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Hartree-Fock-Roothaan-Clementi (HFRC) densities are used to calculatethe total kinetic energies and the

total binding energies of neutral atoms according to the Thomas-Fermi-Dirac formulas with inhomogeneity

corrections. The strength of the Weizsacker inhomogeneity correction is multiplied by the Kompaneets and

Pavlovskii, and Kirzhnits factor of 1j9. Of the atoms considered (Z = 2 to Z = 36; Z = 54} almost all the total
kinetic energies agree with the HFRC expectation values to better than 1 k, and the largest disagreement is

1.7%, Except for He, Li, Be, and 8, the total binding energies agree with the HFRC expectation values to
better than 0.7%. Higher-order corrections of the Thomas-Fermi-Dirac-%eizsa*cker formulas are therefore

very small.

The use of Hartree-Fock (HF) densities in

Thomas-Fermi-Dirae (TFD) formulas is not new.
Especially in a complicated atomic system, a
TFD formula is often used as an initial approxi-
mation for simplifying the calculations. For ex-
ample, in the Hartree-Fock-Slater formulation, '
the exchange term was replaced by the Dirac ex-
change contribution according to the TFD formula, .
Recently, the HF densities were also applied in
TFD formulas to calculate the intermolecular
forces. ' The simplicity and the apparent success
of this model has brought a renewed interest in
these approximations. To justify the approxima-
tions, the same model was later tested for the
individual atoms. ' The results of the TFD total
binding energy E(TF) were, in general, within
10% of the exact HF values E(HF). This remark-
able agreement has been considered as an im-
portant supporting factor for the proposed scheme
"el.ectron-gas approximation. "

In order to test the internal. consistency between
the HF and the TFD formulation and to be con-
vinced that the apparent agreement. is not ac-
cidental, it is necessary to carry out the esti-
mate to the next order. In 1935 Weizsaeker in-
troduced the quantum inhomogeneity correction

W=—
8 - p

(in atomic units). ' Starting from the HF formula,
Kompaneets and Pavlovskii, and later Kirzhnits'
concluded that 98' and the Dirae exchange con-
tribution J(D) should be considered together as
the semi-quantum-mechanical. correction of the
HF model to second order in k.

There have been many analyses on the total
energy, the diamagnetic susceptibil. ity, and the
atomic polarizability of the extended TFDW form-
ulation. ' In some applications, the TFDW formula

is restricted to the intermediate region of r.'
Others use a Weizsacker correction with an ad-
justable strength parameter ~.' The empirical
value thus obtained from a variational. TFDW
calculation of the noninteracting electrons was
found to be ~ =0.2 instead of the Kompaneets and
Pavlovskii, and Kirzhnits factor of A. = —„al-
though the physical meaning of such strength fac-
tors is unclear. So faI the consistency between
the HF and the TFDW solutions has never been
tested systematically. We have, therefore, ex-
tended the calculation of Ref. 1 to evaluate the
TFDW energy for all. the neutral atoms up to
krypton using the same input Hartree-Fock-Roo-
thaan-Clementi (HFRC) densities. ' To simplify
the calculation, the input density, p,-„ for the open-
shell atoms, is approximated by averaging the
p„„over the solid angle. Since we are primarily
interested in the consistency between the HF and

the TFDW formulation, this input density p,„has
not been subjected to variation. Results are sum-
marized in Table I. The same calculation is also
made for the revised HFRC densities'0 for the
light elements and the closed-shell atoms up to
Kr. The results obtained are the same as before,
and are therefore not presented. However, the
additional result on Xe is included in Table I.

If we treat —,H' as the inhomogeneity correction
for the TF kinetic energy K(TF), the resultant
values are in remarkable agreement with the
corresponding HF kinetic energy K(HF). Even
including the l.ight elements such as He, the rela-
tive error is less than 1.7%. Alternatively, we
may consider —,W+ J(D) as the correction to the
TF model. Since the HF exchange energy Z(HF)
is not given explicitly, it is estimated by sub-
tra, cting the Coul. omb energy U calculated with

p,-„ from the tabulated HF potential energy. This
is equivalent to considering &(TFDW) =K(TF)
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TABLE I. Comparison between the Thomas-Fermi-Dirac-%'eizsacker (TFD%) and Hartree-Fock (HF) methods, with
Roothaan-Clementi densities (1965). Repeated entries for the same element refer to different multip1et terms arjsing
from the ground-state configuration. All numbers are in atomic units.
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~ EBB%={[K{TF) + W/9 J/K (H F) —1)x 100%.
" ERR%%uo = P (D)/Z(HF) —1]x 100%.
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0.6
0.6
0.5

-0.5
1% 3

—2, 7
—3.8
-5.0
-5.0

9—4.4
-5.8
—5.7

5y 7
7 Q 3

-6.6
—6.5

—8.1
—8.2
—7.9

-10.0
-12
—14
—16
—18
—20
-20
—20
-23

23
—23
—25
-25
—25
—28
—30
—33
-35

-41
-44

7 + 3
7y2

—9.0-1 2
-0.5
-0.5
~0
-04

-ll
—13
—15
—17
—19
-19
-19
—21
-21
-21
-23
-23

-25
-28
-30

33
-35
-38
-41
-44
-47

—0.5
-0.5

-0.5
-0.5
—0.5

-0.9
—0.9

—0.8
-0.8
-0.8
-0.8
-0.8
-0.8
-0.7
-0.7
-0.7
-0.7
-0.7
-0.7

~ From the revised Roothaan-Clementi densities (1974), Ref. 10.

—2.70
—7.12

-14.14
-24.17

37+51
-37.53
-37.48
-54.45
-54.43
-54.42
-75.09
-75.10
-75.08
-99.65

-128.2
-161.4
-199.1
-241.4
-288.4
-288.4
-288.4
-340.4
-340.4
-340.4
—397.4
-397.4
-397.4
—459.6
-527, 0
-599.8
-678.0
-762.0
-851.9
—947.6

-1049
—1157
—1271
-1391
-1517
—1649
—1649
-1788
—1934
—2086
-2086
-2246
—2246
-2246
-2412
-2412
-2412
—2585
-2765
-7270

—2.86
-7 43

-14.57
-24.53
—37.63
—37.69
—37.55
-54.40
—54.30
—54.23
-74.73
—74.81
—74.61
-99.41

—128.5
-161.8
-199.6
-241.9
-288.8
-288.8
—288.8
-340.7
-340.6
-340.6
-397.5
-397.4
-397.4
—459.5
-526.8
-599.2
-676.8
-759.7
-848.4
-942.9

—1043
-1150
—1262
-1381
-1507
-1639
—1639
-1778
—1923
-2075
—2075
-2234
-2234
—2234
-2400
—2400
-2400
-2572
-2752

7232

-5.5
-4 2

2 g 9
—1.5
—0.3

0 4
-02

O. l
0.3
0.3
0.5
0 4

0.2
003

—0.3
-0.3
-0.2
-0.1
—0.1
—0.1
—0.1
-0.1

—0.0
0.0
0.0
0.0
0,0
0.1
0.2
0.3

0.5
0.6
0.6
0.6
0.7
0.7
0.6
0.6
0.6
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5



14 H-F DENSITIES IN THOMAS-FERMI-DIRAC FORMULAS. . 921

+ —,W+ J(D)+ U as an approximation to the E(HF).
Except for the light elements He, Li, Be, and B,
the E(TFDW) is in even better agreement with

the E(HF) than the K(TFDW) is with K(HF). The
relative error is less than 0.70jot The sign of the
errors is also correlated with the shell structure.
Considering the simplicity and the crudeness of

the TFDW formulation, this general consistency
is surprisingly excellent.

The general agreements between the TFDW
evaluations and the exact HF values for the neu-
tral atoms strongly suggest that not only is 9W

+J(D) the consistent semi-quantum-mechanical

correction of the TF model but also that the high-
er-order corrections are small. Since the in-

1
homogeneity correction 98' is usually larger than
the exchange contribution J(D), an extension of
the TF model without this correction would in-
troduce sizable error. We are presently ex-
amining the effects of the inhomogeneity term
on the rare-gas interaction potentials. "

The author is grateful to Professor R. D. Pres-
ent for suggesting this problem and for many
stimulating discussions.
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