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Resonance measurements of d-f-g- h sylittings in highly excited states of sodium*
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Using two- and three-photon resonance techniques, we have observed d- g and d- h transitions in the n = 13 to
17 states of sodium. The results yield accurate values for the quantum defects of the d, f, g, and h states as
well as the fine-structure splitting of the levels. Although the d (I = 2) fine structure is inverted, for l & 2 the
fine structures are observed to be hydrogenic.

I. INTRODUCTION II. EXPERIMENTAL METHOD

The highly excited or Rydberg states of sodium
are essentially hydrogenic in character, the small
differences arising from the penetration and po-
larization of the ionic core by the valence elec-
tron. ' These interactions lead to such nonhydro-
genic behavior as the nondegeneracy of the l states
of the same n (usually characterized by a quantum
defect 5) and the inversion of the d-state fine-
structure levels. Accurate measurements of the
61 energy separations and the fine-structure in-
tervals should allow a quantitative understanding
of the interactions of the valence electron and the
ionic core, enabling one to accurately predict the
locations of the levels.

The advent of the tunable dye laser has made
possible a variety of methods for the efficient pro-
duction and detection of single n, l Rydberg
states. '~ Sodium atoms have been excited to
states of high enough n that the frequency sepa. ra-
tion of the d state from the higher l states falls
in the range covered by standard microwave
sources. Taking advantage of this, we have used
a Laser-excitation optical detection scheme to
make microwave-radio-frequency (rf) resonance
measurements of the d f g-h hl ener-gy -separa-
tions and fine-structure intervals in a series of
highly excited n levels of sodium. The one-photon
d fmeasurement-s have been reported previously'
and are similar to the measurements performed
by MacAdam and Wing on helium. ' In the d-g
measurements reported here, two microwave pho-
tons of the same frequency were used to drive the
two-photon d-g transitions.

Although two-photon spectroscopy is quite new
in optical spectroscopy, it has long been known in
molecular-beam rf spectroscopy, being first ob-
served by Hughes and Qrabner' in 1950. The
three-photon d-h measurements, which were done
with one microwave and two rf photons of the same
frequency, are a logical extension of the two-pho-
ton d-g measurements.

The basic technique which we have used to mea-
sure ihe d-g separations is shown in Fig. 1. Two
dye lasers are used to sequentially excite the so-
dium atoms from 3s to 3P and from 3p to nd. The mi-
crowave field at resonance causes the atoms to under-
go transitions to the g state, from which about one-
third of the atoms decay to the 4f state then to the
3d state. Using an infrared (ir) filter and a photo-
multiplier, we detect the 3d-3p fluorescence at
8197 A. As the microwave frequency is swept
through the two-photon d-g resonance, a sha. rp
increase in the ir fluorescence is observed, as
shown in Fig. 2. There is a small amount of back-
ground ir fluorescence due to cascades and col-
lisional mixing of the l states originating from
the excited high-d state. '

The d-h measurements were essentially the
same as the d-g measurements in that we detect-
ed an increase in the 3d-3P fluorescence as we
swept the microwave frequency through the d-h
resonance. The difference was that we used a rf
field as well as a microwave field. The frequen-
cies were chosen so that we used two rf photons
and one microwave photon, as shown by the level
diagram of Fig. 3. We fixed the rf frequency and
swept the microwave frequency through the three-
photon d-It resonance. Although the increase in
the fluorescence at the d-h resonance is not as
strong as for the d-f and d-g resonances, it is
still observable, as shown in Fig. 4.

Since most of the apparatus is described else-
where, ' we give only a, brief description here.
The major components of the apparatus are shown
in the block diagram of Fig. 5. The sodium is con-
tained in a cylindrical pyrex cell 2.5 cm in diam-
eter and 10 cm long which is heated to 175 C,
providing a sodium pressure of 5 X10 ' Torr. A
N, laser pumps two dye lasers. The two dye-la-
ser beams, which intersect at a slight angle at the
center of the cell, pass through the cell nearly
on its axis. The microwaves are introduced from
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FIG. 1. Relevant energy levels for the observation of
the two-photon d-g resonance in the &=16 state of sodi-
utn. The straight arrows are the two laser pumping
steps; the wavy arrows down indicate the most probable
fluorescent decay of the 16g state. We observe the 3d-
3P fluorescence at 8197 A. . The inset shows the location
of the d, f, and g states, as well as the virtual state f'
through which the two-photon process proceeds.

the direction perpendicular to the cell axis by
simply ending a waveguide (using a horn in the
high-frequency bands) as close to the side of the
cell as possible.

The rf field was introduced by putting a helical
loop, of pitch equal to its diameter, around the
cell. The loop consisted of six fine copper wires,
effectively making a strap 4 mm wide. This con-
figuration was chosen to provide an electric field
of reasonable strength at the center of the cell
and to form a transmission line of roughly 50 0
impedance. It was important that the impedance
be roughly 50 0, so that impedance mismatches
would not cause such serious reflections as to
prevent the rf field from getting onto the loop.

FIG. 3. Energy-level diagram for showing the real
and virtual levels involved in the three-photon d-h res-
onance for + =15. On the left-hand side the intervals be-
tween the real states are given, and on the right-hand
side are shown the intervals between the virtual states
showing the approximate frequencies used.

The ir fluorescence signal was detected by a
photomultiplier and integrated by a PAR 162 box-
car integrator with a 3- p, sec gate. The boxcar
output was recorded on one channel of a strip
chart recorder. On the second channel, we re-
corded the microwave power transmitted to a
crystal detector through the Hewlett-Packard (HP)
532 wavemeter appropriate for the frequency
range. This arrangement produced a frequency
marker at the wavemeter setting. The frequency
of the microwave source was swept slowly through
the resonance frequency, and the wavemeter was
set twice on each scan, once above and once below
the resonance frequency, to produce frequency
markers above and below the resonance. Sweep-
ing up and down in frequency was necessary to can-
cel apparent offsets in the resonance frequency
produced by the time constant of the boxcar aver-
ager.
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FIG. 2. Two-photon 16d3y2-16g7g2 resonance on a
sweep of increasing frequency.

FIG. 4. Three-photon 14d3~2-14&&y2 resonance on a
sweep of increasing frequency. The rf frequency was
1288.9 MHz.
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FIG. 5. Block diagram of the apparatus, with the
lasers tuned to populate the 13d5/2 level.

For a rf source, we used a General Radio 1218A
oscillator and monitored its frequency with a HP
5245 counter. We used various microwave
sources for the frequencies below 18 GHz and a
HP 8690 sweeper for frequencies above 18 GHz.
The microwave frequencies were measured with
the wavemeters, which were in turn calibrated
using a HP 5340A microwave counter. The error
in setting the wavemeter was &.6 MHz at 40 GHz
and proportionally less at lower frequencies.

III. EXPERIMENTAL CONSIDERATIONS

The success of the multiphoton resonance ex-
periments depends critically upon several factors.
First, we must have enough microwave and rf
power to drive the multiphoton transitions. At the
same time, we have to be able to account for the
level shifts produced by the strong fields required
to drive the transitions. Finally, there must be
enough signal to observe the resonances.

First, let us consider the power requirements.
The lifetimes of the Rydberg states near n=15
are short, -3 p. sec, and we must induce a transi-
tion in that short time. Consequently, one might

Consider the specific example of the n=15, m=0
level. The relevant matrix elements then, in units
of eao and D, are

(dlplf)=165ea0=412 D,

&flI lg) =160eao =400 D, (2)

(gled,

lh) = 155eao =388 D.

The transition rates (in MHz) for the three types
of transitions are then given by

,'( dt half )E-— (3a)

1&dI lf)&flI a)E.
g-g 4 W W mw r

f ft

8 tw, -w ttw -w
I

where the factors —,', 4, and 8 reflect the conver-
sion factor 1 D x 1 V/cm = —, MHz, the microwave
and rf fields E „and E„are given in V/cm, and

W, —W„ is the frequency separation of the real
and virtual intermediate states in MHz. The peak
field strengths and power required to produce a
1-MHz transition rate for the n = 15 transitions
are listed in Table I. For the d-g case Wf —Wf,
=11700MHz. For thed-&case W, —W = twz —Wz t

= 600 MHz. These power requirements are modest
enough so that these experiments may be carried
out with readily available microwave and rf sources.
In practice the power levels listed in Table I are
in good agreement with our observations.

The electric field strengths necessary to induce

(3b)

expect that high rf or microwave power would be
necessary to drive the multiphoton transitions.

It is necessary only that power be high enough
so that the rf-microwave transitions are induced
at a rate exceeding the d-state radiative decay
rate. To calculate the transition rates, we need
the relevant dipole matrix elements. In atomic
units (eao) the hydrogenic hm =0 matrix elements
(nltptnl+ 1) are given by Bethe and Salpeter" as

(l+ 1)' —m'
&«II ln&+»= (21+3)(2)+1)

x —"tn'- (I+1)']'".

TABLE I. rf powers required to produce a transition rate of 1 MHz in the n =15 d-I. transi-
tions.

Transition

d-f
d-g
d-h
d-h

Number
of photons

rf
frequency

(GHz)

25.6
13.9
1.1

26.3

Peak
electric field

(V/cm)

4.8 x10-'
0.64
0.48
0.48

rf power
required

(mW)

]x10 ~

5
40

5
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FIG. 6. Energy-level diagrams showing ~& ~ and 4~ z,
the energy separations unperturbed by fine structure,
the fine-structure splittings, and the allowed transi-
tions.

TABLE II. Extrapolated d-g resonance frequenc ies
and energy separations. The number in parentheses is
the uncertainty in the final digit(s).

Trans ition
Frequency

(MHz)
d-g separation

(MHz)

13d 3/2 13gv/2
13d~/2-]. 3g~/
14d 3/2-14gv/2
14d5/2-14'/2
15d3/2-15gv/2
15d5/2-15g~/z
16d 3/o-16g7/
16d5/2 16gs/2
17d3/2-17g7/2
17d 5/~-17ge/2

21 354.4(6)
21 380.0(6)
17 132.1(6)
17 149.9(9)
13 955.2(9)
13 969.1(4)
11515.2(4)
11528.5(4)

9611.2(3)
9621.1(3)

42 708.8(12)
42 760.0(12)
34 264.2(12)
34 299.8(18)
27 910.4(18)
27 938.2(8)
23 030.4(8)
23 057.0(8}
'19 222.4(6)
19242.2(6)

multiphoton transitions frequently produce fre-
quency shifts. This phenomenon is most generally
known as the ac Stark effect. Current research
into ac Stark shifts is typified by the investigations
of light shifts in two-photon optical spectroscopy
by Liao and Bjorkholm. " Historically, rf Stark
shifts have been observed in molecular-beam rf
spectroscopy by Marple and Trishka" and in mi-
crowave spectroscopy by Autler and Townes, "
who have developed a comprehensive theory of rf
Stark shifts. For our purposes the important fea-
tures to note are that the frequency shifts are pro-
portional to the square of the rf electric field and
thus to the rf power, and that the microwave and
rf Stark shifts may be determined independently.
The practical consequence of this is that we may
vary the rf and microwave power separately and
extrapolate the measured frequencies to zero
power.

Since we observe the d-i resonances (here i may
be f, g, or h) by detecting fluorescence emitted by
atoms which radiatively decay from the higher L

state, the radiative lifetimes of the l states affect
both the observed linewidths and the strength of

the signals. The effect on the signal is best illus-
trated by considering a simple picture. Assume
that the microwave field is causing the atoms to
undergo the d-l transition at a rate k~, which is
faster than the d-state radiative decay rate 1/7~.
Then the atoms decay at the average of the d and l
state radiative rates ,'(1/—r,+ 1/r, ) T. he resonance
signal is proportional to the fraction of the atoms
which radiatively decays from the higher l state.
This fraction 8 is proportional to the radiative de-
cay rate of the l state and is given by

1/7, 1
1/r + 1/&, 1+ &,/&

'

Thus the longer radiative lifetimes of the higher
l states lead to lower signals. In practice we
found that the d'-h resonance signal was typically
equal to half the background fluorescence, so that
to see a transition to an i state wo-jld probably
require a more refined techniqu"-.

IV. OBSERVATIONS

One d-g resonance was observed for each of the
nd, » and nd», states at several microwave power
levels. However, as can be seen from Fig. 6, a
total of three transitions is allowed, the 4J = 2

d3/2g7/2y the M= 1d, /, -g7/, )and the~=2
d, /, -g, /, transitions. To decide which of the two
transitions originating from the nd», states we
observe, we must consider the relative transition
probabilities. The ~=2 transition rate is propor-
tional to the product of two M= 1 electric dipole
transition matrix elements. The bJ = 1 transition
rate is a product of one M=1 matrix element and
one dJ =0 matrix element. The M=O matrix ele-
ments are calculated to be a factor of 10 smaller
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FIG. 7. Extrapolation of the 15d3/&-15he/2 three-photon
resonance to zero rf power. Two relative microwave
powers are indicated, 1.0 (k) and 0.1 (). At the relative
microwave power of 1.0, the microwave field was-1 V/cm.
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TABLE III. Extrapolated d-k separations.

Trans ition
rf frequency

(MHz)
Microwave frequency

(0Hz)
d-k separation

(MHz)

136'/2-1 3k'/2
1M'5/2-1 3k ))/2
1443/2-14k ~/2

14d go-14k((/g
1Qf 3/2- 15k g/2

15'p2-15k ((/2
1Qf g/2 16k

g g /2

1890
1890
1280
1280
1080
1080

960

39.74
39.79
32.36
32.40
26.29
26.32
21.57

43 565(4)
34 922(4)
34 958(4)
28446(3)
28476(3)
23 490(15)

than the LhJ = 1 matrix elements. Consequently,
when the microwave power is adjusted to produce
the narrowest-linewidth maximum-amplitude sig-
nal for the M= 2 resonance, the transition rate,
and hence the signal, for the M=1 resonance is
a factor of 10 lower. The frequency separation
between the two resonances is half the g-state
fine-structure interval, which is roughly equal to
the half-width of the observed resonances. Unfor-
tunately, the quality of the data does not permit
us to deconvolute the observed resonance peak into
one large- and one small-amplitude peak. Thus
we have assigned the observed resonance as the
stronger M=2 resonance. This assignment is
supported by the observation that at the same mi-
cromave power the ~= 2 d, /, -~», resonance had
the same linewidth. The values listed in Table II
are the two-photon frequencies extrapolated to
zero microwave pomer, assuming a frequency
shift linear in the microwave power. Depending
on the microwave power, the measured frequen-
cies were 0.5-2 MHz higher than the values in Ta-
ble 0, so the shifts were only slightly larger than
the scatter of the data.

To verify that we were observing d-A three-pho-
ton transitions, for n =14 and 15 me increased the
rf frequency over a range of 50 MHz and noted
that the microwave frequency at which the reso-
nance occurred decreased twice as fast. This in-
dicated that the process required hvo rf photons
for each microwave photon and was thus the three-
photon d-h transition.

Although the three d-k transitions shown in Fig.
6 shouM be observable, we mere able to observe
only one d-h resonance for each of the nd, /, and

nd, /, states which me assigned as dZ=3 transi-
tions, for the same reason that me assigned the
tmo-photon d-g resonances as M=2 transitions.
To find the true d-h separation, we attempted to
make both rf and microwave power shift measure-
ments. This proved to be difficult, mainly be-
cause the signal was marginal at the highest pow-
ers. Nonetheless, me were at least moderately

TABLE IV. Theoretical 8&& and experimental S~„ fine-
structure splittings of the f, g, and k sublevels of sodium.

~fg ~y
a b

k
S&&' Sa

13
14
15
16
17

6.65 6.4(20)
5.32 5.0{8)
4.33 3.5(16)
3.56 2.9(11)
2.97 2.1(10)

3.32
3.19
2.60
2.13
1.78

7.2(36)
0.7(35)
1.7(36)
1.6(25)
0.5(32)

2.21 5(7)
2 13 1(7)
1.73 4(7)

Calculated for hydrogen. See Ref. 10, p. 61.
See Ref. 5.

successful in doing this for n= 15. In Fig. 7 we

show the power dependence of an n= 15 resonance
frequency. As shown in Fig. 7 the rf power shifted
the d-k frequency as much as 8 MHz below the
zero power frequency, and the microwave power
shifts mere -2 MHz. Both results mere in accord
with our estimates based on the theory of Autler
and Townes. " The extrapolated d-h separations,
as mell as the approximate rf and microwave fre-
quencies used, are given in Table III.

There is one other effect which shifts the ap-
parent location of the three-photon d-h resonance.
The observed microwave frequencies are in all
cases within 1 0Hz of the power-broadened one-
photon d fresonanc-e, so that the d-h peak sits
on the shoulder of the much stronger d freso--
nance. We have calculated that the apparent shift
due to this is -0.2 MHz, which is negligible.

The d-g linemidths of 3-4 MHz and the d-h line-
widths of 10-15 MHz are noticeably larger than
the d fiinewidths of 2--3 MHz. We attributed this
mostly to the variations in the rf Stark shifts pro-
duced by the spatial inhomogeneities of the rf
and microwave fields. We estimate that the
squares of both the rf and microwave fields vary
by a factor of 2 over the active region of the cell
(that which is excited by the laser and observed
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by the photomultiplier). This implies that the
broadening should be roughly the same size as the
shift, in qualitative agreement with our observa-
tions.

s I I I I I | I I I I I I I I
'

I I I I ! « !
f

! I I I I I I I

V. FINE-STRUCTURE RESULTS

From the data of See. IV and previous work, '
we can readily determine the fine-structure split-
tings S, of the f, g, and h levels, which are tabu-
lated in Table IV. We have also listed for com-
parison the theoretical fine structure of hydrogen
for these levels. It is important to note that al-
though the sodium d fine-structure levels are in-
verted, the f fine-structure levels are not, and
furthermore are in excellent agreement with the
theoretical hydrogen fine-structure splitting s.
Within the precision of the data, the measured g
and h fine-structure splittings are in agreement
with theory, but the data are not sufficiently ac-
curate to warrant much further eomrnent. Since
the f fine structure is hydrogenic, it seems rea-
sonable to assume that the higher l states are
also.

VI. QUANTUM DEFECTS

Historically, the energy levels of sodium have
been expressed as

W„, =-dt*/(n —a,)',

where W„, is the energy of the nl state unperturbed
by fine structure, S* is the Rydberg constant cor-
rected for the finite mass of the sodium nucleus,
109 734.7 cm ', n is the principal quantum num-
ber, and 6, is the phenomenological quantum de-
fect of the states of angular momentum l. The
energy difference (unperturbed by fine structure)
between two l states 4, ,„which we measure, is
related to the quantum defects by

ZL, , = W, , —W, =(R*/(n —5,)' —dt*/(n —0„)'.

Using the binomial theorem, this may be ex-
pressed as

4, , = (8*/n')[2(5. , —0„)+3(H, —0', )/n+ ].
(7)

10 6g 1046~ 10"5„

13
14
15
16
17

1.4653(5)
1.4688(5)
1.4719(6)
1.4751(6)
1.4759(7)

1.585(4)
1.592(4)
1.601(5)
1.611(5)
1.603(5)

4.155(30)
4.219(33)
4.242(35)
4.329(43) '
4.252(43)

1.466(15)
1.479(15)
1.489(15)

Calculated by Freeman and Kleppner, Ref. 14.

TABLE V. Quantum defects of the d, f, g, and h states
of Na.

10 "

10 2

10"

I IIIIII I I I II«II
~oo 10I 102 10~ 1o4

FIG. 8. log-log plot of the quantum defect 5& vs l~.
The line through the f, g, and h quantum defects re-
flects the L

5 character of core polarization. The addi-
tional effect of core penetration on the p and d levels is
quite apparent.

The second term is important only when dealing
with the d and f quantum defects, in which case
Eq. (7) may be solved by iteration. The 6».
splittings can be derived from the data of Sec. IV

by simply taking fine structures into account.
Then, by inverting Eq. (7), we are able to calcu-
late the differences in the quantum defects. Using
the data presented here and in Ref. 5, Freeman
and Kleppner" have calculated the actual quantum
defects for the highest l state which we observed
for each value of n. Combining their calculated
values for the quantum defects of the high-l states
with the differences we can calculate using Eq. (7),
we are able to derive with high accuracy the quan-
turn defects presented in Table V. It is interesting
to note that quantum defects increase regularly,
although slowly, with n. Perhaps more interest-
ing, though, is the l dependence of 5, . If the 5,
values of Table V, together with the quantum de-
fect 5~ of the p states, 0.85, are plotted vs l' on
a log-log graph, we have the result shown in Fig.
8 ~

The graph shows clearly that only core polar-
ization, which varies as l ' (Ref. 14), is respon-
sible for the quantum defects of the l &2 states.
Core penetration is important only for the lower
l states. It is interesting to note that is the d lev-
el (the highest-l state for which core penetration
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is important) which exhibits the inverted fine
structure, strongly suggesting the relation be-
tween core penetration and fine-structure inversion.

We believe that the experiments described here
are only the beginning of a powerful new technique
in atomic spectroscopy. The techniques can be
refined in countless ways to achieve greater pre-
cision and sensitivity. It appears that this tech-
nique will be quite useful in investigating many

aspects of the interactions of valence electrons
with their ionic cores.
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