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Improved model for parallel-plate drift-tube experiments
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The validity of analysis of parallel-plate drift-tube experiments by use of difFusion theory is examined. Monte
Carlo simulations demonstrate the inadequacy of such analyses for electron motion near an absorbing cathode.
However, diffusion theory results are verified for situations in which cathodic absorption is negligible,
provided that a parameter P, the ratio of energy relaxation distance to drift-tube length, is much smaller than
unity. For experimental circumstances in which cathode efFects may be distinguished from those of anodic
absorption, circuit time constant, and ionization, the Monte Carlo results can be used to augment difFusion
theory for interpretation of the observed transients in terms of transport coeAicients.

I. INTRODUCTION

In this paper we discuss the analysis of pulsed
parallel-plate swarm experiments. There are two
versions of the experiment that we have in mind:
(i) electrons are ejected photoelectrically from a
plane cathode, ' or (ii) electrons are admitted to
the drift sp8, ce from a source region by means
of a pulsed shutter which then acts as the equipo-
tential cathode plane. ' In either case the circuit
current is observed by the potential difference
generated across an external resistance, and the
over-all circuit response time is usually made
very large or very small compared to one drift-
time interval. The purpose of the experiments
is to provide data, the current transients, which
may be interpreted in terms of transport param-
eters. In some cases the interpretation is ham-
pered by such phenomena as secondary emission,
attachment, lateral diffusion, and ionic motion,
none of which will be considered in this paper. On
the other hand, effects due to longitudinal diffu-
sion, absorption of electrons by the electrodes,
and the circuit response time usually are ineluc-
table, as are also effects due to avalanche growth
in many cases of interest. The roles played by
these phenomena in the determination of the de-
tails of the transient waveform must be under-
stood before a secure interpretation of the data is
possible. One aim of this paper is to elucidate
these roles.

In the limit p -0, where p is the ratio of the
electron energy relaxation distance (D„/v„) to the
drift length A, , and for circuit response time It C
either much greater than a drift time (h/v~) or
much smaller, electron drift velocities may easily
be extracted from the data. ' Here, D„ is the longi-
tudinal diffusion coefficient, e„ is the electron
drift velocity, and R and C are the circuit resis-
tance and capacitance, respectively. To deter-
mine the modifications to be expected from a finite

value of p, numerous workers' ' have employed
diffusion theory for cases with RC much smaller
than the energy relaxation time. The starting
point of these developments is a 5-function pulse
of electrons at or near the cathode plane, with the
electrons already possessed of the drift velocity
and mean energy that will obtain in equilibrium
with the electric field E and gas concentration N.
If the cathode is treated as nonreflecting, it is
also necessary to start the pulse at some distance
from the cathode to avoid immediate reabsorption
of the pulse. The criteria for choosing the initial
conditions for the closest representation of the
experimental circumstances are not precise, nor
is it evident that such devices can give accurate
results in the best use of them. On the other hand,
a Monte Carlo simulation has been performed'
in which cathode effects are neglected, and these
calculations give results in agreement to order p
with diffusion theory (neglecting cathode effects).

In this paper we will develop the diffusion theory
of the transient waveform including anodic, cir-
cuit, and ionization effects, and then present a
technique for the correction of the results to
account for back diffusion to the cathode. The
technique employs the result of Monte Carlo simu-
lation for the early stages of the transient to es-
timate the concentration pulse distortion and dis-
placement due to the presence of the absorbing
cathode in cases where these effects can be sep-
arated from others. Finally, we will present
some results for cases in which the various errors
cannot be decoupled.

The basic experiment is illustrated in Fig. 1.
Charged carriers are emitted from one of the
electrodes and are accelerated by the electric
field E = V/h and hindered by collisions with the
neutral gas molecules. A potential drop is gener-
ated across the resistance, and the time depen-
dence of this signal is used to deduce the behavior
of the charge carriers in the tube. This deduction
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~c „, +f(f) = (t), (1.2)

which is not as trivial as it may appear; in gener-
al, f(t) depends on (v,), which depends on E, which
depends in turn one, making (1.2) nonlinear.
Therefore, experimental conditions are usually
chosen such that the voltage across the tube is
negligibly changed during the transient,

i«V R, (1.3)

or the change of charge on a capacitor plate is
negligible compared with the initial charge,

hQ «Q (1.4)

The solution of Eq. (1.2), assuming the capacitor
to be fully charged when the transient is initiated,
Q, =CV, is'

g/RC1
RC

i(t')e' dt' (1.5)

As mentioned above, the phenomena which must
be incorporated in the evaluation of Eq. (1.5) will
be considered in stages: in Sec. II we present the
development of Eq. (1~ 5) by diffusion analysis, and
then extend that development in Sec. IG to account

proceeds first from an elementary circuit analysis
which considers the parallel current source shown

by the dashes in Fig. 1. The current source
shown i(t) is due to the motion of the charged
carriers,

h

f(f) = eA n(z, f)(v(Z, z, f)) dz,
0

where e, n, (v,), and A are the carrier charge,
concentration, average z component of carrier
velocity, and effective cross-sectional area of
the swarm, respectively. The integration is over
the length of the discharge region.

Consideration of the voltages around the major
loop in Fig. 1 yields

II. DIFFUSION ANALYSIS

In this diffusion approximation, Eq. (1.1) is
evaluated by noting that

n(v) =nv~ —D Vn, (2.1)

where the drift velocity and diffusion tensor are
denoted by v„and D, respectively. The electron
density n is evaluated by considering Eq. (2 ~ 1)
along with the equation of continuity

Bn—+V n(v)=en
Bt

where v is the ionization frequency, which yields
I

Bn—+v ' &n —D:VVn= vn.
Bt

(2 ' 2)

We will consider only net motion in the direc-
tion of the electric field, which implies that radial
diffusion of ions or electrons out of the drift space
is ignorable, thus restricting applications of the
model to experiments performed with drift tubes
which are wide relative to the drift length on a
scale determined by the ratio of the transverse
diffusion coefficient to the mobility of electrons
in the gas being studied.

It is convenient to form dimensionless quantities
in this analysis; therefore aQ times are scaled
by the time it takes for the ions to drift across
the tube and all distances by the length of the drift
tube

for anodic effects, ionization, and circuit time
constant. In Sec. IV the consequences of cathodic
phenomena are investigated. by employing results
from Monte Carlo calculations. In some cases
the consequences of all these phenomena are
simply cumulative and can be combined as is done
in Sec. V to provide a basis for interpretation of
experimental results (if the conditions of our model
are otherwise met). However, there are circum-
stances in which the cathodic effects cannot be
decoupled, and in Sec. VI we have used Monte Car-
lo calculations to provide examples which give
insight into the behavior of the system in these
cases.

FIG. 1. Basic experiment and equivalent circuit.

tv„/h, $=—z/h—, xc.RCv~/h, p= D„/v~h, —

y—= vh/v~, q=nPA, j=f/ev~. (2 ' 3)

Physically, xc is the ratio of the circuit time
constant to the drift time, y is the number of ion-
ization events per electron in a drift time, p is
the ratio of an energy relaxation distance to the

.drift-tube length.
Now the system of equations we wish to consider

is the first-order circuit equation (1.2)
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rc —+j(~)=i(v),Bj

where from Eq. (1.1)

(.)= f'A(n 8 —'")
1

n« pn-(1)+ pn(0),
0

and, from Eqs. (2.2),

(2.4)

(2.5)

8'g Bg 92 g—+ —-p =ynsr 8$ 8$
(2.6)

j(r) = f p( n(48)G(, p)r,
where the Green's function is

The solution to Eqs. (2.4)—(2.6) is found in Appen-
dix A to be

Here

a = (1 —4py —4p/rc)'~'

so require a different type of analysis as discussed
in Sec. III.

Re(a) ~1, (2.8)

III. EFFECTS OF ANODE, IONIZATION, AND

TIME CONSTANT

or equivalently y ~ —1/rc. Equation (2.8) poses no
restriction on ionization processes (y & 0}, only on
depletion processes, which we will not discuss.
The restriction arises from consideration of a
particular configuration of poles in the evaluation
of Eq. (2.7). The initial conditions to be inserted
into Eq. (2.7) are not yet specified and are a com-
plication outside the scope of diffusion theory and

To take account of an absorbing anode boundary
at $ = 1, we may add an image to the initial condi-
tions" '"

teU)a($ 0}= 00Bc(('0) —e naBC(2 t 0) (3 1}

which suffices to make the density zero at $ = 1 for
all time and enables us to use the Green's function
(2.7). The current in the external circuit for a
5($) initial carrier density distribution is

1+yrc pc ( 28 ) (&npr) pc ( 28 ) (44pr) 2(1+yyc) (jeer)
(3 2)

for no anode boundary condition, and

j(r) —,'exp( = )erjc( )+-', exp(
+

)er(c(
+

)
—1

ex~+i 4 7+1
+ — - erfc—

2(1+rye) pep' 2((ryrc) jepr)
— erfc (3 3)

for an absorbing anode. Equations (3.2) and (3.3)
are subject to y~ —1/rc as is (2.7), from mathe-
matical considerations, as well as p «1 and 4yp
~ 1 from physical considerations. "

Solutions to Eqs. (3.2) and (3.3) are shown in

Fig. 2 illustrating the effect of the external cir-
cuit time constant xc in a case where ionization
is absent, X= 0, and diffusion is small, p = 10 '.
Either Eq. (3.2) or (3.3}gives the same result to
order p'.

In the limit of small time constant, i.e., xc
«( ,pyr, 1), Eqs. (3.2) and (3.3) become, respec-
tively, '"

j(r)= —'e"' er(c( ) —
(
—

) exp(- )

and"'4'"

y7 ~ ~ X/8 ~+ ~j (7 ) = ~
e"" erfc —e' j~ erf c

44pr )j'4p7-

(3.4)

(3.5)

I owke' also considers no absorbing anode as in
the case of Eq. (3.4) but neglects a boundary term
[Eq. (19) of Ref. 5] which gives rise to the last
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term in Eq. (3.4). Therefore his result [Eq. (21)
of Ref. 5]excludes this term and gives rise to a large-
er difference between an absorbing and nonabsorb-
ing anode than we obtain. His results are shown

in Fig. 4 of Ref. 5 which are quite different from
Fig. 3, herein, showing the importance of keeping
the boundary terms and showing the very minor
influence of the anode in the pulsed paraQel plate
experiment. Figure 4 of Ref. 5 can be seen to
contain an error without the help of the above
arguments by simply noting that the area under
the transient curves is different for the absorbing
and nonabsorbing anode. The tota1 charge col-
lected and thus the total area under the current
curve for any given electron pulse should be the
same for both cases.

When small ionization and diffusion, ' '""i.e. ,
rc«(p, y)«(1, 7), are also considered, Eqs.
(3.4) and (3.5) become, respectively,

' I.O re =0
y=O—WBC—OBC

P =.OOOI

P=.OOI

I.O

FIG. 3. Transient current illustrating effect of dif-
fusion and absorbing anode for zero rise time and ioniza-
tion. The solid lines refer to solution of Eq. (3.5) or
(3.7) with an absorbing anode boundary condition, denoted
as ABC. The dashed line refers to solution of Eq. (3.4)
or (3.6) with no anode boundary condition, denoted as
OBC.

(3.6)

Eqs. (3.2) and (3.3) both reduce to

(3.8)

Solution to Eqs. (3.4)-(3.7) are shown in Fig. 3

for the case of no ionization, y= 0. Within plotting
accuracy, all four equations give the same result
for P

~ 0.03. For P ~0.1 Eqs. (3.4) and (3.5) yield
a difference, as shown in Fig. 3, and Eqs. (3.6)
and (3.7) are inaccurate; however, in this case
the diffusion analysis is suspect. ' For p ~ 0.003
Eq. (3.7) is far easier to use than Eq. (3.5) be-
cause the latter involves products of very large
and very small numbers.

In the limit of long rise time, as well as small
ionization and diffusion, i.e. , (p, y) «(1,v) «rc,

Solution to Eq. (3.8), as well as Eqs. (3.2) and

(3.3) for rc = 10', is shown in Fig. 4 for the case
of no ionization, y=0. For p —0.1, no significant
difference is obtained from Eqs. (3.2) and (3.3)
due to an absorbing anode. Equation (3.8) can be
used in place of Eq,. (3.2) or (3.3} in this case,
to plotting accuracy of this figure, for p

~ 0.03
and is recommended for computational convenience
for p —0.003.

The effect of ionization (y&0) is shown in Fig. 5

for the short [Eq. (3.4} or (3.5)] or long [Eq.

I/rc—

I.O

I /2rc

j {r)
.5

1.0
T

1.5 2.0

I.O l.5 2.0

FIG. 2. Transient current illustrating effect of rise
time with small diffusion and zero ionization from Eqs.
(3.2)-(3.5).

FIG. 4. Transient current illustrating effect of diffu-
sion and absorbing anode for very large rise time and

zero ionization. The solid lines refer to solution to
Eq. (3.3) or (3.8) with an absorbing anode boundary
condition, denoted as ABC. The dashed line refers to
solution of Eq. (3.2) or (3.8) with no anode boundary
condition, denoted as OBC.
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(3.2) or (3.3), with re= 10'] rise time case with
small diffusion (P = 10 ') for ionization significantly
less than the back diffusion breakdown criterion"
(r =»).

Finally, in the absence of diffusion, i.e. , 0=p
«(«, X, &, 1), Eqs. (3.2) and (3.3) both reduce to"

1 (crt e T/rc) 7'( 1

1+~&& e t/rc-(eT+1/Tc 1) ~) l ( )

Most of the arialyses of the pulsed parallel-plate
experiment do not consider diffusion, but those
thatdo; c'onsider only the limit of fast response
time, i.e., rc«p, y, w, 1. In addition, usually at
most one absorbing boundary is considered, "'""
with the exception of one recent attack by the
image method that considers both boundaries
absorbing and has the initial ions infinitesimaQy
close to the cathode. ' Some unpublished work'
considers absorbing boundaries by solving the
relevant eigenvalue problem. There also exists
some work" considering two absorbing boundaries,
which we believe to be faulty. These points are
discussed further in Appendices B-D.

In this section we have assumed that cathode
and other effects are decoupled and that the initial
density distribution is a 5(g) function. The latter
coridition is simply illustrative and can be bypassed
with appropriate convolution over the results of
Sec. IV, while the former restriction is the sub-
ject of Sec. VI. It is useful to separate cathode
effects from the other considered effects of ab-
sorbing anode, diffusion, ionization, and circuit
time constants since the. methods used to deal
with the' latter effects are so different. In Sec. VI
examples will be shown to illustrate when the

—2/rc

cathode and other effects can not be decoupled.
An alternate but inferior way of dealing with a
cathode boundary condition is considered in Ap-
pendix 8 with connection to existing theories.

3/2

vo=
M = IOO

$/7 DW BD

152 22
131 15 .15

016 13

883 6.9
875 2.2 .19

970 .69 .19

IV. CATHODE EFFECTS

A Monte Carlo calculation, described else-
where, ' is used to simulate cathode effects. Prin-
cipal assumptions are constant mean free time,
isotropic scattering, m «M, and neglect of neu--
tral motion. Electrons are ejected perpendicularly
from the cathode with a velocity vo (in units of the
drift velocity v~). The effect of inelastic colli-
sions is approximated by adjusting the mass ratio
m/M appropriately.

Examples of the early time density distributions
of electrons ejected from an absorbing cathode are
shown in Fig. 6. The normalized densities are
plotted against distance normalized by the drift
distance. For a few collision times 7, a free fall
wave is visible governed by the applied electric
field. The shaded bar in the wave front depicts
the fraction of electrons in this wave or alterna-
tively the number of electrons not yet having a
collision. After ten or more collision times the
front is far away and its population minute. The
density distributions tend toward a Gaussian but

y=1

I /2

j (7)
I

3-—
. I

. 0

P =.OI
rc = IOCOO—rc= 0

I /rc

gl7

ii

2

7

FIG. 5. Transient current illustrating effect of ioniza-
tion for small diffusion, very short rise time (dotted
line, vertical scale at the left-hand side) and very large
rise time (solid line, vertical scale at the right:-hand
side) from Eqs. (3.2)-(3.3).

FIG. 6. Monte Carlo renormalized electron density
distribution ejected from an absorbing cathode for var-
ious times from 1 to 1000 collision times showing frac-
tion back diffused and fraction of electrons in free fall
wave (not yet having a collision). The electrons are all
ejected perpendicularly from the cathode with a speed
equal to the drift velocity and then have inelastic collis-
ions with the neutrals equivalent to a mass ratio of 100.
For &, &3, 10 electrons were considered and for
&, —3, 104 electrons were considered.
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are slightly skewed about the drift position, )= 7',

even after 1000 collision times or 30 energy re-
laxation times. The mean position, for this ease,
denoted by g/7, is faster than the peak position
but slower than the drift position, )=7, and ap-
proaches the drift position at long times. The dif-
fusion equation solution for an initial 6-function
density distribution in unbounded space would be
a Gaussian whose mean is at (= r and whose half-
height width at the times and in the units indicated
are shown in the column denoted by D%. The case
considered in Fig. 6 is for electrons ejected p r-
pendicularly from the cathode at a velocity equal
to the drift velocity. The neutrals are taken to be
100 times heavier than the electrons. The frac-
tion back diffusing (BD) is shown. In this case all
that are going to back diffuse do so after a few
collision times. The densities in Fig. 6 are re-
normalized at each time according to the number
which have not yet back diffused.

In Fig. 7 is shown a more comprehensive set of
density distributions after three energy relaxation
distances for various initial speeds in units of the
drift velocity v, and various mass ratios M/m.
It is these distributions that may be taken as initial
distributions to the diffusion analysis in Secs. II
and III. Notice that the peak position and, to a
smaller extent, the centroid may be either ahead
or behind the drift position $ = 7 at this time, de-
pending on the initial speed and mass ratio.

additive to the latter, which are phrased in terms
of aberrations in the external circuit current.

A. Incorporation of the effects of the cathode

Analytic asymptotic error formulas for cathode
effects are not obtained since a suitable theory has
not been developed (see Appendix B). Therefore
recourse is made to the information available from
Fig. 7. Figure 8 considers the position of the den-
sity centroid relative to the centroid due only to
drift 3p(5 —I) from the six cases considered in
Fig. 7, interpolated to intermediate initial veloci-
ties and mass ratios. This procedure provides
a basis for estimating errors in the drift velocity
due to cathode effects. That is, owing only to
cathode effects, the true drift velocity v~ is related
to the apparent drift velocity v'„by

v, = v,'(I —3135), (5 I)

where the factor 3p occurs because the data in
Fig. 7 were taken at three energy relaxation
times. I,owke' concludes, via diffusion analysis
(see Appendix B), that 5 =, as shown by the dashed
line in Fig. 8, no matter what the initial velocity
or mass ratio. Because only considerations of
the density distribution are made in this section,
the results are independent of xc time constants.
Ionization is assumed to be negligible.

B. Other corrections

V. INTERPRETATION OF DECOUPLED EXPERIMENTS

The interpretation proceeds in two parts: errors
due to cathode effects and errors due to other
effects. The former, which are phrased in terms
of aberrations in the density distribution, are

In this section we will not consider ionization
and will separate the interpretation into cases

I 00

M =IOO
zg= IOO

——— M = looo
zc= IOOO

"' Io

0 30 l00 500
M+

IOOO 5000

FIG. 7. Monte Carlo renormalized density distribu-
tions from an absorbing cathode at 37, for three initial
speeds and two degrees of inelastic collisions with the
neutrals. 104 electrons were considered. The drift
distance at this time is at $ = 7.

FIG. 8. Contours of &, the cathode correction factor,
used in Eq. (5.1) for consideration of cathode errors.
These contours were obtained from the data shown in
Fig. 7 by interpolation and extrapolation around the six
points circled.
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v, = v„'[1 -p+rc ln2+ 0(p', (rc)')], (5.2)

characterized by the time constant of the external
circuit. For both extremely small time constants
[for.which Eqs. (3.4)-(3.7) are valid] or extremely
large time constant [for which Eq. (3.8) is valid]
a simple geometric interpretation of the arrival
time spectra for obtaining the drift velocities is
possible.

For the case of short rise times and small dif-
fusion, i.e. , rc, p «1, from Eq. (3.9) and any of
Eqs. (3.4)-(3.7) considering the apparent drift time to
be the time at which the current is half the plateau val-
ue (see Fig. 3), the true drift velocity is derivable
from the apparent drift velocity by the correction

I.O—

I

, 5

P = I/30
Vo =10

I

l.0 l.5

which should be combined with Eq. (5.1) to include
cathode corrections. Equation (5.2) follows
whether or not an absorbing anode boundary is
imposed because the anode boundary effect is of
O(p') in this experiment.

For the case of large circuit rise times, i.e.,
xc»1 as for Fig. 4, the intersection of the tan-
gent of the current at r =

& and r =
& gives the drift time

correction, which, from Eqs. (3.8) and (3.9), is

v, = v„'[1 —1/8rc+ O(1/(rc)', e ' ')]. (5.3)

which should be combined with Eq. (5.1) to include
cathode corrections.

For the case of intermediate rise times and

P «1, the current transient form should be fitted
to Eq. (3.3) which, along with Eq. (5.1), will yield
the drift velocity.

Diffusion coefficients are best obtained by fitting
the data to Eqs. (3.3). For very short circuit re-
sponse times, i.e. , rc «p «1, the data may be
fitted to Eq. (3.7) (see Fig. 3) or one could use
the fact that the slope of the current waveform at
the apparent drift time is —(4mP) '~'. For very
large circuit response time, i.e. , p «1 «rc, the
data may be fitted to Eq. (3.8) (see Fig. 4) or one
could use the fact that the slope of the current
waveform at the apparent drift time is [1—
i'p /v)' @]/2rc.

VI. COUPLING BETWEEN CATHODE AND OTHER EFFECTS

As in Sec. IV on cathode effects, the material
in this section is not amenable to rigorous theo-
retical treatment (see Appendices C and D).
Therefore, the Monte Carlo calculations are
used, and for economic reasons we have restrict-
ed attention to an illustrative situation considered
in Sec. III, i.e. , xc=y=0.

The first example, illustrating a case where the
absorbing cathode and other effects can marginal1y
be separated, is shown in Fig. 9 in which p = —,', ,
v, =10, M/m=100. For this case there are about

FIG. 9. Monte Carlo electron transient current illu-
strating marginally uncoupled cathode and anode absorp-
tion with large diffusion (P = &) for an initial speed
(-L cathode) &o which is 10 times the drift velocity,
for, zero rise time, considering 104 electrons.
The drift time is about 10' collision times and the de-
gree of inelastic electron-neutral collisions is repre-
sented by a mass ratio of 100. These data are not re-
normalized to account for back diffusion.

1000 collision times in a transit time. At time
r = 0', j(0') = 10. It rapidly [r-O(P)] diminishes,
due to back diffusion, to about j-0.3 where a
plateau region is formed lasting until v-0.6. At
later times most of the remaining carriers are
absorbed by the anode. The crucial feature that
enables us to separate cathode and other effects
is the existence of the plateau region from x=0.3
to 0.6. In this region carriers are not being sig-
nificantly absorbed by either the cathode or the
anode. For long rise time, as in Fig. 4, the ana-
logous situation is that there exists a region (near
r - 0.2) with constant slope. It is for experiments
where there is a decoupling between cathode and
other effects that we have, in Secs. I-V, presented
results of sufficient generality to allow a meaning-
ful interpretation.

The second example, illustrating a case where
the absorbing cathode and other effects can not be
separated, is shown in Fig. 10 in which p = —',.
Three different widely spaced initial velocities
of ejection are considered, all of which greatly
affect the fraction back diffused into the absorbing
cathode but rione of which allow a significant length
of time in which carriers are not being simultane-
ously absorbed by both the cathode and anode.
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APPENDIX A: GREEN'S FUNCTION FOR THE CURRENT

t.o—
0
0

~(axe
%A@

0
j (~) .5—

p 00

0

P = I/3
X Qo

0 vO=IO

We wish to solve Eqs. (2.4).—(2.6) in unbounded

space for arbitrary initial conditions. To do this
we consider the current induced in the external
circuit j due just to carriers in the drift tube be-
tween ( and g+ df Th.en, the induced current due
to all the carriers is

p

Q—

I

.5
I

I.O l.5

1

j(~)= «&(&,~) -Pj(1,~)+Pj(0,~),
0

and the system of equations considered is

Bj j=n+ xc xc

(Al)

(A2)

n(0)
~c(s+ 1/~c)(s+ ik+ pIr" —y) ' (A8)

where s and k are the Laplace and Fourier trans-
form parameters and i = (-1)'~'. An inverse La-
place transform yields

and Eq. (2.6}. In addition we assume that initially
(before carriers enter the drift region) the circuit
is in steady state so that before the carrier pulse
is formed, j(0 ) =j($,0 ) = 0.

A Laplace-Fourier transform of Eqs. (A2) and
(2.6) yields

where

e &lrc 8 &(Iak +fQ~)J~ —8 —e (A6)

f.= fI(0),

f,= (pk'+ik —I/rc -y) ',

(A7)

(A8}

Therefore, inverse Fourier transformation yields

FIG. 10. Monte Carlo electron current illustrating
coupled cathode and anode absorption with very large
diffusion (P= 3) for various initial speeds (-L cathode),
for zero rise time, considering 2 &104 electrons. The
drift time is about 10~ collision times and the degree
of inelastic electron neutral collisions is represented by
a mass ratio of 100. These data are not renormalized
to account for back diffusion.

ii(D) exp(-e/rc) —exp[ — (DD' ice - )]e)r
xc pk'+ ik —I/xc -y

The inverse Fourier transform of Eq. (A4) is ob-
tained by use of a double convolution theorem
which reads

f 2v(e) ($)e-& lrc

-( /p )'" ml:-($ )'/p -+y j,
f,=(4m/o)e'~~sinh(o$/2p), )&0

=0 (A10)

F 'lf, (k)f.(k)f.(k)] where

1 +co «' «"f, (& —(' —("}f,($'}f.(h"),

(A6)

o=-(1 —4py —4p/rc)'~'.

For the contour considered in the evaluation of Eq.
(A8), Reo ~ 1. The result is

~ /yg goo i

j(t,~) =
2

d~'q (~', 0) exp

—o I
— '

I I — '
I

—m o l
— 'I

f I
— 'I+ cn

(A12)
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Substituting into Eq. (A1) taking the lower limit to
be —~ instead of zero, Eq. (2.7) is obtained. A
lower limit of —~ instead of zero takes care of
meaningless artifacts introduced by the mathema-
tics by not considering a cathode boundary expli-
citly. '

APPENDIX B: IMAGE DIFFUSION ANALYSIS WITH

ABSORBING CATHODE

If an absorbing cathode boundary is considered
in the diffusion approximation the initial condition
inserted into Eq. (2.7), in analogy with Eq. (3.1),
ls&~ 10&ll

cac(~, 0) =)7oac($ —&, 0) —e @)7oac(e $, 0). (B1)

The location e of the initial density is not inter-
naQy specified in the theory and it is natural to
match the back diffusion predicted by diffusion
theory with Eq. (Bl), i.e. , e for p «1, to a
suitable independent back diffusion theory. We

shall use the Thompson-Leob theory" according
to which the fraction back diffused is (1+4/vo) '
and which implies e =p ln(1+ 4v,). Thus the cathode
correction factor predicted by use of the diffusion
and Thompson-Leob theories is

0 = —in[1+ 4v, ]/6vo,

which agrees with Lowke's' result, 5 = 3, for
e, vo«p'. This result is not self-consistent. The
Monte Carlo calculation, as is seen from Fig. 8,
shows that the v, corresponding to 5= —', does not
generally result in e «p. Also from Eq. (B2)
5- 0 as v, - which is obviously entirely wrong.
Although the parameter & can be adjusted to ac-
count for back diffusion, it must be recognized as
an ad hoc parameter with no physical significance.

In order to connect with previous work on ana-
lyzing drift-tube experiments, ' ""'"""we shall
indicate the results for three cases.

For very short rise times and small diffusion,
i.e. , rc «y, e,p «1,7, the current transient is

(B3)

For intermediate rise time, i.e. , y, e,p « l, r, rc, the current is

j{v)={1—e' ')I{—e ' "+-,' exp —1 erfcrc 44pr

1 p7' "2 1 —7' (1 —r)2
~yg EYc 7 —1

exp — (1+e ' a) —(1+e ' a) 1+ exprc 7)' . rc 4pr 2pr t'C

and, for long rise times, i.e. , y, e,p «1,7'«rc, the current is

j(7)=(1—e ' )joac(7)+ 1+e' )exp-&(1 —r), g~ (1 —r)'
rcg4gp'r pT

(B4)

APPENDIX C: IMAGE DIFFUSION ANALYSIS WITH

ABSORBING CATHODE AND ANODE

Appropriate initial images are'"
~(4, 0)=n...(& -e, 0) -e '~...(e - &, 0)

+ e'~agoac(g —2 —e, 0)

"oac(2 —& —5 ~ 0)'

The first two terms cancel for all time on the
cathode boundary; the fourth term cancels the first
term for all time on the anode boundary; and the
third term cancels the second term for all time
on the anode boundary. What is neglected is that
the third and fourth terms produce a noncancelled
contribution which for p «1 is of order e '~a.

One could add more images to take care of this but
in view of the limitations of diffusion theory itself

there is no point in so doing. Thus, unlike the
one absorbing boundary case, no exact stipulation
of the boundary conditions can be obtained from a
finite number of image terms.

There have been two other ways of considering
two absorbing boundary conditions. One is an
ad hoc method of adding images. " The other is a
direct series solution. ' There has been some
criticism of the first method on the grounds that
some images do not satisfy the diffusion equation
and are therefore not valid. This argument is
faulty as sketched out (in the rc-0 limit) in Ap-
pendix D.

In order to connect with previous work" we
shall indicate the results of three cases. For
very short rise times and small diffusion, i.e. ,
rc «y, e,p «1,v, the current transient is
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j(r)=(1 —e' ) —srjc( )-(—) ( )sxp(- ) -(1—e' )(, )exp(- ), (C2)

which can give transients resembling Fig. 9. For intermediate rise time, i.e. , y, e,p «1,v, rc, the cur-
rent is

1-T 1-'j (r)= (1 —e ' ) 1 —e ~"'+2 exp —1 erfc

1 p7 '" 1-~ (1 ~)'
sxp — (1+e "*)—(1+e 'e) (I —e 's'))A'C

t'C xc 4p7 2p

and for long rise times, i.e. , y, &,p «1,w«xc the current is

j(~)= (1 —e )joac(7) ——— 1 —e ' — (1+e-' }exp-)a 1 p r Is & -(() (1 —")'
fC 2p& 4pT

(C3)

(C4)

APPENDIX D: EIGENVALUE DIFFUSION ANALYSIS

WITH ABSORBING CATHODE AND ANODE

Bernstein' starts with the transformation

~(&, )=~(&) "',
where 'g(g) satisfies

subject to

q (0) = )i(1)= 0.

Then 'g(g, v ) is expanded in the eigenfunctions of
Eq. (Dl)

q, (g) = sin(Xv $)e'~,
whose eigenvalues are

y =1/4p+p (xv)'.

The general solution to Eq. (2.6) is

g(t, ~)= g C,n, (~) "e~'

Solving for the coefficient C~ from the initial con-
ditions,

( , X)(= srxp (
— Q

(coo[jr�((

—e)] —coo[sr(( sr)]]sxp(-Xse'()r).
4p

This can be converted into a much more rapidly converginq series by use of a theta-function transforma-
tion. "" The result is

($+ c+ 2o)' (g+ (.'—2a)'
4p~ 4p7. (D2)

ol

q(], r) =q, (g —&, 7) —q,(]+ ~e)e

—g,(]+q —2, v)e '~~+ q, (g —c —2, —~)+"
(D3)

Notice that the last two terms shown in Eq. (D3)
travel in the direction opposite the drift and so do
not satisfy Eq. (2.6) with y = 0. However, there is
no reason why each term in a series solution to a
linear differential equation need satisfy the equa-

tion. Only the sum need satisfy the equation. The
theorem, that if every term of a series solution
to a linear differential equation satisfies the equa-
tion, then the sum of the series also satisfies the
equation, does not have a valid converse, as the
counter example, Eq. (D3), shows.

Thus, the fact that Lucas" has images going
in the —v„direction is not in itself incorrect, how
ever the magnitudes of the images appear not
correct when compared with the correct theory
by Bernstein, i.e. , Eq. (D2).
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