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Semiclassical theory of two-photon absorption: Absorption and level shifts in a model system
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Numerical calculations of level shifts and power-broadening linewidths for double-photon absorption in
truncated rigid-rotor models are presented. This work demonstrates the feasibility of a previously suggested
calculational method. It is shown that level shifts in double-photon absorption deduced from three-state
models are misleading since other states dipole-coupled to states directly involved in the transition make
important contributions to the shifts.

Recent high-resolution double-photon experi-
ments' ' have rekindled interest in the theory of
multiple-photon processes. " The effective elimi-
nation of Doppler broadening in double-photon
resonance lines' ' has made high-resolution
double-photon spectroscopy an important research
tool, the ultimate limitation in linewidth measure-
ments in such experiments being the frequency
stability of the excitation source, usually a tunable
laser. The lasers used in double-photon spectro-
scopy are often sufficiently high powered or fre-
quency stable that it is useful to consider the mag-
nitude of the energy-level shifts of the type first
predicted by Bloch and Siegert for single-photon
processes. Because of the inherently narrower
absorption resonance lines of double-photon pro-
cesses, these level shifts can be quite important
in determining the exact resonant frequency of the
double-photon absorption. In the microwave fre-
quency region these level shifts can be as much as
one part in 10' of the resonance frequency, and
frequency shifts on the order of a GHz have recent-
ly been observed in the optical region by I,iao and
Bjorkholm. 4

Published theoretical work on double-photon
absorption is almost uniformly limited to the treat-
ment of three-level model systems, which are the
simplest models giving significant double-photon
transition probabilities. Based on the analogy of
the utility of two-level systems in the study of
single-photon absorption, it seems very reason-
able to use the simplest possible models for dou-
ble-photon absorption. However, it is the purpose
of the present work to show that, in contrast to
the Bloch-Siegert level shift in single-photon pro-
cesses, which is .orders of magnitude smaller than
the power-broadening linewidth, the level shift in
double-photon processes is of the same order of
magnitude as the power-broadening width and in
addition depends strongly on the number of active
levels included in the calculation. The dependence
of level shifts on additional levels is sufficiently
strong in some cases to give a level shift of oppo-

site sign from that predicted from the three-state
model.

The calculations presented here are the first to
be performed using an approximation scheme pro-
posed by one of us (W.R.S.)' which involves writing
an approximation to the time-evolution oper tor
for the model system under the influence of an ex-
ternally supplied classical electromagnetic driving
field. The essence of this technique, which can
be applied to any system interacting with a classi-
cal periodic radiation field (period 7 ), is that once
the time-evolution operator U(v, 0) has been gen-
erated by numerical integration of the interaction
representation Schrodinger equation, U(n7, 0) can
then be obtained for all later times n7 by matrix
multiplication, provided n is an integer. This
technique is most useful whenever the phenomena
of interest occur on a time scale much larger thari

w, as is the case for two-photon absorption at
physically realizable electric field strengths. Al-
though these calculations are numerical, they can
be easily performed to almost any desired degree
of accuracy, regardless of radiation field intensi-
ty.

The present technique is preferable to the usual
perturbation theory methods' in the sense of in-
cluding the effect of the field to all orders in the
model system. However, the technique is limited
by requiring truncation of real quantum mechanical
systems with infinite numbers of states to finite-
state model systems (even though a large number.
of states may be included). As mentioned above,
it will be demonstrated that states other than the
intermediate level which are dipole coupled to
either of the states involved in the two-photon ab-
sorption have a significant effect on the net double-
photon frequency shift. For this reason the modi-
fied form of the double-photon analog of the Rabi
formula derived by Oka and Shimizu, ' although ac-
curate for a model three-level system, does not
give the correct level shift for atomic and molecu-
lar systems having adjacent energy levels, other
than the intermediate level, dipole-coupled to the
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initial or final states of the double-photon absorp-
tion process. The level-shift relation of Oka and
Shimizu can, as we will show, be modified to yield
good estimates of the net frequency shifts resulting
from the adjacent levels.

The calculations presented are for absorption
of two equal-energy photons; however the method
is applicable to absorption of two unequal-energy
photons when &o,/u&, =n, /n, and n, and n, are posi-
tive integers. In fact, the method can be applied-
to any field with form such that E(t+ r) = E(t).

TIME-EVOLUTION OPERATOR THEORY

We consider the problem of an atomic or molec-
ular system in a monochromatic radiation field
E(t) = E, cos(art), where for convenience E, is along
the laboratory s axis. The total Hamiltonian is
Hp+V, where Hp is the Hamiltonian of the atomic
or molecular system and V is the interaction be-
tween this system and the radiation fieM. We use
the dipole approximation and set V= —p, ,E,cos(+t).
Hp V, and p, , are all finite 8ermitian matrices
(H, is diagonal and p,, is real and symmetric in
the models used here), and the selection of the
matrix elements of H, and p., defines the model
system. We are concerned with the time-evolution
operator of the system U(t„ t,), and use the short-
er notation U(t) = U(t, 0). The periodic interaction
enables us to use the relation U(nv) = U"(v) for the
time evolutiori operator in the Schrodinger repre-
sentation, where v =2m/(o is the period of the driv-
ing field. ' To generate U(7), we transform into
the interaction representation and use standard
finite-difference techniques to numericaQy inte-
grate the time-dependent Schrodinger equation for
U~(t) from t=0 to t=v. Integration of

by repeating the calculation at several frequencies
and fitting P ((o) to a Lorentzian curve. It is
found that P,„(&o) is Lorentzian to very high accu-
racy except when one of the active levels not di-
rectly involved in the transition is in single-photon
absorption resonance with the driving field.

RESULTS FOR A TRUNCATED RIGID-ROTOR MODEL
SYSTEM

The model system for the present discussion is
a truncation of the M =0 manifold of a rigid rotor
to a model with from 3 to 6 states. The initial cal-
culations were carried out on a model appropriate
for the %=M = 0 manifold of the symmetric-top
molecule CD,CN (dipole moment, 3.93 D and rota-
tional constant B =7857.93MHz}atanappliedfield
with maximum amplitude 200 V/cm (-53 W/cm').
However, it was readily apparent that the shifts
and widths scaled proportional to (p,E,)' and in-
versely proportional to 8 and the majority of cal-
culations were performed in units of (p E)o' /O' B.

Thus the calculations can be scaled to any fre-
quency region or interaction strength as long as
the field is not so strong that the transition time
is comparable to the period

The numerical integration was, in most cases,
carried out by dividing the interval 0-7 into a
grid of 1000 equal parts. 100-step numerical in-
tegrations gave results different than the 1000-
step grid calculations, and 10000-step grids gave
no significant changes from those at 1000 steps.

The two-photon absorption transition probability
in models with only three states (Fig. 1, these are
models containing only the states J =-0, 1,2 or
J =1, 2, 3 in the present work) is well described by
the double-photon analog of the Rabi formula de-
rived by Oka and Shimizu, namely,

[where V~(t) is the operator V(t} transformed into
the interaction representation] from time 0 to time
r gives Uz(7). The U(v) in the Schr odinger r'epre-
sentation is then regenerated by matrix multipli-
cation with the diagonal matrix e " o "
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U(nr) may then be computed for all integer n by
matrix multiplication. Since the time scale of
double-photon transitions is much larger than v,
a convenient time interval, usually 2 7 is chosen
for the problem and the appropriate transition
probability

Py~(n2 &) =
I &y IU(2 "~)"l~& I'

is calculated at intervals of 2 r.' The resonant
double-photon absorption frequency can be found

0

]( ]}
'fKa &o}

'i(

C
l( +

FIG. 1. Basic three-level system model for double-
photon absorption; labeling and notation of Ref. 8.
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x sin'(t [(~or, + &' —(u)'+ y']'~'j

with width y given by

(p,E,)„(p.E,)„,

and provided the "level shift" 6' is corrected to
read

and where A~ &0 is the frequency separation be-
tween the actual intermediate level d and a "res-
onant" intermediate leveI, and c and e label the
lower and upper levels, respectively (see Fig. 1).

The &', ~,', and &,
' shown here are not truly level

shifts because they are frequency dependent; how-
ever, Eq. (3) is a Rabi formula. and may be re-
written in such a manner as to explicitly display
the frequency-independent level shift (see below).

The models for which calculations are reported
here are truncations of a rigid-rotor system;
nevertheless, the accuracy of Eq. (3) was checked
by calculations on several models with level struc-
tures not appropriate for a rigid rotor but with
var ious VRj,L(es of +R.

The results of two-photon absorption calculations
on six different truncated versions of the rigid ro-
tor are shown in Table I. Since the widths and
shifts are proportional to (p,E,)'/5'B up to field
strengths many orders magnitude stronger than
those presently realizable experimentally, they

are presented as the unitless quantitives 5'yB/
(p, E,)' and 5'6B/(p, E,)' l.t is seen from Table I
that the power-broadened linewidths are moderate-
ly insensitive to the number of states included in
the model, whereas the level shifts are extremely
sensitive to changes in the model and may be posi-
tive, negative, or nearly zero. The inclusion of
additional states not directly dipole-coupled to the
states involved in the double-photon transition
gives no perceptible contribution at the level of
accuracy of the calculation reported here, and
such models are not included in the table. Thus
the level shift to be expected for the J=0-2 tran-
sition is that calculated for the J=0, 1, 2, 3 model
and the expected shift for the J =1-3 transition
that calculated for the J=0, 1,2, 3, 4 model. In the
former case the level shift is negative and in the
latter case small and positive, but in neither case
are the shifts correctly predicted on the basis of
a three-state model.

DISCUSSION

Although the level shifts for double-photon ab-
sorption calculated from the prescription of Oka
and Shimizu are not the same as those calculated
for larger models, one can use the Oka and
Shimizu results to estimate level shifts in the lat-
ter case. First of all, we note from Table I that
the contributions of each added state to the shift of
individual levels involved in the transition appears
to be additive. The Rabi formula, Eq. (3), can be
rewritten, ignoring fourth and higher powers of
Eo, as

x sin'(t [(-,'(o, —5, + 5, (o)'+ y'] '~'],

where y is the same as above, but now the &, and
~, are frequency independent and given by

TABLE I. Level shifts and power-broadening linewidths for several truncated rigid-rotor
model systems, calculated both by time-evolution operator methods and estimated from for-
mulas derived from Ref. 8. 60 and po are unitless quantities given by Bo ——k 6B/(Eop), etc. ,
'vhere B is the rotational constant, p is the permanent dipole moment of the molecule and Eo
is the maximum amplitude of the driving electric field.

Model, J states Transition i0 50 i0 yo

Calculations from
U(v)

Calculations from
Eqs. (4), . (6), and (7)

io'6, io'q,

0, i, 2
0, 1, 2, 3
i'. 2 3
i, 2, 3, 4
0, i, 2, 3
0, i, 2, 3, 4

0- 2
0 2
i —3
i 3
i 3

3

0.49
—0.99

0.54
—0.79
i.35
0.03

7.48
7.54
6.5i
6.51
6.55
6.56

0.48
-0.95

0.54
—0.76
i.38
0.08

7.45
7.45
6.55
6.55
6.55
6.55
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The additivity of contributions to the level shift
& implies that we should be able to use formulas
similar to the above to estimate contributions of
additional levels. The 6, is a contribution to the
shift of level c from the intermediate level d which
is above level c. Accordingly, we use Eq. (6) to
estimate added level-shift contributions to the
state in question from states above that level.
With the present models this means using Eq. (6)
to calculate the additional level-shift contribution
of the J=3 state to the J=0, 1, 2 model and the con-
tribution of the J=4 state to the J=1,2, 3 model.
Conversely, we use Eq. (7) to estimate the con-
tributions of the J=O state to the level shift of the
J=1 state in the J=1,2, 3 models. In each case
hv&0 is the frequency difference between the act-
ual "intermediate state" and a hypothetical reso-
nant intermediate state half-way between the initial
and final states of the two-photon absorption. The
results of these calculations (and calculation of y)
are given in the hast two columns of Table I. The

agreement is well within the accuracy claimed for
the numerical calculations based on U(n~), and we
conclude that Eqs. (6) and (7) are reasonable es-
timates of frequency shifts.

In the models considered here, the states added
to the basic three-state model are not truly "in-
termediate states" in the same sense as the J=1
state in the J=0, 1, 2 model or the J=2 state in
the J= 1,2, 3 model simply because the "outer"
states are not dipole-coupled to the initial and
final states of the double-photon absorption pro-
cess. This condition is a consequence of the se-
lection rules for single-photon absorption, "but it
also makes it clear that, in contrast to level
shifts, the power-broadening width y depends on
truly intermediate states coupled to both initial
and final states of the double-photon transition.
This suggestion will be considered in further work
on models with different single-photon absorption
selection rules.
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