-Lifshitz
proof.

While discussing the inclusion of eigenfunctions
other than g,

'0' and g,'0' in the Landau-Lifshitz

proof, Hatton does not mention that this extension
has already been questioned by myself and Byers
Brown'; we clearly pointed out that the contribu-
tion due to states other than E, and E, "will vanish
in the limit ~B-0 only if E,'" =E","at & =&'","
and that a proof which hinges on the use of a trun-
cated basis (consisting of g,"' and (,"'}"loses its
rigor when applied to a diatomic molecule with a
plethora of energy levels many of which ~a& have
close values at a particular internuclear distance. "
However, these remarks, as well as those made
by Hatton in the same context, lose their rele-
vance on account of the conclusion, deduced in the
foregoing paragraph, that even the two-level argu-
ment is logically deficient.

*Present address: Department of Physics, University
of Trondheim, 7000 Trondheim, Norway.
G. J. Hatton, Phys. Rev. A 14, 901 (1976).

~K. Razi Naqvi and W. Byers Brown, Int. J. Quantum
Chem. 6, 271 (1972).

30. J. Heilmann and K. H. Lieb, Ann. N. Y. Acad. Sci.
172, 583 (1971).
T. P. Valkering and W. J. Caspers, Physica (Utr. ) 63,
»3 (1973).

P. A. M. Dirac, Princip/es of Quantum Mechanics,
2nd ed. (Oxford U. P., London, 1935), pp. 46-48.

6P. O. Lowdin, lnt. J. Quantum Chem. 2, 867 (1968).
7W. J. Caspers, Physica 40, 125 (1968).
H. C. Longuet-Higgins, Mol. .Phys. 6, 445 (1963).

K. Merzbacber, Quantum Mechanics (Wiley, New York,
1961), p. 408.
J. von Neumann and K. P. Wigner, Z. Phys. 30, 467
(1929).

~~P. O. Lowdin, Rev. Mod. Phys. 34, 520 (1962).
H. C. Longuet-Higgins, Proc. Roy. Soc. Lond. A 344,
147 (1975).

~3G. J. Hoytink, Chem. Phys. Lett. 34, 414 (1975);
this references does not appear in Hatton's paper.

~4L. D. Landau and E. M. Lifshitz, Quantum Mechanics
(Pergamon, London, 1958), pp. 262-265.
V. Heine, GrouP Theory in Quantum Mechanics
(Pergamon, London, 1960), pp. 223-224.


